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Abstract

We study the optimal execution problem in a principal-agent setting. A client (e.g., a
pension fund, endowment, or other institution) contracts to purchase a large position from a
dealer at a future point in time. In the interim, the dealer acquires the position from the market,
choosing how to divide his trading across time. Price impact may have temporary and permanent
components. There is hidden action in that the client cannot directly dictate the dealer’s trades.
Rather, she chooses a contract with the goal of minimizing her expected payment, given the
price process and an understanding of the dealer’s incentives. Many contracts used in practice
prescribe a payment equal to some weighted average of the market prices within the execution
window. We explicitly characterize the optimal such weights: they are symmetric and generally
U-shaped over time. This U-shape is strengthened by permanent price impact and weakened by
both temporary price impact and dealer risk aversion. In contrast, the first-best solution (which
reduces to a classical optimal execution problem) is invariant to these parameters. Back-of-the-
envelope calculations suggest that switching to our optimal contract could save clients billions

of dollars per year.
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1 Introduction

When trading large volumes in financial markets, two frictions play important roles: price impact
and agency conflicts. Owing to price impact, it is typically desirable to split a larger ‘parent order’
into a number of smaller ‘child orders’ rather than to trade all at once. Determining precisely
how to create that split is a complex problem, as one must consider how each child order will
affect the prices obtained for future child orders. A literature on optimal execution considers that
problem, addressing how an institution ought to behave if handling execution in house. Yet, pension
funds and other institutions often outsource execution, in which case agency conflicts also become
relevant. While such agency conflicts are deeply appreciated by practitioners and regulators, they
have so far received little attention in the literature. Analyzing a setting with both price impact
and agency conflict, we show that they in fact interact in important and subtle ways.

Specifically, we model a situation in which an institution (‘the client’ henceforth) contracts with
a dealer, agreeing to conduct a block trade: a single, large off-market transaction. The complexities
of execution are thus shifted to the dealer, who would then pursue offsetting trades on the market.
The client and dealer then need only agree on how their block trade should be priced. In practice,
many trading arrangements prescribe a payment equal to some weighted average of the market
prices prevailing over the execution window. For example, it is common for the dealer to be paid
at the time-weighted average price (TWAP) prevailing on the market, as in a guaranteed TWAP
contract, or at the price prevailing at the end of the execution window, as in a guaranteed market-
on-close (MOC) contract. Because these payment rules transfer some of the price risk burden onto
the client, one economic justification for them is risk aversion on the part of the dealer. Indeed, it
is appropriate to account for risk aversion because these trades are often large, and because dealers
may be reluctant to take on risk due to regulation requiring them to hold capital in amounts
corresponding to their exposure. Yet, questions remain: Are either of these common payment rules
optimal for the client—or at least optimal in some class? If not, how could she do better for herself?

To answer these questions, we formulate the general arrangement as a problem of contracting
under moral hazard, with the client as the principal and the dealer as the agent. The friction is
that the client cannot directly observe the on-market trades that the dealer makes, but only the
realized time series of market prices. Because the dealer’s trading creates price impact, market
prices are signals of the dealer’s actions, but only noisy ones. We begin by solving the model in
discrete time, then characterize the continuous-time limit. Although the contract that we derive
as optimal is in general neither of the commonly-used contracts mentioned above, interestingly
and perhaps surprisingly, it does incorporate features of both: in the continuous-time limit, the
optimal contract puts discrete weights on the initial and terminal prices, and it weights interior
prices according to a constant density.

These results apply to situations faced by pension funds, mutual funds, endowments, or other
institutions when outsourcing execution of their large trades in fixed income, foreign exchange, or
equity blocks. These large trades are typically accompanied by large transactions costs: for exam-
ple, Nasdaq (2022) and SIFMA (2021) estimate institutional transaction costs for U.S. equities of



around $70 billion per year, nearly all of which are attributable to the price impact of trading. Given
the complexities of order execution and the sums involved, this setting is rife with potential conflict
between the interests of dealers and clients. Cognizant of this, FINRA Rule 5270 prohibits dealers
from trading on “non-public market information concerning an imminent block transaction,” also
called “front-running.” However, that same rule provides an exemption “for the purpose of fulfill-
ing, or facilitating the execution of, the customer block order” (FINRA, 2013), leaving ample scope
for conflict regarding the timing of trades made for this purpose. The potential for conflict is also
recognized by umbrella agreements between dealers and their institutional clients.! Furthermore,
ample anecdotal evidence highlights that these conflicts of interest have real and sizable implica-
tions for transaction costs (e.g., Traders Magazine, 2005a,b; Bloomberg, 2020, 2022a,b,c,d,e; WSJ,
2022a,b,c,d). These transaction costs might be reduced if prevailing arrangements were modified

to more closely resemble the contractual arrangements that we derive.

