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Abstract

This paper addresses a key question in economic forecasting: does pure noise
truly lack predictive power? Economists typically conduct variable selection to
eliminate noises from predictors. Yet, we prove a compelling result that in most
economic forecasts, the inclusion of noises in predictions yields greater benefits
than its exclusion. Furthermore, if the total number of predictors is not sufficiently
large, intentionally adding more noises yields superior forecast performance, out-
performing benchmark predictors relying on dimension reduction. The intuition
lies in economic predictive signals being densely distributed among regression coef-
ficients, maintaining modest forecast bias while diversifying away overall variance,
even when a significant proportion of predictors constitute pure noises. One of our
empirical demonstrations shows that intentionally adding 300 ~ 6,000 pure noises
to the Welch and Goyal (2008) dataset achieves a noteworthy 10% out-of-sample
R? accuracy in forecasting the annual U.S. equity premium. The performance sur-

passes the majority of sophisticated machine learning models.
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1 Introduction

In the realm of economic forecasting, the forecast outcome is typically shaped by a con-
cise set of low-dimensional economic factors summarizing the state of the macroeconomy,
financial markets, and policy-related indices. These factors are however latent economic
variables so cannot be directly used for economic forecasts. Instead, economists often
rely on a set of high-dimensional predictors that are considered to hold predictive in-
formation regarding the outcome variable, given that they are largely influenced by the
latent factors. The informativeness of these predictors varies, with some providing ro-
bust predictive signals and others serving as mere noise, exhibiting minimal conditional
predictive power up to zero. Consequently, it is customary for economists to employ di-
mension reduction techniques, including Lasso, Ridge, and principal components analysis
(PCA), among others, to enhance the precision of economic forecasts. See Ng (2013) for
an excellent review for variable selections in economic forecasts.

The objective of this paper is to address a key question in economic forecasts: does
pure noise truly lack predictive power? Consider a hypothetical scenario, where an
economist has collected a large number of predictors. Some of them carry informative
potential for forecasting the desired outcome variable. Assuming the economist has a
priori knowledge distinguishing informative predictors from mere noise, it is then widely
accepted that the economist should initiate variable selection by excluding all noises from
the predictor set. In this hypothetical scenario, variable selection is a straightforward task
because she knows the identities of informative predictors and noises.

Strikingly, we argue that in most economic forecasting scenarios, the economist should
retain the noises in her set of predictors. Formally, we shall prove a compelling result that
the inclusion of noises in predictions yields greater benefits than its exclusion. Further-
more, if the total number of predictors is not sufficiently large, she should intentionally
add more noises. Then the overall forecast performance will surpass that of many bench-
mark predictors reliant on dimension reduction techniques such as Lasso, Ridge, and
PCA, even if these methods use truly informative predictors without any noises.

The prediction method we recommend is the pseudoinverse ordinary least squares
(pseudo-OLS), which simply replaces the inverse matrix in the usual definition of OLS
by the Moore—Penrose generalized inverse, and is always well defined regardless of the
dimensionality. This estimator is often known as “ridgeless regression” in the machine
learning literature (e.g., Hastie et al. (2022)), as it equals the limit of the ridge estimator

with the penalty goes to zero. But unlike the regular ridge regression that intentially



introduces a nontrivial penalty to prevent the model from overfitting, we emphasize the
anti-reqularizion perspective of the pseudo-OLS, in the sense that the in-sample data are
perfectly interpolated: the fitted in-sample outcomes exactly equal the true outcomes.

Contrary to the conventional statistical wisdom, which asserts that overfitting signifi-
cantly undermines forecast performance by inflating out-of-sample variance, we show that
this is no longer the case when a substantial number of additional predictors are included,
even if these predictors constitute pure noises. The crucial insight lies in the observation
that, with a sufficiently large total number of predictors, denoted as p, the overall vari-
ance is diversified away. Consequently, out-of-sample variance decays as p approaches to
infinity. This phenomenon is well connected to the double descent phenomenon in the
machine learning literature, e.g., (Belkin et al., 2019; Hastie et al., 2022; Arora et al.,
2019). That is, as the model complexity exceeds the sample size and continues increasing,
a second descent of the prediction occurs in the extremely overparametrized regime.

While our model shares similarities with recent theoretical developments in linear
forecast models, we adopt a fundamentally distinct perspective by concentrating on the
prevalent context of economic forecasts. In this context, predictive information is em-
bedded within a few latent factors and is conveyed through a collection of informative
predictors, along with a substantial number of spurious predictors—essentially, pure id-
iosyncratic noises. Our analysis reveals that in most economic forecasting scenarios, the
model’s predictive signal is densely distributed among the regression coefficients of a
large number of predictors. This provides a theoretical underpinning for recent empirical
insights highlighted in Giannone et al. (2021), stating that “the empirical support for
low-dimensional models is generally weak... economic data are not informative enough
to uniquely identify the relevant predictors when a large pool of variables is available to
the researcher.” Expanding on this, we explore the intuition that the dense feature of
economic forecasting models diversifies away overall variance, even when a significant
proportion of predictors constitute pure noises.

However, a potential limitation arises when an excessive number of noises are inten-
tionally included, as this may inflate the bias. Therefore, the total number of predictors
(the sum of informative and uninformative predictors) p can be regarded as a tuning
parameter. We address this concern by asserting that the benefits derived from reducing
variance outweigh the costs associated with bias inflation. As such, the procedure re-
mains relatively robust to the choice of p, and this parameter is straightforward to tune.
We also demonstrate choosing p using standard cross-validations for both cross-sectional

predictions and time-series predictions.



We concentrate on the forecast perspective, and acknowledge that adding noises may
reduce the interpretability of the model, compared to classic linear methods such as Lasso
and PCA. Analyzing the feature importance of informative predictors in this context
would be an interesting topic which we leave for future research.

In one of the empirical illustrations, we apply the pseudo-OLS with intentionally
added noises to forecast the annual U.S. equity premium, using the extensively utilized
dataset presented by Welch and Goyal (2008). We find that the addition of 300 ~ 6,000
noises into the original set of sixteen predictors yields a noteworthy 10% out-of-sample
R? accuracy. Remarkably, this finding remains highly robust to the number of included
noises. The performance surpasses all linear models and the majority of sophisticated
nonlinear machine learning models on forecasting the equity premium.

Theoretical analysis on extremely overparametrized regime has received extensive at-
tentions in the recent statistical and econometric literature. Hastie et al. (2022); Lee
and Lee (2023); Chinot et al. (2022) studied the pseudo-OLS regressions in the over-
parametrized regime for linear forecasting models. Besides, Mei and Montanari (2019)
studied the bias-variance tradeoff in random feature regressions. Other related papers
in the economic literature include Spiess et al. (2023) for treatment effects studies, and
Kelly et al. (2022); Fan et al. (2022) for asset pricing. Didisheim et al. (2023) showed that
the Sharpe ratio monotonically increases as the model’s complexity grows in the over-
parametrized regime. Most of the existing works, however, are concerned with weakly cor-
related designs, whereas informative predictors in many economic forecasts are strongly
correlated due to the common economic factors.

We adopt the following notations. Let ||A|| denote the 5 norm if A is a vector, and the
operator norm if A is a matrix. Let o;(-) be the jth largest singular value of a matrix; and
let omin(+) and opax () respectively denote the minimum and maximum nonzero singular
values of the matrix. For two sequences a,, ,, and b, ,, we denote a,,, < by, (01 by, > a,p)

if a,, = o(by,). Also, denote by a,,, < b, if a,, < b,, and a,, > b, .



2 The Model

2.1 The oracle model

The objective is to forecast an outcome variable y;. We assume that the true data

generating process (DGP) for y, is as follows:
y=pfi+eu, t=1,..,n (true DGP) (2.1)

where f; is a vector of low-dimensional (dim(f;) = K) latent factors. The model admits
an intercept term by setting the first component of f; as one. Note that while observations
are indexed by subscript ¢, we allow both cross-sectional forecasts, in which g; denotes the
outcome of the ¢ th subject; and the time series forecast in which the outcome depends

on the lagged factors:
Yigr = p'fe + neva,s

by setting y; := Y11 and €, := 1,11 as in Stock and Watson (2002).

In addition, economists observe a set of high-dimensional regressors
Xt = (.T,'l’t, ceey .flfpyt)/, dlm(Xt) = p

which potentially carries the predictive information regarding y;. We assume that X;

depends on the common factors through the following factor model:
Tie = Nife Fuie,  Eluiglfroeye) =0, i=1,....p (2.2)

where \; is a vector of loadings for the i th variable. Also, E(u;¢|f:,€,:) = 0 so the
predictive power of x;, on y,; is only through the latent factors. We emphasize that f;

may be weak in the sense that some component of X; may not depend on f;. Therefore,

: A
Xy = (j((;) = (J) Ji + uy, (2.3)

where A; is a pg X K matrix of \; that load nontrivially on the factors. Hence

we partition X; as:

informative predictors:  Xr: = Arfi +urs, dim(Xr:) = po

noises: Xne=uny, dim(Xyyz) =p—po.



Here for simplicity of presentation, we assume that X;, are the first p, elements of X,
but we do not explicitly require the identities of X, be known in practice.

Therefore, there are two types of predictors: the informative predictors are the collec-
tion of x;; which meaningfully load on the latent factors with nontrivial loading matrix
A7, and the pure noises whose loadings are zero, and do not carry predictive information
regarding y;. For ease of presentation, let’s assume for now that the factors are strong

among the informative predictors, in the sense that

c< 0ok (iA}AI) <. <o (lA}AI) <C,
Po Po
for some constants C, ¢ > 0, where o;(+) denotes the i th largest eigenvalue. (Our general
result will weaken this condition.)

We allow the partition (identities of informative predictors and noises) to be either
known or unknown, and we do not distinguish the two cases. As will become clear
later, our methodology treats them equally, and we refrain from employing any variable
selection procedures to screen off the noises. Importantly, the inclusion of pure noises

Xn ¢ in the collection of predictors is motivated by the following two scenarios:

Scenario I: weak factor models. In economic forecasts, researchers often collect
a large number of predictors which are potentially correlated with the outcome variable
to forecast. However, the factor-model may be weak in the sense that many of these
predictors may not depend on the latent factors, but are merely idiosyncratic noises. Their
spurious predictive power arises from correlations with informative predictors through the
idiosyncratic noises. Consequently, conditioning on the informative predictors, Xy no
longer have predictive power. Meanwhile, economists are typically unaware of which
predictors among the collected set meaningfully depend on the factors and which do not.
As a result, even though the factors are strong within the informative predictors, their

overall influence is weak among all the predictors, because

1< 1 Do
al=) M\ | =0c (—A'A)x——>0
1(19; ) e ) T

which may decay fast if p is much larger than py. This is the case where the partition
(X714 X,) is unknown.
Scenario II: intentionally included noises. Suppose economists have a priori

knowledge that the first py collected predictors are all informative, while the remaining



p — po are noises. Traditional statistical wisdom would suggest using only the informative
predictors and excluding all the noises. However, as a novel finding in this paper, we shall
argue that both the informative and noise predictors should be retained in the model for
predictions. Particularly, if X, is not sufficiently numerous (in the sense that p, is not
much larger than the sample size), we should intentionally include many pure noises X,
so that the total number of predictors X; = (X, Xn) is much larger than the sample
size. A key contribution of this paper is to establish the wisdom of artificially including

many noises. This is the case where the partition (X}, X} ,) is known.

The asymptotic regime. We require py — oo, but p—py = dim(Xx,;) can be either
a bounded constant (or zero) corresponding to the case that most (or all) predictors are
informative, or dim(Xy ;) — oo much faster than py and n, corresponding to the case of
many pure noises. In addition, we explicitly require the total number of predictors p be
much larger than the sample size: p/n — oo. In the case that the number of collected
predictors are not that many, this means one can intentionally add pure noises so that

p/n — 0.

2.2 The working model

While (2.1) underlines the true DGP, it is not feasible as the factors are latent. There-
fore, a standard approach would first estimate the latent factors from model (2.2) using
principal components analysis (PCA) and proceed to forecast using the estimated factors
(e.g., Connor and Korajczyk (1988); Stock and Watson (2002); Bai and Ng (2006)).

We shall proceed differently. We directly use the collected predictors X; to forecast,
potentially with the inclusion of many noises Xy, by working with the following working

model:

p
y=XB+e= Z Tig i + €. (2.4)
i=1

The model (2.4) is estimated using pseudoinverse ordinary least squares (pseudo-OLS):

n + n
5 = (Z Xﬁg) Z Xy, (2.5)
t=1 t=1

Let OOS denote a set of out-of-sample predictors, where we observe X,., € OOS. We

forecast its outcome variable using

/y\new = Xrllewﬁ‘ (2'6)



In the one-step-ahead forecast exercise, this corresponds to forecasting Yr,; using X’Tg .

Recall that dim(X;) = p > n. So in the definition of the pseudo-OLS, (327, X, X])"
denotes the pseudo-inverse of the design matrix', which is well defined regardless of the
p/n ratio, and becomes the ordinary least squares if p < n. This estimator is also known

as “ridge-less regression”, as is shown by Hastie et al. (2022):

n -1 n
5= li X, X!+ AT X,u,.
2 AE& <t2=1: A T > ; tYt

Due to its connection with ridge regression, some scholars also consider 8 as an “implicitly

Y

regularized estimator,” as the ridge penalty decays to zero. However, we do not take a
stand on this viewpoint; instead, we regard B as an anti-reqularized estimator. This

perspective arises from a crucial fact of complete in-sample interpolation: if p > n,
Y = X;B, t=1,..,n (all in-sample data).

This is because X (X'X)* X’ = I if p > n. Hence in the ultrahigh-dimensional regime,
the in-sample data are perfectly interpolated. In contrast, we consider the term “regu-
larization” as a methodology intentionally employed to prevent complete in-sample in-

terpolation.

Computations. To efficiently compute B, respectively write X and Y as the n x p
and n x 1 matrix and vector of X, and y,. Then 3 = (X'X)*X'Y, where (X'X)" is the
pseudo-inverse of a p X p dimensional matrix. In many numerical studies, we would expect
p to be of several thousands or even larger, so it is recommended to use the “reduced
singular value decomposition” (reduced-SVD) to efficiently compute the Moore-Penrose
pseudoinverse: Let 5, denote the n x n diagonal matrix of nonzero singular values of X;
let U,, denote the n x n matrix of the left singular vectors, and V,, denote the p x n matrix

of right singular vectors corresponding to the top n singular values. Then
B=V,8:'U,Y.

This only requires computing the reduced SVD instead of the full-sized SVD, and is

much faster than the usual pseudoinverse functions in leading computing software, such

'The pseudoinverse (or Moore-Penrose inverse) of a symmetric matrix A is defined as At = U; D] U,
where D, is a diagonal matrix consisting of non-zero eigenvalues of A, and U; is the matrix whose columns
are the eigenvectors corresponding to the nonzero eigenvalues.



as ‘pinv’ in Matlab. ?

2.3 The fundamental question and main results

The objective of this paper is to answer the following fundamental question:
Does pure noise truly lack predictive power?

In other words, even if the identities of Xy, are known, should we really exclude them
from the set of predictors? Consider a hypothetical scenario, where an economist has a
priori knowledge that the first py of the collected predictors are all informative, and the
rest p — po are pure noises, and that py < n. Then the well-accepted statistical wisdom
would naturally guide us to exclude the noises, and only use the informative predictors.

Namely to predict g, using the following model:
Po
Y = X}ﬂfﬁf +e = Z T B + ey
i=1

The coefficients can be estimated using either OLS or the ridge regression. Indeed, we
shall show that if the idiosyncratic components in u; in (2.2) are mutually uncorrelated,

then the true latent-factor based DGP induces the following linear regression model:
ye = X161 + Xy By + e, with By = 0 if Cov(u) is diagonal. (2.7)

Therefore, since the identities of X;; and Xy, are known in this hypothetical scenario,

it should be an unanimous agreement that one should exclude Xy, from the forecast.
Perhaps surprisingly, we shall argue that for most economic forecasting problems, if

po < n, noises should be always retained in the forecast model. In fact, the objective of

this paper is to argue for the following practical recommendations:

L. If it is believed that X, is a collection of both informative predictors and pure noises
and that the informative predictors have predictive power through the latent factors, then
economists should retain all the predictors and use pseudo-OLS (2.5)-(2.6), instead of
attempting variable selections.

I1. If the total number of predictors in X, is not sufficiently large, then economists

should intentionally add more pure noises until p is sufficiently large.

2Computing the reduced SVD can be very fast as long as n is not large. The function is U, S, V =
np.linalg.svd(X, full matrices=False) in Python, and is [U, S, V] = svd(X, ‘econ’) in Matlab.
Alternatively, one can use beta = np.linalg.svd(X)@Y in Python, because (X'X)T X' = XT.



The crucial insight lies in the observation that, supported by a few latent factors,
the predictive signals are densely distributed among high-dimensional coefficients. Con-
sequently, the overall variance of the forecast is diversified away, even when a significant
proportion of predictors constitute pure noises. Meanwhile, the dense predictive signals
also maintain the forecast bias at a modest level.”

Let py and p respectively denote the number of informative predictors and all predic-

tors (informative and noises). We shall prove the following main results:

1. if (po, p, n) satisfy (where p — pg is the number of noises in the predictor set):

n
- =0, i—>O,

p Pbon
then the pseudo-OLS can achieve the oracle predictive risk, that is, its predictive
mean squared error (MSE) asymptotically converges to that of the latent factors

fi, as if the factors were directly used for forecast.

2. In the case where py/n — ¢ € (0,1), that is, there are “many but not sufficiently
many” informative predictors, the predictive MSE of both OLS and the ridge re-

gression are strictly larger than the oracle predictive risk, therefore are sub-optimal.

These results provide a direct answer to the fundamental question we raised in the
beginning of this paper: while the idiosyncratic noises do not have direct predictive
power, they actually have wndirect predictive power, by diversifying away the out-of-
sample variances, and hence reducing the predictive MSE. The compelling implication
of this result is that the inclusion of noises in predictions yields greater benefits than its
exclusion.

Contrary to conventional statistical wisdom, which asserts that overfitting signifi-
cantly undermines forecast performance by inflating out-of-sample variance, we show
that this is no longer the case when a substantial number of additional predictors are
included. Instead, the analysis moves into the new regime of the recent double descent
phenomenon on the prediction risk, which has gained increasing attention in the recent
machine learning literature. That is, as the model complexity exceeds the sample size
and continues increasing, a second descent of the prediction occurs in the extremely over-
parametrized regime. It was first illustrated in the empirical work by (Belkin et al., 2019;
Hastie et al., 2022; Arora et al., 2019), and was theoretically studied in linear models
with ridge regressions, e.g., (Mei and Montanari, 2019; Belkin et al., 2020).
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While our model shares similarities with recent theoretical developments in linear
forecast models, we adopt a novel viewpoint by focusing on the effect of noises in double
descent. Our approach is well motivated by the context of economic forecasts. In this
context, predictive information is embedded within a few latent factors and is conveyed
through a collection of informative predictors, along with a substantial number of spurious

predictors—essentially, pure idiosyncratic noises.

2.4 Why not Lasso or PCA

When the collection of predictors contains many noises, the Lasso is one of the most
popular forecasting methods, as the use of /1-penalty can often effectively remove the
noises thus achieve dimension reductions. But this is no longer the case in many eco-
nomic forecasting exercises where the informative predictors carry predictive information
through latent economic factors, often as macroeconomic variables and state variables.
In this case, even though our working model has a seemingly sparse representation as in
(2.7), there are two key features that differentiate it from the usual setting of the Lasso
forecasts: first, the latent factors introduce strong cross-sectional dependences among
the informative predictors, causing strong colinearity and substantially slowing down the
statistical rate of convergence for Lasso (e.g., Fan et al. (2020); Hansen and Liao (2018)).
Secondly, the latent factors make the predictive signals densely distributed among many
informative predictors, under which Lasso cannot effectively select variables to well rep-
resent the others Chernozhukov et al. (2017); Giannone et al. (2021). In other words, the
model is not sparse enough.

Meanwhile, the PCA is another popular forecasting method that is particularly at-
tractive for economic data because it effectively extracts the latent “indices” (or factors)
from the big economic data. But its key limitation is that the quality of the estimated fac-
tors critically depends on the strength of the factors, in our notation, py. When py/p — 0
fast, however, it is practically difficult to correctly estimate K, the number of factors.
Even if K is correctly specified, factors are still estimated poorly because signals in the
informative predictors are contaminated by too many noises.

In contrast, the pseudo-OLS forecast, which we recommend in this paper, does not
require variable selections or determining the number of factors, also robust to weak
factors. It works relatively well so long as py — oo (sufficient informative predictors) and

p is large. When p is not large enough, just add noises!
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3 Asymptotic Results

This section formally presents the main results, under more general conditions regarding

(po,p,n) and the factor strength. Specifically, we assume the following DGP on X:

Assumption 1 (DGP on X;). The p-dimensional X; can be decomposed as:

(X (As
X = <XN¢> = (0) Ji + uy, (3.1)

where dim(X; ;) = po and dim(f;) = K.
(i) The factor-strength among X, is denoted by 1,,. That is, there is a sequence
Ypn — 00, Yy = O(poy), such that

OK (A}A]) = 01 (A/IA[) = wp,vr

(i) E(p' fi| Xy) = 5/ X, for some B € RP.
(111) The top K eigenvalues of N'Ef, f{A/n, are distinct.