Model. At time zero, the client offers a contract to the dealer. A contract is an agreement that
the client and dealer will conduct an off-market trade at time 7"+ 1, the price of which will be a
function of market prices (p1,...,pr)". If the dealer accepts the offered contract, then he prepares
by pursuing offsetting trades on the market during the trading periods {1,...,7}. In modeling
how these trades affect the dynamics of prices, we assume a canonical market model that allows for
price shocks and both permanent and temporary price impact. Finally, at time T + 1, the client
and dealer conduct their agreed-upon off-market trade.

Mathematically, the client’s problem is to choose a contract and a recommended trading strategy
for the dealer to pursue subject to individual rationality and incentive compatibility constraints.
The first-best benchmark is what would be optimal in lieu of the hidden-action friction, that is,
if the dealer’s on-market trades were observable to the client. In that case, the problem in fact
reduces to a well-known optimal execution problem whose classic solution entails trading an equal
amount in each period. Our main results highlight how outcomes change due to agency conflicts,

as well as which contractual arrangements are optimal in light of them.

Results. What is the optimal contract? Its precise form depends on the parameters of the
model: the market parameters that govern price impact and the dealer’s degree of risk aversion.
Our analysis optimizes over contracts that are weighted averages of market prices. This is for both
analytical tractability and realism, as more exotic functions of prices are likely to be prohibitively
complex. Indeed, many of the contracts that are commonly used in practice are in this class. What
is not obvious, however, is whether these commonly-used contracts are optimal in this class—and if
not, what the optimum is. Our main result for the discrete-time formulation provides a solution for

the optimal such contract, which we denote 7* = (77, ... ,T})T, where 7} represents the weight on

'For example, in relation to orders of institutional equities clients, HSBC Securities Inc. (HST) states that “[p]rior
to the execution of a guaranteed price order, HSI may establish a hedge through single or multiple trades that serve
to offset HSI market risk associated with facilitating these transactions. This hedge will usually involve principal
trades (possibly throughout the day) in the same security. . . such activity may ultimately affect the agreed guaranteed
benchmark price” (HSBC, 2022). Such disclosures are standard (e.g., Goldman Sachs, 2017; Morgan Stanley, 2022).



the period-t price. Although in closed form, the general formula for 7* is complicated and difficult
to analyze. Nevertheless, numerical experimentation suggests a great deal of interesting structure
(all of which is consistent with what we subsequently prove to hold in the continuous-time limit).
It suggests that the optimal contract is U-shaped (i.e., 74 > 75 > -+ > TF‘T/ﬂ < <1y 77,
with a severity that is strengthened by permanent price impact, weakened by temporary price
impact, and weakened by the dealer’s risk aversion. We also show formally that the optimal
contract is symmetric (i.e., 77 = 77, ,_, for all ¢).

We also derive a closed-form solution for the trading behavior that the dealer selects in response
to the optimal contract 7*. This behavior can be described by a vector of trades * = (z7, .. ., a:*T)T

9y

where zj is the volume traded in period ¢. Numerical experimentation suggests that «* is front-

t
s=1

loaded in the sense of first-order stochastic dominance (i.e., Y ._; % > % for all t), with a severity
that is strengthened by permanent price impact, weakened by temporary price impact, and weak-
ened by the dealer’s risk aversion.

To understand the intuition for these patterns, consider first the dealer’s trading incentives.
His profit is the difference between what he receives from the client (determined by the contract)
and the costs of his on-market trades. So, given an offered weighted-average price contract, he can
guarantee himself a profit of zero by selecting trading weights that perfectly mirror the contract
weights. But he can do better by shifting some trading volume from periods with high expected
prices to periods with low expected prices. Permanent price impact raises later prices relative to
earlier ones and consequently generates a frontloading motive for the dealer—an incentive to select
a trading strategy that differs from the offered contract by weighting early periods more heavily.
This incentive to frontload is consistent with dealer behavior observed in various asset classes,
including foreign exchange (Bloomberg, 2016), interest rates swaps (Risk.net, 2021), and options
(Bloomberg, 2019).

Turning now to the client’s problem, the optimal contract reflects a balance between two forces.
On the one hand, permanent price impact leads prices to rise over the trading interval. Thus, if the
dealer’s trading strategy—and hence price dynamics—were fixed, the client would prefer weighting
earlier periods in her contract. On the other hand, the dealer’s trading strategy is endogenous.
Moreover, permanent price impact means that frontloaded trading strategies raise all prices. The
client would therefore prefer for the dealer to use a less frontloaded strategy, but, given the dealer’s
aforementioned frontloading motive, this requires the client to weight later periods in her contract.
The combination of these incentives to weight early and late periods leads to a symmetric and
U-shaped optimal contract. Moreover, because permanent price impact drives these incentives, it
tends to strengthen the severity of both the U-shape and the dealer’s ultimate frontloading. In
contrast, temporary price impact and risk aversion induce other motives for the dealer and opposite
effects.

Finally, we turn to the continuous-time limit of our discrete-time model. In this limit, the
optimal contract takes a strikingly simple form, which can be thought of as an extreme U-shape:

atoms of equal mass at the two extreme times and a constant density at interior times. The dealer’s



best response is similarly simple: it entails the same constant density at interior times, as well as
atoms at the extreme times where, reflecting his frontloading motive, the initial atom is three times
larger than the terminal atom. We also prove comparative statics for this continuous-time limit
that are consistent with the aforementioned numerical experimentation for the discrete-time model.
The mass at the extreme times—and hence the severity of the optimal contract’s U-shape and the
severity of the dealer’s frontloading—is increasing in permanent price impact and decreasing in
the dealer’s risk aversion. Interestingly, temporary price impact does not affect the solution in
this limit, as the result of two opposing forces that offset each other: on the one hand, temporary
price impact raises prices and hence the client’s costs (if the dealer’s trades are held fixed), but on
the other hand, temporary price impact also partially counteracts the dealer’s frontloading motive,
reducing the client’s costs.

To quantify our findings, we perform a back-of-the-envelope calculation in which we compare
our optimal contract against the two commonly-used contracts mentioned before. We argue that,
for realistic parameters, transaction costs (as measured by implementation shortfall) under our
optimal contract are 9.8 percent lower than those under the guaranteed TWAP contract and 40.1
percent lower than those under the guaranteed MOC contract. For a trade valued at $100 million,
the cost savings could be hundreds of thousands of dollars. While we hesitate, in this paper, to
precisely quantify these gains, this analysis highlights that it is possible to improve substantially

upon the status quo, even while staying within the class of weighted-average-price contracts.

Related literature. There is a long tradition of models that study contracting in financial
settings. Often studied are delegated portfolio management, where the agent selects a financial
portfolio (e.g., Bhattacharya and Pfleiderer, 1985; Carpenter, 2000; Buffa, Vayanos and Woolley,
2022), and delegated asset management, where the agent manages capital invested in a risky asset
and can secretly divert returns (e.g., DeMarzo and Fishman, 2007; Di Tella and Sannikov, 2021).
In this paper, the agent performs a different financial task—mnamely, scheduling the execution of a
large trade. The agent’s actions are unobserved by the client, and, therefore, this problem belongs
to the large literature on moral hazard.?

Another connection is to principal-agent models in which the agent controls when an action is
taken. For example, this is the case if the agent makes an irreversible stopping decision (e.g., Kruse
and Strack, 2015; Grenadier, Malenko and Malenko, 2016) or chooses the timing of a disclosure
(e.g., Curello and Sinander, 2021) or report (e.g., Madsen, 2022). Such problems also arise in
the literature on revenue management (e.g., Board and Skrzypacz, 2016; Garrett, 2016), in which
consumers decide when to buy.

The trading aspects of our model closely relate to the literature on optimal execution (e.g.,
Bertsimas and Lo, 1998; Almgren and Chriss, 2001; Obizhaeva and Wang, 2013). In that literature,

a trader solves how to optimally work an order across time, taking as given an exogenously-specified

ZParticularly related are models set in continuous time (e.g., Holmstrom and Milgrom, 1987; Sannikov, 2008) and,
especially, analyses of the continuous-time limits of discrete-time models (e.g., Hellwig and Schmidt, 2002; Biais,
Mariotti, Plantin and Rochet, 2007).



‘market model’ that governs how her trades affect the dynamics of prices. Solving for the first-
best benchmark of our model is equivalent to such an optimal execution problem. Moreover, our
specification of the market model follows the baseline cases of some of those classic models. Our
derivation of the first-best trading strategy therefore replicates classic results from that literature.
Nevertheless, we depart from that literature in that our primary focus is on the second-best problem,
where the key friction is that the dealer’s on-market trades are actions hidden to the client.

The most related paper is Baldauf, Frei and Mollner (2022).3 It begins with a certain commonly-
used contract—the ‘guaranteed VWAP’ contract, in which the client pays the dealer according to the
market’s volume-weighted average price—then derives conditions on the market model that would
rationalize this contract as optimal. Among the conditions required for that contract’s optimality is
that price impact has no permanent component. This paper takes the opposite approach: it begins
instead with a canonical market model that allows for both permanent and temporary price impact,
then derives the optimal weighted-average-price contract. Outside of special cases, this optimum is
not a commonly-used contract in itself—mnevertheless, it suggests simple and useful modifications
to prevailing arrangements. The key innovation is allowing for permanent price impact, which not
only allows this paper to speak to a much broader class of settings but also makes the problem
conceptually different: it becomes genuinely dynamic in the sense that the ordering of time periods

maptters.

Outline. The remainder of the paper is organized as follows. Section 2 formulates the model in
discrete time. Section 3 solves for the first-best benchmark. Section 4 provides a general discrete-
time solution for the second-best, discusses its comparative statics, and considers several special

cases. Section 5 analyzes the continuous-time limit. Section 6 concludes.

2 Model

A client (the principal) offers her dealer (the agent) a contract regarding a trade between them.?
If the dealer accepts, he prepares for the trade by acquiring an offsetting position from the market.
The main friction is hidden action: the client cannot observe the dealer’s precise sequence of on-

market trades.

2.1 Contracting environment

Client. The client needs to trade a fixed quantity of a particular security, which we normalize to

a purchase of one share. She is risk-neutral.