This assumption allows the more general case under which ,,/py may decay to
zero, so that the informative predictors may be “semi-strong”. In addition, we require
E(p' f;|X:) be a linear function of X;. The sufficient condition is that (f;,u,) follow a

jointly normal distribution.

3.1 The signal distribution of economic forecasting models

Recall that we have defined two models:

vy = p'fi+ey, (oracle model, the true DGP) (3.2)
v = X,B+e, (working model, the model for practical forecast). (3.3)

While we use the working model to replace the oracle model in practical forecast (be-
cause f; is unknown), the first question to address is the gap between the two models.
That is, if all of parameters, (5, p, f;), could have been perfectly learned from the data,
can the two models produce the same predictive MSE? Note that the predictive MSE
would respectively converge to the marginal variances Var(e,,) and Var(e;) for the two
models, hence the question is essentially asking whether the two residual variances are

asymptotically the same.

12



The answer is affirmative as py — oo, and the analysis relies on characterizing the
coefficient § and the noise e; using the latent factor model. In fact, we shall show that
(3.3) is implied by (3.2) as follows. Let

EXtXé = AEftft,A/ + COV(Ut)

denote the p x p covariance matrix of X;, where A = (A}, 0)".

Theorem 1. Suppose (3.2) and Assumption 1 hold, withE(e,+|fi, us) = 0, and E(w| fi, €,0) =
0. Also suppose the eigenvalues of Cov(uy) are bounded away from both zero and infinity.
In addition, ||p|| < C. Then (3.3) holds:

y=XB+e, E(eX;) =0,

where:
(i) B = Cov(ut)_lA(2J71 + A Cov(u)~tA)~1p.
(ii) As 1y, — 00,
Var(e;) = Var(e, ) + O(Q/Jp_}l)

Result (ii) of Theorem 1 shows that if there are growing number of informative pre-
dictors that nontrivially load on the latent factors, then predicting using the working
model (X;-based) would asymptotically do as well as predicting using the oracle model
(fi-based).

In addition, this theorem also characterizes the high dimensional coefficient 5 on the
collection of predictors. The expression in result (i) yields two implications: First, if
Cov(u;) is block-diagonal, in the sense that the idiosyncratic uys and uy, are uncorre-
lated, then the coefficient Sy = 0, corresponding to the pure idiosyncratic noise. From
this perspective, Xy ; does not have direct predictive power regarding y,. Secondly, 3 is
a “dense” signal with a decaying fs-norm:

18I < Il Cov(ue) ™ Allllpllomin (A" Cov(u) " A) ™ = O(¢,,/%). (3.4)

p;n

This theoretically supports the empirical insights in Giannone et al. (2021), highlighting
that in many economic forecast problems, signals do not concentrate on a single sparse
model, but rather “on a wide set of models that often include many predictors.” Therefore,
forecasting based on sparse variable selections (e.g., Lasso) that concentrate on a few

predictors could not fully capture the predictive power in the forecast coefficients.

13



3.2 Bias-variance of the pseudo-OLS with many intentional noises
3.2.1 The main results

Let X, € OOS denote a particular out-of-sample predictor, by which we forecast the
outcome using the pseudo-OLS as Jpey := X;IGWE . Let the true out-of-sample outcome be

generated as:

! /
Ynew = Xnewﬁ + Cnew = 1Y fnew + €y.new -

The predictive MSE, conditioning on the in-sample data X := (Xy,..., X,,)’, is given as
E[(Ynew = Tnew)’|X] = E[(XewlS = Tnew)?|X] + Var(enew)

where we imposed the assumption that e, is independent of the in-sample X.
Our previous theorem shows that working with the X;-model would achieve the oracle
forecast risk, i.e.,
Var(enew) — Var(ey new)-

Therefore, it suffices to focus on the first component of the MSE, decomposed as:
E[(Xfew — gneW)2|X] = bias(?/jneVV)2 + Var (Jnew — XpewB1X)-
where

bias(Jnew)® = BAxEX,X/AxB, where Ax = (X'X)"X'X — 1
Var(Jnew — Xl B1X) = o2 tr(X'X)TEX, X, x Op(1). (3.5)

Assumption 2. Let e denote the n X 1 vector of in-sample e;. Suppose:
(1) E(€newXnew| X, €) =0, E(e| Xyew, X) = 0.
(11) BE(Xpew X! oo | X) = EX, X/, and Var(e|Xyew, X) = 021 for some o2 > 0.
(117) Var(epew) = Var(e;) and Var(eynew) = Var(e, ).
(iv) |E(e€’| X, Xpew)|| = Op(0?) for some o2 > 0.

In the appendix we prove that Assumption 2 (iii) is satisfied if (f:, €, u;) are i.i.d.

jointly normal.

Assumption 3. Recall that u;; is the idiosyncratic noise in x;; = N, f; + w;i, and U is
the n X p matriz of w; .

(i) u;y is independent and identically distributed (i.i.d.) across both (i,t)

14



(i) Bu}, < C, and ¢ < minj<p, Var(u;;) < max;<,, Var(u;;) < C for some C, ¢ > 0.

Assumption 3 simplifies the technical arguments by assuming the idiosyncratic compo-
nents are i.i.d. over both cross-sectional and times. This yields a fast rate of convergence
for the prediction MSE. In the appendix, we present a more general results by weakening
the i.i.d. assumption.

We have the following theorem.

Theorem 2. Suppose the assumptions of Theorem 1 and Assumption 2 hold. In addition,
suppose p > n. Suppose p = o(,,n) and n = o(p).

(i) The forecast bias and variance:

bias(z//\new)2 - Op ( P )
V(oo — X %) = O (42)
(ii) Also,
E[(?Jnew - @\new)2|X] —>P Var(eyﬂg).
Our main results imply the following deep insights:

1. As the predictive MSE converges to Var(e,;), this theorem shows that we can
achieve the oracle prediction MSE, as if the latent factors were used directly to

forecast.

2. The bias goes to zero as long as p = o(¢,,pn), which requires sufficient predictive
power carried by the informative predictors. In particular, if all the informative
predictors are strong, i.e., ¥, , < po. Then the pseudo-OLS prediction is asymptot-

ically unbiased as long as the number of informative predictors satisfies:
Do > B
n

Meanwhile, the variance decays as n/p — 0. This means, we can reduce the variance

by intentionally adding &, := p — pp noises, which is still consistent as long as
Kp <K pon.

3. Unlike the traditional wisdom that the variance is amplified as p diverges, here the

variance goes to zero as long as p > n, that is, the total number of predictors
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grows faster than the sample size. Importantly, the decay of variance itself does
not require conditions on the predictive power, i.e., it does not matter whether the
predictors are mostly noises or informative. As we keep adding predictors so that p
increases, the variance would continue decreasing until the first term 1/n becomes

dominating, even if most of the added predictors are pure noises.

4. Therefore, we have reached a reasonable explanation of our striking result that
including high-dimensional noises is more beneficial than removing the noises. Once
the in-sample data are perfectly interpolated, the role of adding pure noises is to
diversify away the variance, while the role of keeping informative predictors (e.g.,

informative macroeconomic variables) is to reduce the bias.

0 variance and squared bias % 107 predictive MSE

! ! — predictive MSE
gl Il |=——variance I — =-oracle MSE
Il |——squared bias ! — =sample size
I — -sample size 14 1
6r I I
| |
4+ I 1
| 12 |
oL | |
| |
0 ‘ ‘ ‘ 0 0 . ‘ ‘ ‘
0 100 200 300 400 500 0 100 200 300 400 500
Number of Predictors p Number of Predictors p

Figure 1: Theoretical predictive variance and squared bias (left panel) and MSE (right panel), averaged
over 500 replications. The horizontal axis is the number of predictors increasing from 3 to 500, and we
fix n = 100. The first py = min{p, 0.9n} are informative predictors, generated using a 3-factor model
of strong factors. The remaining p — py are i.i.d. Gaussian noises. The vertical dashed line is where p
equals n, and the horizontal dashed line on the right panel refers to Var(e, ), the oracle predictive MSE.

Figure 1 plots the theoretical curves of bias-variance (left panel) and predictive MSE
E[(Ynew — Unew)?|X] (right panel) based on (3.5), as the total number of predictors in-
creases, in a 3-factor model. Here the first py = min{p, 0.9n} predictors are informative,
while the remaining p — poy predictors are i.i.d. white noises generated from N(0,1). As
is clearly illustrated, the variance monotonically increases as p increases even though the
first pg added predictors are all informative, and peaks at p = n where the in-sample

data are perfectly interpolated. Meanwhile, after p > 0.9n, the added predictors are pure
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noises, and the variance starts to decay after p > n. This is consistent with our theory:
as p — 00, the variance would continue decreasing until 1/n becomes the dominating
term.

In addition, the squared bias is constantly zero until p = n and starts to increase, but
in a much smaller magnitude. This is also consistent with what the theory predicts. In

this case

bias(Ynew)” = Op (ﬁ) '

The bias depicted on the left panel of Figure 1 does not seem diminishing because in this
design 1, ~ 0.9n is fixed (n = 100) and we only vary p in the plot.

Overall, the predictive MSE (right panel) illustrates a double-descent phenomenon,
where the first descent occurs before p < 20, due to the decay of the gap Var(e;)—Var(e, ;).
The second descent occurs after p > n, due to the decay of variance, and eventually the

MSE decays to the oracle MSE as if the latent factors were used for prediction.

3.2.2 The intuition

We now provide the intuitions of the surprising result that both bias and variance diminish
when artificial noises are added as predictors.
We start with discussing the bias. Recall that

bias(Guew)? = |(EX, X)) 2V_, V!, B

where V_,, is p X (p — n) with columns being the eigenvectors corresponding to the p —n

zero-eigenvalues of X' X. Let
(EX, X)'? =V DV} + Vg D_ V' e

be the SVD of (EX,X/)'/2, decomposed into two parts corresponding to the first K
eigenvectors /values (Vi, Dg) and last p — K eigenvectors/values (V_g, D_f). We then
decompose: bias(Ynew)? < 24; + 245, where

Ar = Ve DV Voo VI BIP, Ag = Vg Do V2 VoV B

~~
factor-model design i.i.d. design

The intuitions for both terms decreasing to zero correspond to two scenarios of the

design matrix, respectively being the factor-model design and the classic i.i.d. design.
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As for term A;, by the Sin-theta theorem, the strong eigenvalues ensure that Vi can be
well estimated by the top K eigenvectors of the sample covariance X’'X, and the latter

are orthogonal to V_,,. Therefore, the Sine-Theta theorem implies

x 7/ 2 p
ViVl = Op(=0).