3Edelen and Kadlec (2012) study a related problem involving delegated trading. The primary difference is that
they study agency trading (where the client pays the realized execution costs). The friction is that effort, which can
lead to a better execution price, is unobservable to the client. In contrast, we study principal trading (where the
payment is contracted in advance and need not equate to realized execution costs). The friction is that the on-market
trades, which influence the contracted payment, are unobservable to the client.

4In assuming a preexisting bilateral relationship between the client and the dealer, we abstract away from the
question of how the client should select a dealer. See Baldauf and Mollner (2022) for an analysis of such an issue.



Dealer. The dealer has constant absolute risk aversion (CARA), with coefficient A. To economize

on notation, we use u(w) = —exp(—Aw) to denote the dealer’s utility function.

Time. At time 0, the client offers the dealer a contract, which he either accepts or rejects. The
contract specifies terms under which the client would purchase one share from the dealer at time
T + 1. In between are a discrete number of trading periods t € {1,...,T}, where p; denotes the

market price in period t.

Contracts. We focus on contracts that are weighted averages of the market prices. Although
these weights will be nonnegative in the optimum, we do not impose this as a constraint. Thus, a
contract can be thought of as a vector 7 € T = {(r1,...,77)" € RY| Zthl 7, = 1}, which stipulates
that the client will pay the dealer 21?21 7ipe- When we wish to highlight its dependence on the
number of periods, we sometimes write 7.

Thus, the client can contract only on prices. In particular, she cannot contract directly on the
dealer’s trades. This assumption reflects the fact that on-market trading is anonymous in most

settings.

Remark 1. Although it is restrictive to focus only on contracts that are weighted averages of

market prices (rather than on arbitrary functions), this does nest some important examples of

commonly-used contracts. For example, special cases include 77WAP = (%, ey %)T and TMOC =
0,...,0, l)T, which respectively correspond to what are known in practice as a guaranteed TWAP

contract and a guaranteed MOC contract. While a general contract space may be interesting from
a theoretical perspective, it would permit contracts that are unrealistic, either in their complexity
or in the severity of the punishments that they prescribe for certain price-path realizations.” We
interpret our analysis as a search for the best contract among those comparable in complexity to

those already in use.®

Remark 2. Of the contracts not of the weighted-average price form and hence outside 7T, perhaps
the most notable are fixed-price contracts (analogous to ‘sell-the-firm’ contracts in classical con-
tract theory). The absence of such contracts is particularly relevant if the dealer is risk-neutral.
(Although our focus is on settings where the dealer is risk averse, our formulation allows for a
risk-neutral dealer.) In such cases, it is immediate that a fixed-price contract—if feasible—would
give the client her first-best payoff and would be an optimal contract overall. All our analysis can
be extended to accommodate fixed-price contracts. In Appendix OA.B, we repeat the analysis

for the case in which the feasible contracts are all affine functions of prices; such a contract can

®Indeed, Mirrlees has observed that in classic moral hazard settings with normally-distributed noise and where
arbitrarily large punishments are possible, the contracting friction essentially disappears, in the sense that the first-
best outcome can be approximated arbitrarily closely using contracts that prescribe massive punishments for very
low realizations of output (Bolton and Dewatripont, 2004, Sec. 4.3). Given the structure of our model, similar issues
could arise here were we to optimize over a general contract space.

5Studying a different problem—how to formulate a manipulation-resistant benchmark price from a set of
transactions—Duffie and Dworczak (2021) take a related approach, restricting attention to benchmarks that are
weighted averages of transaction prices.



be thought of as a vector (79,71,...,7r) € RT*! which stipulates that the client will pay the
dealer 1y + Zthl 7yp¢. However, the optimal weighted-average-price contract is arguably even more

interesting.

2.2 Market model

On-market trades. If the dealer accepts the contract, then he must purchase the required share
on the market. Effectively, the dealer will intermediate between the client and the market. Letting

x¢ denote the number of shares purchased by the dealer in period ¢, we therefore require Zthl x = 1.

Price dynamics. Recalling that p; denotes the market price in period ¢, we assume the dynamics

t t
Dt Zpo+7xt+92x5+25s.
s=1 s=1

Thus, # > 0 parametrizes permanent price impact,” v > 0 parametrizes temporary price impact,
and pg parametrizes the initial price level. Finally, €5 represents the price shock in period s, which
we assume is an independent draw from N (0, 02), where o > 0. To avoid degenerate solutions, we

assume throughout that at least one of 6 and + is strictly positive.

Remark 3. In addition to being simple and tractable, this specification captures many empirical
facts about markets, for example that liquidity is limited over the trading horizon (even when trade
is known to be for reasons other than information). This specification is, furthermore, canonical
and standard in the literature. For example, it nests the basic case of Bertsimas and Lo (1998), it
is nested by Garleanu and Pedersen (2013), and it closely relates to the linear case of Almgren and
Chriss (2001). Finally, although these price dynamics are taken as exogenous for the purposes of
our analysis, both these and related dynamics can be readily micro-founded (as in, e.g., Garleanu
and Pedersen, 2016; Kyle, Obizhaeva and Wang, 2018).

Information sets. In each period t, the dealer selects z; with knowledge of the history h; =
(ps,xs)i;ll. Let H; be the set of period-¢ histories. From an ex-ante perspective (i.e., from the
moment after accepting the contract), the dealer can equivalently be thought of as choosing a
trading strategy: a vector of measurable functions = (x1,...,27)' such that z; : H; — R and

Zthl ¢ = 1 almost surely. We denote the set of trading strategies by X.

Remark 4. A special class of trading strategies are those in which the dealer does not condition on
previously-realized prices in selecting his on-market trades, so that the entire trajectory of trades
is determined ex ante. Such a trading strategy can also be thought of as a vector € RT. We refer

to these as the static trading strategies.

"As is common in the literature, we intend “permanent” to refer to whatever price impact does not revert over
the trading horizon. For example, if the trading horizon is one day, then price impact that reverts the next morning
can be called permanent for our purposes, even though it does not literally last forever.



Remark 5. The requirement Zthl x¢ = 1 precludes any net change in the dealer’s inventory. The
dealer merely intermediates between the client and the market, neither trading with the client out
of his own inventory nor taking on a proprietary position of his own. We therefore shut down certain
dealer misbehavior: the dealer’s trading in our model does not meet the definition of illegal front-
running, but rather that of permitted transactions for the purpose of fulfilling a client block order,
under FINRA Rule 5270. This also distinguishes our model from the literature on dual trading (e.g.,
Roell, 1990; Fishman and Longstaff, 1992; Bernhardt and Taub, 2008), which considers dealer-client
conflicts that arise if the dealer can either front-run or trade alongside a client order. Instead, our

analysis focuses on conflicts pertaining to timing of the dealer’s hedging trades.

2.3 The client’s problem

The client’s problem is to choose a contract and a recommended trading strategy for the dealer to
pursue subject to individual rationality and incentive compatibility constraints.® There is hidden
action in that the client cannot directly observe the dealer’s trades; hence, the contract must make
the recommended trading strategy incentive compatible. Note that, although the client can observe
prices, these constitute only a noisy signal of the dealer’s trades because prices are also affected by

shocks. Mathematically, the client solves the following program

min [E_[r-p] subject to

TET ,LEX
Ezlu(r-p—x - p)] = u(0), (IR)
(Ve € X) : Eglu(t-p—x-p)] > Ezlu(T-p— - p). (IC)

The form of the (IR) and (IC) constraints follow from the facts that the dealer’s revenue (from the

client) is 7 - p and his cost (from on-market trading) is x - p.

3 First-Best Benchmark

Before solving the client’s problem itself, we begin by solving for the first-best benchmark. For
this benchmark, we remove the friction of hidden action—that is, we assume the client can observe
the dealer’s trades. We therefore modify the set of feasible contracts accordingly: to preserve
comparability with the main analysis, we assume that the feasible contracts are weighted averages
of the market prices, but—for this section only—where those weights can depend on the realized
trajectory of trades. Mathematically, a contract is a function 7 : {x € R” : Zthl xp =1} = T,
which maps a trajectory of trades into weights for the market prices.

Given concavity of u, it is optimal to satisfy (IR) by choosing 7 to be the identity function when

the dealer acts according to the recommended trading strategy. In fact, note that by choosing 7 to

81n allowing the client to recommend a trading strategy to the dealer, this formulation follows classical models
of moral hazard (e.g., Holmstrom, 1979). Effectively, it assumes that the client can break the dealer’s indifference
however she likes. This assumption is, however, irrelevant, as subsequent analysis reveals that the dealer has a unique
best response to any contract 7 € T (¢f. Lemma 2).



be the identity function on the entire domain, the dealer is rendered indifferent among all trading
strategies, so that (IC) is trivially satisfied.” Plugging T - p = x - p into her objective, the client’s
problem reduces to

in B[z - p.
min Eg[x - p]

In other words, solving for the first-best trading strategy reduces to a problem of optimal execution.

In fact, given that our market model is essentially the baseline case considered by Almgren and
Chriss (2001), their results apply to this problem. The first-best solution corresponds to what they
would derive as the optimal trading strategy in the case where all weight is put on minimizing the
mean of implementation shortfall and no weight is put on the variance. The classic result (also
found by others, e.g., Bertsimas and Lo, 1998) is that under these baseline conditions, the optimal

strategy is to trade an equal amount in each period. We therefore obtain the following result:

Proposition 1. The first-best trading strategy is

-
L
T’ T
0(T+1)

In the first best, the client’s expected costs of execution are pg + % + =57

For completeness, we also include a proof of this classic result in Appendix A.

Remark 6. Note that this first-best trading strategy is static; that is, the entire trajectory of trades
is determined ex ante. As we will see with Lemma 2 in the next section, an analogous result holds

for the second-best problem.