This implies

Ay = op(wp ).
p,n

Meanwhile, Ay involves the remaining bounded eigenvalues. Even though (V_g, D_g)
cannot be consistently estimated when p is large, the intuition is aligned with the classic
case of i.i.d. design: the fact that ||[D_k|| is bounded and the dense  implies

[ A2[* < O)IB]* = O(y,)-

p7n

This ensures that the bias decreases as long as p = o(¢,,n). In the case py ~ 1, ., i.e.,
factors are strong among the informative predictors, this means the bias diminishes as
long as the number of added noises k = p — py should not exceed pyn.

As for the variance, consider a special case that all predictors are noises, in which

case A = 0, so the variance becomes:
Var (Jnew — XpewB1X) = g0y tr[(U'T) "],

where U is the n X p matrix of idiosyncratic and artificial noises. Essentially, this is a
problem in the classic asymptotic regime if we switch the role between p, n by noting that
if n/p — 0, then

tr[(U'U)T] = te[(UU') 7).

The high-dimensional px p matrix (U'U)™" is replaced by the “relatively high-dimensional”
n x n matrix (UU’)~!. Hence by switching the role of n and p, we can analyze this term
using the usual asymptotic theory and reach tr[(U'U)*] = Op(n/p). * Consequently,
the high-dimensionality p helps to diversify away the variance even if all predictors are

noises.

3 Applying the Marchenko-Pastur law Marchenko and Pastur (1967) or Theorem 2 of Bai and Yin
(1993), when w; ¢ are i.i.d in both dimensions the nonzero eigenvalues of (%) is bounded away from

zero if p,n — oo. The order of the variance is hence determined by %.
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3.3 Discussions
3.3.1 The bias from many intentional noises

Importantly, both Figure 1 and our theory raise a warning flag about the rising bias when

p becomes too large. That is, the bias increases with p as:

PR p
b““y“WV:ZOP(d@mn>’
where 1, ,, denotes the factor strength within those p, informative predictors. We there-

fore give the following practical recommendations to address this issue.

1. First, in some applications most of the collected predictors are actually informative,
and the number of informative predictors are much larger than the sample size.
For instance, when forecasting assets’ returns using individual level stock returns,
almost all predictors depend on the common factors (e.g., the market index and
other nontraded factors). In this case, p < py < ¥, > n, and hence bias(Ypey)? =
Op (%) which does not increase with p. Hence the bias is not a concern. In addition,
as p > n, there is no need to intentionally add pure noises, as there are sufficiently

many informative predictors to diversify away the variance.

2. Secondly, when pg is only mildly large (i.e., po/n — ¢ € (0,1)), but it is believed
that most of the informative predictors load strongly on the common factors, then
Do X Yppn, we then recommend intentionally add p—po pure noises, and merge them

fore prediction. Then

Ewmwﬂ—@Wﬂth%(ii+ﬁ)+0AnU-
Pon p

We keep adding noises until the order of p minimizes the sum of the first two terms:

. p n
p=Cxn pozargmm<—+—),
Vb P \pot P
where C' is a constant to be chosen. This would also yield the optimal rate of con-
vergence E[( X/, — Tnew) 21 X] = Op(p, /> +n~1). In finite sample, we recommend

/2 50 that p > 2n and by cross-validation. In practice, tuning

choosing C' > 2p;"
the constant C' is straightforward due to its insensitivity. In the numerical studies

section, we demonstrate how to tune it through cross-validations.
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3. Instead of adding pure noises, alternative approaches to intentionally increasing the
number of predictors involve adding transformations to the informative predictors
Xr4, such as polynomials, lags, and interactions. These transformations aim to
include nonlinear predictive information, potentially mitigating bias inflation while
still diversifying the variance. While this strategy may improve the performance
in practice, we recommend this procedure with reservations. From an economic
interpretation standpoint, it is hard to explain whether the forecast improvement is
due to the nonlinear predictability or simply because of the variance diversification.
Consequently, we perceive the addition of nonlinear transformations as being more

artificial than including pure noises.

3.3.2 Comparison with linear double descent literature

Our study distinguishes itself from related linear models in the statistical literature in
three crucial aspects.

Firstly, many economic objectives for forecasts are inherently linked to a few latent
factors determining the economic status of the forecasting environment. Inspired by this,
we assume that model (3.2) is the true DGP, while treating model (3.3) as a working model
that is induced by the true DGP due to a linear representation assumption. Therefore,
the observed high-dimensional predictors carry the predictive power from their explain-
ability by these economic factors, as opposed to causing the outcome variable. A direct
consequence is the prediction coefficients being densely distributed across predictors, in-
validating classical forecasting methods based on dimension reductions. This observation
is also closely aligned with empirical findings in Giannone et al. (2021).

Secondly, the informative predictors that are well explainable by the latent factors are
highly mutually correlated, causing a distinctive approximate low-rank representation in
the predictor covariance matrix, (e.g., Bai (2003); Fan et al. (2013)). There are a few
eigenvalues growing fast to infinity, and the remaining eigenvalues are bounded. This
structure is typically excluded by the random matrix theory in the recent statistical
literature addressing the extreme overparametrization (e.g., Hastie et al. (2022)). *

Lastly, we specifically focus on the impact of including a substantial number of noises

on economic forecasts and arrive at seemingly surprising results—adding noises proves to

4Hastie et al. (2022) derived the formula of predictive mean squared errors, under a case which they
called “latent space model”. Their model appears similar to the latent-factor model being considered
in this paper, but with a critical difference that eigenvalues of the covariance matrix X; are assumes to
be bounded. Such an assumption is hardly satisfied in economic forecasting models with latent factors,
where the top K eigenvalues of Cov(X;) should increase at order /ni, .
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be advantageous rather than detrimental.

3.4 Sub-optimality using only informative predictors

To further shed light on the benefits of including uninformative/pure noises as predictors
for variance reductions, we now analyze the behavior of benchmark forecast methods
when the informative predictors are perfectly known but 'not sufficiently many’. The
analysis is guided by the traditional statistical wisdom of the bias-variance tradeoff.
Suppose it is perfectly known to the economists that only the first p,y of the predictors,
X1+, load nontrivially on the latent factors, and that the remaining p — py predictors are

pure noises, that is, the following working model is practically feasible:
ye = X701 + e, dim(Xpy) = po < n. (3.6)

Then excluding the noises, but just using X;, to forecast, is seemingly the “right way”
to go. Consider the setting where py/n — ¢ € (0,1). Because py < n, both the OLS and
ridge regression are well defined:

OLS : Z//\new,ols =X

I ,new

(X XD XY

Ridge :  Unewridge = X new (X7 X7+ M) TIX}Y

I ,new

where X7 e, is a po-dimensional out-of-sample observation of only the informative pre-
dictors.

We now show that in this setting, neither OLS nor the ridge regression could achieve
the oracle forecast. In contrast, using the pseudo-OLS with intentionally added noises

would achieve the optimal forecast.

Theorem 3 (Only Informative predictors). Suppose economists directly forecast y; using
model (3.6) by either OLS or ridge regression with (o~ penalty (X). Suppose assumptions
of Theorem 2 hold, and py/n — c € (0,1).

(i) The forecast MSE of OLS and ridge:

hminf]E[(ynew_/y\new,ols)2|X] > Var(ey,t)

n,P0

lim inf inf E[(ynew - Z//\new,ridge)z‘x] > Var(%i)-

n,po  AER
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(ii) In contrast, the pseudo-OLS Ynew Satisfies:
E[(ynew - @\new)Q‘X} —>P Var(ey,t).

Result (ii) is simply a restatement of Theorem 2, presented here to contrast with the
suboptimality of the OLS and ridge regression. The fundamental issue with the latter
methods is that when pg is not sufficiently large, even if all the predictors are informative,
the predictor behaves as in the traditional asymptotic regime, which would suffer from
the classic overfitting issue. Specifically, the bias and variance of the ridge regression

have the following lower bounds:

A 2 Ipll3
bias Anew ridge 2 > 2
(Ynew ridge)” > <0K+1(X}XI) n )\> max;<p, var(u;)
_ . : (X1 X1)
V new,ridge — X/ X >V Vi A -k : I |
ar(Ynew ridg newB|X) = Var(e:) P, ar(ujz) (po )Kgljlgpo (0;(X5X1) + \)?

While the ridge regression attempts to properly choosing the penalty A to balance the bias
and variance, we show that there is no A that make both bias and variance simultaneously
decay to zero. In addition, the OLS is a special case by setting A = 0, whose variance is

inflated by po:

~ ) - K
Var (Ynewols — Xpew/3|X) > Var(e;) min Var(uﬁ)—(po ) > P

J<po ok ( X/ X))~ n
He (2023) considered a dense factor augmented model in the asymptotic regime
po/n — ¢ € (0,1), and showed that the ridge regression is optimal among a set of
regularized estimators. Theorem 3 complements his results by showing that despite be-
ing optimal, in this regime Ridge is out-of-sample inconsistent, and cannot reduce the
prediction risk to the oracle level. In contrast, if we jump out of the regime by intention-
ally adding many noises so that p/n — oo, the simple pseudo-OLS achieves the oracle

risk.

4 Simulations

We demonstrate the performance of intentional inclusion of white noises for forecasting
using Monte Carlo experiments. The outcome variable is generated using a 3-factor

model: y, = p'f; + €. In addition, we generate p, informative predictors and p — py
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noises:

, .
)\ift+ui,t7 1= 17"'ap0- _r
Tit = 5 Ai:)\i,OXpo )

Us ¢, t=po+1,..,p
where (f;, €,.1, Nio, wiy) are all standard normal. Here 7 € [0, 1/2] determines the strength
of the factors within the informative predictors, so that AjA; < 1,,, < p; 7, the larger 7,
the weaker the factors. We set p to take values on a grid that are evenly spaced from 1 to
Pmax = 1000. These generated z;; are to be used to fit forecasting models, and evaluated
at additional 50 testing predictors X, to predictor their out-of-sample outcomes.
Let us consider two scenarios in the simulation study, where the identities of informa-

tive predictors are known in one scenario and unknown in the other.

4.1 Unknown identities of informative predictors

Suppose the economist does not know which predictors are informative and which are
not, so she decides to use all the collected predictors (including both informative ones
and the p — po noises). We set two values for 7 € {1/2,1/4}, where 7 = 1/2 corresponds
to very weak factors (i.e., AjJA; < 1), and 7 = 1/4 corresponds to relatively strong factors
(i.e., AbAr =< pi/?).

Three methods are compared in this study: (i) The pseudo-OLS; (ii) The PCA, where
the number of factors and the factors are estimated using all the p predictors. Using the
in-sample estimated Xi, we estimate the out-of-sample factors fA'new by regressing X ey
on Xi, and forecast the outcome variables using fnew; (iii) The Lasso, whose penalty is
chosen by 10-fold cross-validation.

Figure 8 plots the predictive MSE, averaged over 50 replications, as the number of
predictors p increases. This means if p < pg, all predictors being used are informative,
whereas p— pg noises are included when p > pg. The red dashed vertical line in each panel

indicates the number of informative predictors. We present more cases in the appendix.

Summarizing results in Figure 8 we can conclude the following numerical findings:

1. We observe a typical double descent phenomenon on the predictive MSE curve for
pseudo-OLS when the factors are relatively strong (7 = 1/4). The first descent
occurs when p < n, which lies in the traditional wisdom of bias-variance tradeoff.
As p keeps increasing, the in-sample data become complete interpolating (perfectly
over-fitting). Then the predictive MSE for the pseudo-OLS starts decaying. In

most of the presented cases, the pseudo-OLS is the best or one of the best among
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Figure 2: Predictive MSE Z?il(yj — 7;)* averaged from 50 replications as the number of predictors

p increases. The vertical red dashed line indicates the number of informative predictors pg; the black
dashed line indicates the sample size n = 100.

the three methods when p is very large.

2. In the second panel where all predictors are informative (py = 1000) but also
very weak (7 = 1/2), the pseudo-OLS continuously benefits from the inclusion of
informative predictors even though the predictors are very weakly informative. The
trend of decay in its MSE does not vanish even when p = 1000, and is the best
among the three. In contrast, the factors are so weak that the PCA does not benefit
from the large p, whose predictive MSE curve is basically flat. In all other three
panels, where py stops increasing at some points but p continues increasing, the
MSE of pseudo-OLS flats out.

3. The PCA works reasonably well when p < pg, but it starts to become worse as

noises are included in the predictors. This is noticeably pronounced when factors
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are relatively strong: the MSE for PCA starts to increase after p > pg, and becomes

the worse among the three methods.

4. Lasso does well when the number of informative predictors are relatively small.
As shown in the third panel of Figure 8 (py = 200,7 = 1/4), Lasso is slightly
worse than PCA when p < pg, but as more noises are added to the prediction, the
working model becomes more sparse, from which Lasso benefits and eventually per-
forms almost indistinguishable from the pseudo-OLS. But when py = 500, 1000, the
common dependences within predictors are stronger, leading to denser regression
coefficients in the working model. Lasso then becomes worse. This is particularly
evident in the first two panels, where Lasso performs the worst among the three

methods as p reaches to 1000.

4.2 Known identities of informative predictors

We now consider the “striking case” where the economist knows which predictors are
informative and which are not, and nevertheless she decides to keep all the predictors
and intentionally add many white noises to implement the pseudo-OLS.

We compare four methods in this case: (i) The pseudo-OLS which uses all p predictors
(when p > po, the additional predictors are noises); (ii) The PCA; (iii) The Lasso, (iv)
The ridge. Except for the pseudo-OLS, all the other three methods are “oracle” in the
sense that they use only (and all of the) informative predictors, without any noises.

Figure 3 plots the predictive MSE as the number of predictors increases in this case.
Each of the horizontal dashed lines represents the MSE of one of the oracle forecasting
methods, and the blue solid line is the MSE of the pseudo-OLS. The MSE of the ora-
cle factor prediction is basically one in all cases, which is the residual variance of the
true DGP. We plot for py € {200,500} and for selected cases for 7 as these cases are

representative. We can also conclude the following numerical findings:

1. The first two panels respectively fix py = 500 and compare the cases of weak factors
with relatively strong factors. Starting from p = pg, the pseudo-OLS performs the
best when 7 = 1/2, and is on par with ridge when 7 = 1/4. As in the previous study,
when factors are very weak the pseudo-OLS continuously benefits from the reduced
variance as noises are added into predictions, even though new direct predictive

information is no longer available after p > py.
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Figure 3: Predictive MSE Z?il(yj — 4;)? averaged from 50 replications as the number of predictors

p increases. The vertical red dashed line indicates the number of informative predictors pg; the vertical
black dashed line indicates the sample size n = 100. The vertical blue dashed line in the last panel

indicates the averaged p chosen by the cross validation.

2. When py is moderate as in the third panel, the pseudo-OLS has a U-shaped predic-
tive MSE after p > n, which reaches the minimum MSE around p € (400, 600) and
starts to increase again. The is also well connected with our theory that the mod-
erate informative signal causes the raising bias to dominate the decaying variance.

Hence it is desirable to properly choose p in this case.

3. Panel 4 in Figure 3 plots the predictive MSE, under the same setting as in panel 3
for (7,po), when the maximum amount of added noises p., is chosen by the cross-
validation (CV). As guided by the theory, we set

Pev = C' X ny/Do

and apply 10-fold CV to choose C' on a grid evenly spanning on the range C =
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[0.2,1]. The range is chosen so that the smallest possible value for p., is not much
larger than py = 200, whereas the largest possible value is not much larger than
the original limit 1000. We then divide the training data into 10 folds using the 80-
20 splitting rule, and obtain the optimal p., =~ 520, averaged over 50 replications.
This is plotted as the vertical blue dashed line in panel 4. We observe that the
pseudo-OLS yields the best out-of-sample predictions when noises are added up to

Pev, and CV suggests stop adding new noises at this point.

4. In contrast, the oracle forecasting methods, PCA, Lasso, and Ridge, even though
only using the informative predictors, do not predict as well as the pseudo-OLS
with many artificial noises in many cases. The PCA mainly suffers from weak
factor issues, whereas the ridge does not have sufficiently diversified variance if
po is not large enough. In addition, in the first two panels, Lasso exhibits the
poorest performance due to the model’s high density, with half of the predictors
being informative. Conversely, when py is moderate as in the last two panels, Lasso

outperforms PCA and ridge because the model is significantly denser.

5 Forecast Applications

Our empirical illustrations include four economic forecast exercises, respectively being
forecasting S&P firms earnings, U.S. equity premium, U.S. unemployment rate, and coun-
tries’” GDP growth rate.

5.1 Earnings forecasts

In capital market research, predicting corporate accounting earnings holds considerable
relevance for fundamental analysis and equity valuation. Essentially, accounting earnings
are a fundamental economic variable and precise predictions of earnings are crucial in
evaluating the intrinsic value of a company’s stock. This stance is underpinned by both
analytical and empirical evidence. Analytically, the accounting-based valuation frame-
work proposed by Ohlson (1995) and Feltham and Ohlson (1995) states the forecasted

earnings as direct inputs into the valuation formula.” Empirically, extensive research indi-

5Qur emphasis on the residual income valuation model doesn’t imply it’s the sole or superior method
for equity valuation. Penman (1998) demonstrated that both dividend and cash-flow methods yield
valuations akin to those of the residual income approach under specific conditions. The residual income
model, rooted in accrual accounting, is especially useful for analyzing financial statements based on
accrual accounting. However, since cash flows and dividends are directly linked to accrual figures through
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cates that the accounting earnings are the payoff that investors forecast when estimating
equity value (Penman and Sougiannis, 1998; Ball and Nikolaev, 2022).

Early research in time-series forecasting indicates the superiority of the random walk
model. However, obtaining a stationary series long enough for accurate ARIMA-model
parameter estimation is often impractical due to the infrequent nature of annual earn-
ings reports. Researchers thus shift towards panel-data approaches, employing a broad
set of predictors such as financial statement information that are potentially informative
(Fairfield et al., 1996; Nissim and Penman, 2001; So, 2013). Recent work utilizes machine
learning techniques to forecast accounting earnings, acknowledging the nonlinear relation-
ships between predictors and future earnings, acknowledging the nonlinear relationships
between predictors and future earnings (Chen et al., 2022).

Following Chen et al. (2022), we use high-dimensional detailed financial data as pre-
dictors. Since 2012, U.S. public companies have been obligated to utilize eXtensible
Business Reporting Language (XBRL) tags for the presentation of quantitative data in
their 10-K filings submitted SEC. Our analysis incorporates both current and preceding
year data, normalized by total assets, and computes annual percentage changes. The fo-
cus is on financial data consistently reported by a minimum of 10 percent of the firms over
our sample period, yielding a total of 1,316 predictors. Furthermore, we use pro forma
Earnings Per Share (EPS) data sourced from I/B/E/S as the target variable. We merge
data from SEC XBRL documents and I/B/E/S, emphasizing on companies possessing
available share price information from the Center for Research in Security Prices (CRSP),
nonzero total assets, and XBRL document filing promptly after the fiscal year-end. Con-
sequently, our dataset encompasses 1,237 firm-year observations (829 for training and 408
for testing) for companies listed in the S&P 500 index, spanning the years 2013 to 2015.

Figure 4 plots the predictive MSE of the pseudo-OLS, CV-Ridge and CV-Lasso. For
the pseudo-OLS, we set the maximum value for p as pmax = C' Xn,/po, and choose C using
cross-validation in a range so that pya.. varies from 2,000 to 15,037 (equals 0.5 x n,/py).
The result shows that the MSE of pseudo-OLS starts to decrease when the total number
of predictors are over 1250, and surpasses that of Ridge and Lasso when p = 2,000. The
MSE for PCA is not plotted because it is twice as worse as the CV-Lasso. In addition, it is
noteworthy that the prediction MSE exhibits a considerable magnitude. The unreported
MSE for the naive sample mean is notably high, amounting to 279.36 x le — 3. This

observation aligns qualitatively with the recognition that predicting earnings poses a

basic accounting principles, forecasting accrual accounting figures also facilitates the projection of free
cash flows and dividends (Nissim and Penman, 2001).
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formidable challenge, primarily attributable to the limited information in the predictors.
Despite the pre-screening conducted for feature selection, a substantial portion of the
predictors still comprises only 10 percent reported firm-year data. Nevertheless, the

pseudo-OLS produces one of the best predictions among the compared methods.
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Figure 4: Predictive MSE using earnings data. Data comprises n = 829 training sample of firm-year
observations for SP500 companies from 2013 to 2015, including pg = 1,316 predictors. The vertical axis
is >, (Yn+1—Un+1)?, the horizontal axis is log(p), and the horizontal tick is p. Regardless of p, CV-Lasso
and CV-Ridge use the py macrovariables, whereas the psedo-OLS uses additional p — pg intentionally
generated N(0,1) noises if p > pg. PCA is not plotted as it is twice as worse as CV-Lasso.