Remark 7. In the same way that canonical contracting models take it as an exogenous constraint
that the principal cannot herself perform the agent’s action, we assume that the client cannot
access the market and directly implement f? herself.!” Several considerations might motivate
this approach. First, the client might lack the dealer’s infrastructure, including market access,
order-handling capabilities, risk management, and compliance—each of which requires substantial
fixed-cost investments. Second, on-market trading might be more complex than its reduced-form
representation in our model (e.g., it might entail order splitting across multiple venues in each
period), so that optimal trading might not be as simple as the expression for £? suggests. Rather,
optimal trading might depend on specialized knowledge of market structure, which the dealer is
more likely than the client to possess. One way to cast this idea within the language of the model is
to suppose that when the dealer trades, he creates price impact according to the dynamics described
above (with price impact coefficients v and 6), but if the client were to trade directly on the market,

she would do so less efficiently (with price impact coefficients y¢4¢™ > ~ and §4ent > ).

9In canonical hidden-action models, the standard method for solving the first-best problem would have been to
point out that the principal can use a forcing contract to give the agent a strict incentive to take the desired action.
Given the structure of 7, it would be mathematically complex to describe an appropriate forcing contract in our
setting. For simplicity, we therefore use this alternative argument in which (IC) is satisfied, albeit only with equality.

0For models of endogenous choice between trading on the market and trading with a dealer, see, e.g., Seppi (1990);
Lee and Wang (2022).



4 Discrete-Time Solution

Having solved for the first-best benchmark, this section turns to the second-best problem (as
formulated in Section 2.3). Although we are predominantly interested in the continuous-time limit,
we find it helpful to begin by deriving the general discrete-time solution and discussing its features.
To that end, we consider several special cases, which illuminate the economic forces underpinning

the comparative statics of this general solution.

4.1 The dealer’s best response

Our first step in solving the client’s problem is to note that the (IR) constraint can be eliminated.
Indeed, an attractive feature of the set of weighted-average-price contracts 7 is that for any 7 € T,
the dealer can guarantee himself the payoff u(0) by selecting the static trading strategy @ = 7.
Intuitively, under this choice of x, the dealer’s costs (from his on-market trades) are the same
weighted average of the market prices that determines his payment from the client. He would then
obtain a profit of zero, regardless of the realized price shocks. Because the dealer can in this way
always guarantee himself his outside option, it follows that (IC) actually implies (IR).

Our second step is to simplify the (IC) constraint. Lemma 2 states that, for any contract 7 € T,
the dealer has a unique best response. Thus, (IC) simply requires that the recommended trading

strategy be this best response.

Lemma 2. Define T' x T matrices A, E, and F by

N2 +20+4y  —(0+27) 0 0
—(0+2y)  Ao?+20+4y —(0+27) 0
s 0 —(0+2y) A2 H+20+4y —(0+29)
—(0+2y) AP +20+4y —(0+27)
0 0 1
0+ v+ Ao? —y 0 0 0
o2 0+~ + Ao —y
. o2 Ao O+~+r? —y 0 (1)
o2 o2 0+~+ o2 —v
1 1 1
10 0 0
-1 0
F= 0o -1 1 0
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For any T € T, the dealer has a unique best response in X, which is the static trading strategy
x=FA'ET.

According to the lemma, the dealer’s best response is in fact a static trading strategy. To see
the intuition, suppose that after accepting a contract 7 € T, the dealer makes a tentative plan to
pursue a particular static trading strategy . After implementing x1, the dealer observes p1, which
reveals the realization of €;. Would he want to re-optimize (xg,...,z7)? The answer is no. The
intuition is that ¢; affects not only p; but also every future price. Then, given that the dealer’s
revenue T - p and costs x - p are both weighted averages of the prices, €1 does not affect his terminal
wealth, so learning it is irrelevant. More generally, suppose that after implementing x;, the dealer
learns ;. Would he want to re-optimize (z¢41,...,27)? Again, the answer is no. This is because

¢ shifts the dealer’s terminal wealth by the constant e; Zi;ll(xs — Ts):

T T t t
Z(Tt —xy)pr = Z(Tt — Tt) (Po +yxe + 92965 + Z%)
s=1

t=1 t=1 s=1
T T T t
:Zet (Tsffl,‘s)‘FZ(Tt*[L't) <p0+'ymt+92x8) .
t=1  s=t t=1 s=1
—_—

=Y (@s—T)

And because the dealer has CARA utility, this constant shift in the distribution of his terminal

wealth does not affect his preferences over his remaining choices (441, ...,27).!"

One implication of Lemma 2 is that the (IC) constraint generally renders the first-best unachiev-

able. Indeed, it follows from the analysis in Section 3 that if the client could choose a contract and

a recommended trading policy free of the (IC) constraint, then she would select 77WAP and x5,

1 1
Tiseeor T

action, while also leaving the dealer perfectly insured and with zero surplus. Unfortunately for

LR TWAP — 2FB 5o that by Lemma 2, these choices

both of which are the equally-weighted vectors ( )T. These choices implement the efficient
the client, it is not generally true that FFA~
are inconsistent with (IC). In particular, inequality obtains whenever § > 0, and the departure
from equality has a particular structure: it is frontloaded in the sense of first-order stochastic

dominance.'?

Proposition 3. FA-'ETTWAP is frontloaded relative to =P, with equality iff 6 = 0.

Proposition 3 implies that permanent price impact creates a frontloading motive for the dealer,
in the sense that if & > 0, then the client cannot obtain her first-best payoff. The intuition is
as follows. Suppose the dealer is offered 7TWAP  If he selects 7, then his trading costs and

his payment from the client are both a simple average of the prices, so that regardless of the

Several model components therefore combine to imply the optimality of a static trading policy. For example, the
dealer’s best response might not be static if he had non-constant absolute risk aversion, if he was facing a nonlinear
contract, or if the random walk component of the price process were replaced by an AR(1).

12Formally, we define frontloading as follows. Given two T-dimensional vectors a and b, each of whose elements
sum to one, we say that a is frontloaded relative to b if Zi:l as > Zi:l bs for all t. We also say that a vector is

frontloaded if it is frontloaded relative to (%,..., 7).
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realized prices, he is guaranteed a profit of zero. But he can do better by frontloading his trading.
Suppose the dealer deviates from z? by shifting volume from a period ¢’ to a period ¢’ < t".
The direct effect of this deviation is to reduce his expected costs at the rate E[py/| — E[py] =
0 Zi;t, o By (afP—afP) = 0#. And the indirect effect (through prices) is vanishing, because

FB insures the dealer against price fluctuations. Moreover, the effect on the

as we have noted, x
variance of his profit is second-order. It follows that when 6 > 0, some sufficiently small deviation
from «? allows the dealer to make himself better off. In general, the dealer’s best response trades
off this incentive to frontload against the risk of tracking error and excess temporary-impact costs.

In the special case of § = 0, this incentive to frontload does not arise, and the proposition
implies that the first-best outcome can in fact then be achieved via 77"AP the (IC) constraint

TWAP

notwithstanding.'® Hence, our model predicts that 7 might yield reasonably good outcomes

when applied to settings or securities for which permanent price impact is relatively small. However,

TWAP

when permanent price impact is a major factor then 7 ought not be expected to perform as

well, which is what motivates the subsequent analysis.

4.2 The general solution

Having eliminated the (IR) constraint and characterized the (IC) constraint, the client’s problem

reduces to

min E;[7 - p] subject to == FA 'Er.
TeT

Our next result concerns the solution to this problem. It provides explicit formulas for the optimal
weighted-average-price contract 7* (henceforth, simply the “optimal contract”) and the incentive-
compatible trading strategy «* = FA~'E7* that the client recommends to the dealer. The formulas

are complicated, but they are fully explicit and easy to compute.

Proposition 4. The weights of the optimal contract and the dealer’s on-path trading strategy are

given by T = mM_I]l and ¥ = mFA_lEM_lll, where 1 = (1,1,...,1)T denotes a
T-dimensional vector of ones and
M=0AT"E+0ET(AY) +yFA'E4+~+ET(AH)TFT. (2)

The client’s expected costs of execution are pg + m.

To establish this as the form of the optimal contract, the proof shows that the client’s expected

payment under a contract 7 can be expressed as %TTM 7. By symmetry of M, the optimal contract

13This aspect of the result and the economic forces behind it are similar to why the guaranteed VWAP contract—
under which the client pays the dealer at the market’s volume-weighted average price (VWAP)—is optimal in the
setting of Baldauf, Frei and Mollner (2022). One subtlety is that in that paper, each trading period has an associated
‘market condition,” about which the dealer has superior information. The optimal contract weights prices by market
volume so as to incentivize the dealer to properly trade on his information about market conditions. In contrast, this
paper uses a canonical market model in which such market conditions do not feature (or do not differ across periods).
Hence, the optimal contract need not weight by volumes, and a simple average of prices achieves the optimum.
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weights satisfy M7* = pl, where p is the Lagrange multiplier on the constraint 7'1 = 1. The

constraint then implies 7% = mM —!1, as the proposition says. Applying Lemma 2, we also
obtain &* = 7o FA"'EM 1.

The problem and its solution are mathematically complex, and so it is difficult to provide
intuition for the precise form of the general solution exhibited in Proposition 4. Nevertheless, the
logic of the solution can be explained through three special cases: (i) when permanent price impact
is the dominant consideration (i.e., # — o0), (i) when temporary price impact is the dominant
consideration (i.e., ¥ — o0), and (444) when price risk is the dominant consideration (i.e., A — oc0).!4
We next consider each of these special cases in turn, then build upon them to explain the features

and the comparative statics of the general solution.

4.3 When permanent price impact is the dominant consideration

For the case in which permanent price impact is the dominant consideration, suppose that there is

no temporary price impact and that the dealer is risk-neutral.

Corollary 5. Assume that there is no temporary price impact (v = 0) and that the dealer is
risk-neutral (A =0).