5.2 U.S. equity premium prediction

Predicting the U.S. equity premium stands as a pivotal task in asset pricing, marked by
the formidable challenges posed by the substantial volatility and instabilities inherent
in the market index. Welch and Goyal (2008) conducted a comprehensive examination
of prevailing working models at that time, ultimately asserting that “The evidence sug-
gests that most models are unstable or even spurious.” Since the publication of this
seminal work, academic research in forecasting time-varying future equity premia has
significantly advanced (e.g., Hirshleifer et al. (2009); Atanasov et al. (2020); Bekaert and
Hoerova (2014); Chava et al. (2015); Chen et al. (2018); Colacito et al. (2016); Huang
et al. (2015); Jondeau et al. (2019); Jones and Tuzel (2013); Kelly and Pruitt (2013);
Martin (2017); Mgller and Rangvid (2015); Rapach et al. (2016)). Many of them in-
troduced new informative predictors, alongside innovative methodologies such as Lasso,
PCA, and nonlinear machine learning. In light of these advancements, Goyal et al. (2023)

conducted a new comprehensive review of recently proposed prominent predictive mod-

29



els, yet arriving at conclusions qualitatively consistent with their 2008 study. Notably, in
the context of an annual forecast horizon, the majority of models exhibit bad predicting
performance, with R? either negative or only marginally positive.

As an empirical illustration, we employ the 16 macroeconomic variables described by
Welch and Goyal (2008) to forecast the equity premium. Following the same exercise of
Giannone et al. (2021), we use data spanning from 1948 to 2015 with py = 16 original
predictors, and use annual moving windows with sample size n = 17. The first prediction
occurs for the 1965 observation, and is repeated 51 times, each time expanding the

training sample by one year and shifting the evaluation sample accordingly.

Prlcsedictive R squares for Welch&Goyal(2008)-data
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Figure 5: Out-of-sample R? for predicting the U.S. equity premium, using the dataset described by
Welch and Goyal (2008), and updated on the webpage by Amit Goyal. The yearly data spans from 1948
to 2015, with pg = 16 original predictors. We use rolling windows of n = 17 year for one-year horizon
forecast. The vertical axis is OOS R2. The horizontal axis is plotted as log(p), and ticked using p.
Regardless of p, both CV-Lasso and CV-Ridge use the py macrovariables, whereas the psedo-OLS uses
additional p — po intentionally generated N (0, 1) noises if p > po.

Methodologically, we intentionally add additional noises and merge with the original
16 macroeconomic variables to implement the pseudo-OLS. The number of added noises
is chosen following the guidance of our theory, by setting p = C' X n,/pg, where C is
chosen such that p takes values on a grid that are evenly spaced on a logarithmic scale.
This leads to in total 300 ~ 6,000 included noises as predictors. We also compare with
Lasso and Ridge, which use only the 16 variables, and tuned by the cross-validation.

Figure 5 graphs the out-of-sample R?, defined as

Zt+1(yt+l - ?//\t+1)2

R*=1- -
Zt+1(yt+1 — t)?
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where 7, denotes the in-sample mean of the ¢ th rolling window. As both CV-Lasso
and CV-Ridge fix regressors being 16 macroeconomic variables, their R? are depicted
as dashed horizontal lines, and evaluated as —2.60 (CV-Lasso) and —6.12 (CV-Ridge).
We also implemented PCA on the 16 variables whose R? is too bad to be depicted on
the plot. In sharp contrasts, the pseudo-OLS with intentionally added noises performs
strikingly well: it deteriorates when p < 16, but quickly comes back and outperforms the
benchmark (sample mean prediction) and the other methods when 200 noises are added.
After 400 noises are added its out-of-sample R? reaches to 10%, and becomes very stable

even after 6800+ noises are added to prediction. °

5.3 Macroeconomic forecast

The second empirical illustration is in macroeconomic forecast where we use the FRED-
MD dataset of McCracken and Ng (2016) to forecast the U.S. unemployment rate. The
data contains py = 123 macroeconomic predictors, ranging from 1960-June to 2019-
December. We use 120-month moving windows to estimate the forecast model and con-
duct one-month-ahead forecast of the unemployment rate.

This macroeconomic dataset is widely recognized for its inherent challenge of relatively
weak factors. Data-driven techniques for determining the number of factors, e.g., Bai and
Ng (2002), typically suggest 8-10 factors, explaining 50-62% of the total variations. As
such, adopting cross-validation becomes desirable to determine the optimal number of
introduced noises, guarding against biases due to insufficient predictive information.

Therefore, we implement the pseudo-OLS as follows: if p < pg, we use the first p
components of the macroeconomic variables. © When p > pgy, we generate p — py white
noises from the standard normal distribution as artificial predictors, and merge with the
original py macroeconomic variables. We let p take values on a grid that are evenly
spaced on a logarithmic scale from py t0 pmax Where ppac = C' X ny/py. To determine the

optimal C, the full data of 715 months is split into training and validation samples. The

6We only use the original 16 macroeconomic variables from the Welch and Goyal (2008) dataset plus
noises. So the pseudo-OLS is essentially still a linear predictor, and the gained predictability is mainly
from the diversification of the out-of-sample variance. In comparison, Gu et al. (2020) exhaustively
examined many nonlinear machine learning methods. Using up to 94 firm level characteristics, they
found most of the predictors they examined, e.g., random forest and gradient boosting, reach less than
ten percent annual R?. Their most prominent machine learning predictor is neural networks, whose R?
ranges from 10 to 15 percent.

"While variables in McCracken and Ng (2016) do not have a particular order, we simply take
the first p columns according to the natural order in the original FRED-MD dataset, downloaded from
https://research.stlouisfed.org/wp/more/2015-012.
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Predictive MSE for FRED-MD data
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Figure 6: Predictive MSE using 123 Macroeconomic data from McCracken and Ng (2016). Data spans
from 1960-May to 2019-December with py = 123 predictors. We use rolling windows of n = 120 months
for one-month horizon forecast. The vertical axis is Y, (ynt+1 — Un+1)?, the horizontal axis is log(p), and
the horizontal tick is p. Regardless of p, the PCA, CV-Lasso and CV-Ridge use the py macrovariables,
whereas the psedo-OLS uses additional p — pg intentionally generated N (0, 1) noises if p > py.

first 500 months are used as the training sample on which the constant C' is determined
via cross-validation, and the remaining 215 months are used for forecasts. Specifically,
we conduct moving window forecasts on the training sample, regenerating white noises
R = 20 times. Let 7;41,(C) denote the predicted y,41 using C' x n,/py predictors (in-
cluding both macrovariables and noises) from the r th repetition. The optimal C'is then

determined by

R 500

* : o~ 2

C* =arg mcln g E (Y11 — Y1, (C))
r=1 t+1=121

where C is a predetermined grid. The optimal number of predictors determined in this
way is approximately pmax ~ 1096. With the determined py.x, we conduct moving
window forecasts of the unemployment rate on the validation sample, and compute the
predictive MSE. In addition, we implemented PCA, CV-Lasso, and CV-Ridge on the
validation sample, each uses all the py macroeconomic variables regardless of p. The
number of “factors” for PCA is determined using the PC),; criterion from Bai and Ng
(2002), and the tuning parameters for CV-Lasso and CV-Ridge are determined using
5-fold cross-validation.

Figure 6 plots the predictive MSE as p increases from 1 to ppa.x. The MSE for the
other three methods hold constant at approximately 5.5, 5.0 and 4.5. Meanwhile, the
pseudo-OLS stops when the total number of predictors reaches 1096, corresponding to

123 macrovariables plus 973 added noises, and reaches MSE approximately 4.3, being the
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lowest among the comparing methods.

5.4 Growth forecasts

We use the data of Barro and Lee (1994) to predict the GDP growth rates. This well
known dataset consists of py = 60 socio-economic and geographical characteristics from
90 countries spanning from 1960 to 1985. We estimate the model on a randomly selected
sample of n = 45 countries, evaluating its predictions for the remaining 45 countries. We
repeat this exercise 100 times and compute the predictive MSE averaged over the 100
random repetitions.

To implement pseudo-OLS, we generate p—py white noises and merge to the original 60
predictors. As in the previous exercises, p takes values on a grid spaced on a logarithmic
scale from pg t0 pmax = C' X n,/po. The predictors are known to have strong predictability
of the GDP growth rate, so we set a large C, which makes py.« ~ 34,857. As usual, the
competing methods, PCA, CV-Lasso, CV-Ridge only use the original 60 predictors.

Predictive MSE for the Growth data
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Figure 7: Predictive MSE using 60 socio-economic and geographical characteristics from Barro and
Lee (1994). Data for the growth rate of GDP from 90 countries. We estimate the model on a randomly
selected sample of n = 45 countries, evaluating its predictions for the remaining 45 countries. We repeat
this exercise 100 times. The vertical axis is > (Yn+1 — Yn+1)?, the horizontal axis is log(p), and the
horizontal tick is p. Regardless of p, the PCA, CV-Lasso and CV-Ridge use the py, macrovariables,
whereas the psedo-OLS uses additional p — pg intentionally generated N (0, 1) noises if p > po.

Figure 7 plots the predictive MSE of different methods. The pseudo-OLS outperforms
other methods before and after the complete interpolation. Notably, its predictive MSE
is smaller than minimum value of the second descent when only the first 11 predictors are

used, showcasing the informativeness of the original predictors. Furthermore, it exhibits
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strong robustness to the number of added noises, stabilizing after 500 additions and

maintaining an MSE around 1.0 across p varying from 501 to 34,857.

6 Conclusion

In the realm of economic forecasts, economists frequently collect a large number of pre-
dictors, and undertake variable selection processes to eliminate noises from the predictor
set before proceeding forecasts. In contrast, we prove a compelling result that in most
economic forecasts, the inclusion of noises in predictions yields greater benefits than its ex-
clusion. Furthermore, if the total number of predictors is not sufficiently large, economists
should intentionally add more noises, resulting in superior forecast performance that out-
performs many benchmark predictors relying on dimension reduction techniques. The
intuition is that economic predictive signals often densely distributed among the regres-
sion coefficients, maintaining a modest level of forecast bias while diversifying away the
overall variance, even when a significant proportion of these predictors constitute pure

noises.
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A Additional Simulations

The previous simulation studies have set fixed number of informative predictors. We
now examine the dynamic case by setting p, = 0.5p, and still let p vary from 1 to 1000.
As before, we compare the pseudo-OLS with three other methods: PCA, Lasso and
Ridge. Except for pseudo-OLS, all the other three use only the py informative predictors,
excluding noises.

From Figure 8 we see that first when factors are strong, all models are close to the
oracle risk being one. Secondly, in most cases oracle Ridge is comparable with pseudo-
OLS. This is not surprising because as py increases Ridge is also superior with smaller
variance. Finally, with growing pg and 7 increases, the model becomes denser and factors

become weaker. Then the pseudo-OLS dominates either Lasso or PCA or both.

. 50% informative predictors, n =100, T = 1/4 . 50% informative predictors, n =100, t=1/3 . 50% informative predictors, n =100, T=1/2
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Figure 8: Predictive MSE Z?il(yj —7;)? averaged from 10 replications as the number of predictors p
increases. The number of informative predictors pg = 0.5p.
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B Proofs

B.1 Proof of Bias-variance expression

The objective is to prove
where

bias(Yoew)? = BAXEX,X/AxB, where Ax = (X'X)TX'X —1
Var (Jnew — XiowB1X) = o2 tr(X'X)TEX,X[Op(1),

for some o2 > 0.

Proof. Let M :=E[(X!...8 — Unew)?| X]. Then

E[(¢new — Z/J\new)Q‘X] =M+ E[eﬁew|X] + 2E[(Xr,1ewﬁ ~ Ynew ) €new | X .

The second term is E[e?, | X] = Var(e;) by assumption. The third term is

-~

E[(Xrllewﬁ ~ Ynew) €new | X | = E[XIIIGW(/B — B)enew| X]
- E[B/Xnewenew|X] - ]E[eneWX, 5|X} = _E[eneWX,

new new

= E{Elepen X\ | X, e (X'X) T X"e|X} = 0

(X' X)X 'e|X]

by the assumption E(eyew Xpew|X, €) = 0. We now decompose M. Let
R=E(B|X) = (X'X)*X'XB +E[(X'X)" X"e| X] = (X'X)" X' X8,
then R— 8= AxB and f — R = (X'X)*X’e. So

M = E[(X(8 - 5)°IX]

new

= E[(Xlow(B — R)?X] + E[(Xew(R — 5))X] + 2E[(R — ) Xpew X,

new new new

(6 — R)|X].
By the assumption E(e|X, Xyew) = 0, the third term is

(B = R)|X] = B AxE[X ew X!

new

E[(R — B8) Xpew X,

new

(X'X)"X'e|X] = 0.
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The second term is “squared bias”: by the assumption E(X e X! |X) = E(X; X]),

bias(z//\neW)2 = E[(Xlliew<R - ﬁ))Q‘X] = ﬁIAXE<XneWX;eW’X)AXﬁ = ﬂ/AXE(XtXDAXﬁ

The first term is variance. The assumption that Elee’| X, Xyew]|| = Op(c?) for some

02 > 0 implies (verified by Lemma 4):

Var (Joew — XtewB1X) = E[(X] o, (B — R))?|X] = E[( X} (X'X)* X'e)?| X]
— E{XQQW(X’X)+X’]E[ee’|X,XneW]X(X’X)+XneW|X}
E{]| X o (X" X)X |2 X | Efe€'| X, X o]

2B X! o (X' X) T Xpow| X }Op(1) = o2 tr(X'X)TEX, X[Op(1).

IA

ew(

Lemma 4. Suppose at least one of the two cases holds:
(1) (fts €yts Uty Xnew,t = 1...n) are i.i.d., and jointly normal, E(Y|X, Xyew) = E(Y]X),
(i) n = O(yn), || Cov(u)| = O), E(ey|U, F, Xuew) = 0 and [[E(eye, | X, Xnew)|| =
Op(1).
Then |El[e€’| X, Xpew]|| = Op(1).

Proof. (i) We have, (e, X, X,ey) are jointly normal, as they can be written as linear
combinations of X,ey and (F,€,, U), the matrices of (fi, €,¢, ut). Also, by the assumption
E(Y|X, Xuew) = E(Y]X),

E(6|X, Xnew) = E(Y|X, Xnew) —XpB = E(FP|X) - XB=0

This implies e is independent of (X, Xyew). Hence Elee’|.X, Xyew| = Eee’ = Cov(e). Also,
Cov(es, es) = 0 for any ¢t # s because of the i.i.d. assumption (i.e., (y;, X;) and (ys, Xs)
are independent). Thus E[ee’| X, X,o] = 021, where 02 = Var(e;).
(ii) Alternatively, let A :=¢€,((p—A'B) F'+p'U’). Let C:=Up, and D := F(p—A\'B).
Then
ee’ = eye, + CC'+ DD+ CD' + DC"+ A+ A’

We have [E(ee’| X, Xoow)l| < [E(ey) X Xaone) [+2IE(AIX, Xoo) [+2E(ICIPHIDIPIX, Xoew).
Our assumption ensures E(e, |U, F, Xye) = 0 hence E(A[X, Xye) = 0 and [|[E(eye | X, Xnew)|| =
Op(1). In addition,

EICI* = Om)[IBI* = O(n/tpn),  E|D|* = Om)llp— NB|I* = O(n/vy,).
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Hence ||E(e€| X, Xnew)|| < Op(1+n/1hp,) = Op(1).

B.2 Proof of Theorem 1

Proof. The condition E(e,¢|f;, us) = 0 implies that in the oracle model E(e, ;| X;) = 0 as

X, follows the factor model (1). As a results, in the working model
E(ye| Xi) = E(p' fe Xt) + E(ey i X)) = B'X;

by the condition E(p'f;|X;) = 5'X;. The error term E(e;|X:) = E(y: — X[5]|X:) = 0.

(i) Pre-multiplying both side of the condition E(p'f;|X;) = p'X; by X; and take
unconditional expectation, we have E (X;E(f/p|X;)) = E (X:X]) 5. The factor model (1)
implies that EX; X] = AX A’ + Cov(u;), where Xy := Ef, f/, is invertible. Thus we solve

B =E(X,X)'EX,fip = E(X, X))~ 'AXp.
Substituting the Woodbury matrix identity
E(X:X{)™" = Cov(u) ™" — Cov(uy) "A(E;" + A Cov(uy) ' A) A Cov(uy) ™!
into the above expression yields

B = Cov(u) 'A[I — (S7" + A Cov(ug) 'A) "N Cov(ug) 'A] Epp
= Cov(u) 'A[(E7" 4+ A Cov(u) 'A) 'S Sypp
= Cov(ut)*lA(Ej?l + A Cov(uy)"'A) " tp.

(ii) By definition,
e =y = XiB = (fip+ ) = (IA T w) B = ey + [ilp = N'B) — w3,

and thus
Var(e;) = Var(e, ;) + Var(f;(p — A'B)) + Var(u;3)

by the condition E(e,¢|fi,u;) = 0 and the orthogonality between f; and u;. It remains to
bound Var(f/(p — A'B)) + Var(u,53).
We define ® := A’ Cov(u;) ' A/1),,. Since the eigenvalues of Cov(u;) is bounded away
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from 0 and oo, under Assumption 1 we have Gpax(P) < Omax(A7A1) /1y, < 1 and similarly
Umin(q)> = 1.
The explicit expression of § in (i) gives A’ = p — 2;1(2;1 + N Cov(uy)"tA)~1p. We

have
Var(fi(p— N'B)) = p(E7" 4+ N Cov(ug) 'A) 'S5+ A Cov(u) ~'A)'p
= P(Efl + q)wp,n)_lzf(z:;l + ¢¢p,n)_lp

2
|7+ 220,07 ol
IS 217 12 (@) 2 = O3

IN

IA

Furthermore,

Var(u;8) = [ Cov(uy)f = ||C0V(ut)’1/2A(EJT1 + A Cov(ut)’lj\)’lp”2

_ 1112
< H(Efl + @pn) 1:0” %p.n®l|
< YpnOmin(S7" 4 ) (@] [l
< Y romin (@) 2@ o = Oy 0).

We thus conclude Var(e;) — Var(e, ;) = Var(f/(p — A'B8)) + Var(u;3) = O(¢, ).

p7n

B.3 Proof of Theorem 2

By the i.i.d. assumption for u;,, we can write Cov(u;) = 021, where o2 = Var(u;,).

B.3.1 Bias

Recall bias(Guew)? = B'AxXxAx3, where Ly = EX; X/ and Ay = (X'X)"X'X — .
Using the notations laid out in the main text, we apply the singular decomposition

X =U,S,V, (notice V,, is a p X n matrix), and thus

X'X=V,82v, (X'X)"=V,S V!
and Ay = V,V, — I, = —V4V} where Vy is a p x (p — n) matrix, columns being eigenvec-

tors of the p x p matrix X’ X corresponding to the p—n eigenvalues. Therefore, V;V,, = 0.
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We rewrite
bias(Gaew)? = B'VAVASxVaViaB < [[VASxVall [|VAB]* (B.1)

bounding ||[V}Xx Va4l
We focus on the first factor of (B.1). Using matrix notation, the factor model of the
n X p matrix X is
X =FN\N+U, (B.2)

where F'is n x K and A is p x K. Then
X'X =nAX;N +E+UU
where E := —A(F'F —nX;) N+ AF'U + U'FA'.
We first check the orders of ||E||. Under Assumption 3, ||[U'U|| = Op(p). Since
|F'F/n — 3| = O,(n~1/?), for all j < K we have

IA(FF = nXp) N|| < Omax (AN) [F'F = 03| = Op (Vitbp,n) -

and the cross term

|UFA|| < /Omax (NF'FA) 0o (U'U)
- \/Umm<O\AQ(Dp(n)amm(ajqj)::C)<\/¢@mnp).

We obtain
IE|| = Op(Vnthpn + \/Ppnpn) = Op(\/Ypnpn)
where the order follows as \\//Zw”’" = V\q/b;’n is bounded away from oo given 1, , = O (pp)
p,n PN

and py < p. We thus have

X'X X'X
VAEXVA:VA( - —( —EX)>VA

n

X'X
:umgww—m(n/—&)w

X'X E !
:—VA( —EX> VA:VA <COV<ut>———UU> VA

n n n

where the third line follows by the fact that the columns of Vj is orthogonal to the
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columns of V,,, and thus we find the order of the first factor in (B.1)

Vi <Cov (ug) — E v U) Va

n n

EH < Op (y/—%’”p + 3) :
n n n

bounding ||V43|. Recall § = 0, 2A(E; + A Cov(u)~'A)~"p. First,

VISVl < ‘

Uu
< flcov ) + |

||

X'X =nAS;N + E+U'U

By Davis-Khan theorem, the top K eigenvalues of X’ X/n and AX;A’, respectively de-
noted by o, x and o; for j < K, are bounded by

‘+ HEH < Op (y/—w”’”p +£> .
n n n

Hence v, > p/n implies 0; x < 1, for j < K. There is K x K matrix H so that

columns of AH are eigenvectors of AX A, and ||[H || = Op( ;/3) Let Vi denotes the

first K eigenvectors of X’ X /n. By Sin-theta inequality,

U'vu
n

%%(\Uj,x — 04| < ‘

Uvu
n

E

n

[Vic — AH] < Op(v)) H' H n

P P, g
] <O ) = 0Py )

Also note that V} Vi = 0 because of the orthogonality. Hence

!/ / / — w ,np
IVAAI? < VAAHH'AVA|[[|H7Y® < Op(dp) [AH = Vi|| = Op(y/ =)

Hence

/ / — / — — ¢ nPy
IVABIIZ < OM)IVAAIPE7 + A" Cov(u) T A)T1* = Op(y . -~

We thus conclude

. ~ w nP p ¢ Py~ b
blaS(ynew)2 < Op <\/T n_—|— ﬁ) OP(\/T) p,?L =0Op (@Z)p’nn) .
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B.3.2 Variance

The variance is
Var (new — XpewB1X) = 02 tr (X'X)"Ex) Op(1), where o7 := Var(e,| X, X).
Since Xx = AX ;A + 021, we have
fr ((X'X)"5y) = tr(N(X'X)FAS)) + 02 tr ((X’X)+) (B.3)
We focus on tr(A (X' X)"AX;) first. Then

X (XX AL = W (XX) (X - 0) (PR
= A (XX (X D) %nop()

e S R

where the first line by the expression A = (X — U)' F (F'F)~" from the factor model; the
second line follows by (F'F/n)~! = Op(1), and the last inequality by the Cauchy-Schwarz

inequality. Rearrange the above inequality,

1A (X" X) " Al 2
() oot

ey o
2 {amax (X (X' x)* X’) ¥ Oona (U (X' X)* U’) } ]Zf (1)
2

= = {1 Yoo (U (X'X)* U’) } Op(1) (B.4)

IA

Op(1)

IA

H XX )1/2U’

IA

where the last line follows by the fact that X (X'X)* X’ is idempotent. In the curly

bracket,
X'x\* !
- (U (X'X)* U’) R (( ) ) O max (UU )
P p
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<c (X’X)+ C.,
uOmax = T v v
- p Omin (XX//p)

as ||U||?> = Op(p) when p > n. Let v € R™ with |[v|| = 1 be the eigenvector of the n x n

matrix X X’ corresponding to its n th eigenvalue. Then

XX’ ANA AU’ uu’
Omin (XX /p) = v=vF—Fv+2V'F v+v'—v
p p p
/A rr
> U’FA—F’U— 2'F v| + ¢y
p
/ ANA 1/2 ANA —-1/2 A
Z’U/FMF’U—Q < ) F'v < ) —U'v|| +c,
p p p p
> d'a = 2| M]| +cy
AAN? NAN TN
o= ( ) Flv, M := < > —U"v (B.5)
p p p

where the first inequality follows under Assumption 3. Also, 0., (U'U/p) > c,.
In addition,

A’A) 2N Cov(ug)A (A’A) ~1/2
p p? p

| Var (M) | = H(

C
S_J
p

and therefore the event {||MH < ‘/a} holds w.p.a.1l. as p,n — oo. Under this event, we

2
continue (B.5):

Omin (XX'/p) > [la]l* = Veu ol + e

2
Cu 3 3
= (lal =) +3e > 2, 5.6

Hence oymax (U (X'X)7U') < C,/(0.75¢,). Substituting it into (B.4) we have

N (XA <2 (1 n O%) Op(1) = Op (1/n).

Hence the first term in (B.3) is bounded by tr (A’ (X'X)" A) = Op (1/n).
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For the second term in (B.3), we have

tr ((X’X)+> :%tr(<X];X> > :% ”) (Xlzx/p)
1
o

e =2 (5)

by (B.6). We conclude that the variance is

1
Vo (o — X %) = O (42

B.4 Proof of Theorem 3

The closed-form solution of the ridge estimator with the regressors in the set [ is
Bi(\) = (XjX; + M) TIX}Y,
where A > 0 is the tuning parameter. The population counterpart of the coefficient is
Br =Sy Ap (B.7)
where Xx; = AfA; + 021, is a py X pop matrix, A; is a K X pp matrix, and the K-

dimensional vector p is the same as the full model. In the restricted model on the set I

we have

bias;()\)z = B}A[Z)@]A[ﬁ[ (B8)

where A; = (X)X + M) ' X} X; — I, and
Var(\) = o2 tr [Sx /(X7 X7 + M) 7' XX (XX + M)

To simplify notation, we denote by ¢; = o; (X'X) as the jth eigenvalue of X'X.
Bias. Let S; be the diagonal matrix of the singular values of X;, and thus 5% =
diag (01, ...,0,,). We diagonalize X;X; = V;5?V] and thus

(XFX7 4+ A1) = Vi (83, + My,) ™ Vi = Vidiag ({(o; + N '}, ) Vi
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and then

Ar=V; (52

I7p0

—1 .
F M) 83, Vi = Iy = —Vidiag (1M (0 + N}, ) Vi (B9)

Substitute (B.7) and (B.9) into (B.8):

A A
bias; (\)? = A, 23E Vidi V'S Vidi VInThA
iasy (M) p Apzix pVrdiag <{Uj+)‘}j<po> j&x rvrdlag ({Uj+)\}j<p0> 12x 1P

If we drop the first K elements {\/(0; + \)}, - from diag <{)\/(Uj + A)}j§p0> to pro-

duce diag ({ a‘/}m} ) = diag ({ aix} ) , in the above expression the associated
J -K 7 K<j<po

eigenvectors are also eliminated, which reduces V' to V;. The bias becomes

bias; (A)?

p'ATER Vi -k diag ({

v

A , A
Y1 Vi-kdi L SEUA
of -|—)\}K) Vi—k2x1Vi-kdiag ({aj _'_)\}K) Viex2x hip
—>\ i A1 A ? IAL / 2 -1
Or1 E A PAIEXJAIp = —O'K+1 Y p A} (AIA[ + oquo) A;p,

. . A A
where the second inequality holds as =Y 2 i

for all K < j < pg. Then we have

ox(AfAr) _ Pp

N (AN, + %) AN > )
p I(II+ L) Ip_ppO'K(A/]A])+03_2O-3

where the last inequality holds for sufficiently large sample size as 2 /o (A;A;) — 0.

We conclude that bias ) )
. A Il

b 2?2 > .

sy (V)2 > (amm) A

The computation of the variance is straightforward.

Var;(\) = o2 tr [zx,lvl (S2+ AL,) " 82 (S2 + AL,) " v;}
> 02 tr | Cov (ur) Vi (S} + M) ™ 87 (874 Ayo) ™' V7|
= 0202t | (57 + M) S (SF+ ML) |
Po Po

2 2 0j 2 2 0j

=o.o, > o.0, —
= (0 +A)? Ly (o5 A)?2
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0' .
> K 7
7.0 (po = K) s

> 0202 (py — K) — 2P0

= Ye u(pﬂ ) (O_K+l +)\)2
where in the first inequality we used: if A— B is semipositive definite, then for any matrix
V, tr(AVV') —tr(BVV') = tr(V'(A — B)V) > 0 beause V'(A — B)V is semipositive
definite.

Summary. Given the lower bounds of the bias and variance, we have

Opoy

(01 + )\)2/.

. Y
bias;(\)? + Var(\) > (0K+1 n /\) HQ'ZHQ + o020, (po — K)

LB LvV

It is governed by ok and o,,. We now show the order of these two eigenvalues.
For o1, let v 11 be the pp-dim sample eigenvector associated with it . The quadratic

form

/ / / !/
, XX o AFFA’ R AFU ,  UU;
Ukt n VK+1 = Vg4 = TVK+1 Vg1 VK41 + Vg 1= n VK +1

/

F'F UU
S 2 (UII(+1AITA,[UK+1 + U/K—l—l In IUK_H)

/

F
< 2UK+1A AIUKJrl —|—2Cup0,

UUy

where o (=) < Cyp, because n < py.

Also, there is K x K matrix H; so that columns of A;H; are eigenvectors of A;EL /\’I7
and ||H; || = Op( 7). Let Vi denote the py x K matrix whose columns are the top K
eigenvectors of X;X;. We have v, Vk = 0. The Sin-theta inequality guarantees that

IN

|V ArH || [[H7H < || v (ArH T = Vie) || Op(47)
< v wpm O \/ pO/ wpo,nn)) = OP(l)' (BlO)

/
o A

A lower bound of the smallest eigenvalue o,, can be derived in a similar fashion as

that in the proof of Theorem 2. Let v,, be the eigenvector associated with o,,, We have

/
Opy 4 XIXI

~ “po

(%
0
n b

FF’ FU U'u
= vy, Nj— Awpo + 2v, Af Uy + v, 07 Urn
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FU
2
> A st (14 05(1) = 2 st | = | + o
FU
2
> [Art = 2] |0 |+ ue + 01
where the last line holds given [[Ajv,,|| = O,(1) as well. Conditional on this event

{”F—nvaO” < @}, which occurs with w.p.a.1l. asymptotically, we continue the above
display expression

0. 2

% > HAIUPOH ~ VvV Cupo HAIUPOH + Cupo T Op(l)

3 1
> Zcu,po + Op(l) > §Cu,po

for sufficiently large sample size.
The above computation shows that there are two absolute constant cx,Cx € (0,00)
such that the event

Cxn S Opg S OK+1 § C’Xn

holds w.p.a.1. In other words, all eigenvalues {0} k< <p, are of order n. Hence

bias;(A)? + Vary(\) > LB + LV

where ) ) ) )
R SN SN
- O'K+1—|—)\ 20’5 - C’Xn—i—)\ 205
and
LV > 0202 (pg — K) —2X"
Z 0.0y (pO ) (an+ )\)2

Fix any constant C' > 0.

e If A € [0,nC], then LV > 0202 ey 2=K > ¢y for some ¢ > 0.

2

_ = 2
o If A > nC, then LB> ( ¢ ) ]

oxiC) 07 >0 for some ¢q > 0.

This implies infysq[bias;(\)? 4+ Varr(A\)] > ¢y > 0.
The OLS estimator is a special case of ridge regression with A = 0, under which

Ar = (X4} X7) 7' X} X1 — I, = 0, bias is zero. But the variance does not vanish.
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