(i) For any T € T, the dealer’s best response is x; = 7 — ST TTs + ST

(ii) The weights of the optimal contract are 7% = (1,0,...,0,4)T, so that the dealer’s on-path

27 ]
trading strategy is x* = (%, %, ey %)T The client’s expected costs of execution are

6(37T+1
po + (4;)

For the arguments below, let us assume that both contract weights 7 and the dealer’s trading
strategy « are restricted to entail nonnegative weights. This is only for simplicity of the exposition.
Indeed, given Corollary 5(ii), this restriction does not bind, and in fact, many of the arguments
below could be formulated in reverse to rule out putative solutions entailing negative weights. With

this in hand, we proceed by backward induction:

The dealer’s problem. Consider how the dealer would respond to an arbitrary contract 7 € T.
Beginning from any static trading strategy x, consider a perturbation that shifts volume from ;1

to z4. The dealer’s expected profit E[7 - p — « - p] is affected in two ways:

e Direct effect. The direct effect is positive: E[pi+1] — E[ps] = 0x41. Intuitively, prices tend
to increase over time because of the permanent price impact of the dealer’s trades. Thus, if
prices were held fixed, the dealer would reduce the cost of his on-market trading by shifting

volume to earlier periods.

1 Case (i) is equivalent to what obtains if # > 0 and v = A = 0. Likewise, case (#i) is equivalent to what obtains
if vy >0 and & = A = 0. Because the exposition is simpler if limits are avoided, this is what Sections 4.3 and 4.4
consider. On the other hand, Section 4.5 does treat the limiting case of A — oo. Although A > 0 and 8 =~ =0
leads to the same dealer’s best response, it does not lead to a unique optimal contract, as without price impact, all
contracts lead to identical outcomes for the dealer. Mathematically, if § = v = 0, the matrix M in (2) is the zero
matrix so that the inverse (needed in the formula for 7* in Proposition 4) is not well defined. Thus, Section 4.5
maintains the assumption that at least one of 6 and + is strictly positive, instead considering the limit as A\ — oo.
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e [ndirect effect. Of course, prices will not hold fixed. In particular, this shift affects E[p],

creating the following indirect effect: (74 — x¢) ( 657:&??] _ gi[i] ) = (1 — 24)0.1°
—— N

=0 =0

Note that if ; = 74, then the indirect effect is zero—intuitively, the dealer is perfectly insured
with respect to p; if ¥y = w—leaving the positive direct effect to dominate. It follows that the
optimal z; must exceed 7y. This argument applies for any ¢t < T, implying that the dealer has a
frontloading motive in this case: his best response is to choose an @ that is frontloaded relative to
the offered 7.16

Summing both effects, the total derivative is 0]z 1 + 7 — 2¢]. Thus, if & were a best response
to 7, we would have ;11 = 2 — 7y for all ¢ < T. Having assumed all entries of T are nonnegative,
we conclude from these first-order conditions that (x;)L_; is a weakly decreasing sequence. These

conditions moreover imply

1 T T
Tt = T_ZTTS‘F Tss (3)
s=1 s=t
as claimed by Corollary 5(i).
The client’s problem. For intuition into why 7* = (%, 0,...,0, %)T is optimal in this case of a

risk-neutral dealer and no temporary price impact, we first explain why the optimal contract puts
weight only on the extremal prices. Starting from an arbitrary 7, consider a perturbation that
implements a mean-preserving spread of the contract weights. Both the direct and indirect effects

of this perturbation are advantageous for the client:

e Direct effect. As mentioned while analyzing the dealer’s problem, (x;)7_; is a weakly decreas-
ing sequence. As a positive affine transformation of the partial sums of (z;)7_;, (E[p])L; is
therefore a weakly concave sequence. Thus, if the prices were held fixed, the client’s payment

would be weakly lower under a mean-preserving spread of 7.

o Indirect effect. Of course, prices will not hold fixed, as a change in 7 leads to a change in the

dealer’s best response @, affecting price dynamics. Using (3), we compute

Zt:xs: —I—ZS(l—;)Ts—i—it(l—;)Ts. (4)

s=1 s=1 s=t+1

N

Observe that for all ¢, the coefficients on (71, ..., 77) " in this expression form a weakly concave

sequence.'” Thus, a mean-preserving spread of T leads the dealer to backload his trading,

5There are no other indirect effects: (4) this shift does not affect the earlier prices pi,...,p;—1; and (ii) because
price impact is purely permanent, it also does not affect the later prices pt+1,...,pr.

16This is for any T and is therefore a stronger conclusion than that of Proposition 3, which applies only if the offered
contract is 774, On the other hand, Proposition 3 holds for general parameters, whereas this section specializes
to the case of v =\ = 0.

1"More precisely, the coefficients on (71,...,7r)" constitute an inverted-V, which is maximized at the coefficient
on 7¢. The intuition is that Zi:l Zs is increasing in each of (z1,...,x¢), and given the dealer’s frontloading motive,
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in the sense of first-order stochastic dominance. Given that E[p] = po + 03 ._, @, such

backloading weakly reduces each price, which benefits the client.

The client therefore unambiguously benefits from mean-preserving spreads of the contract weights.
It follows that 75 = --- = 77_; = 0, so that the optimal contract is a U-shape.'® To see that it is
also symmetric, begin from an arbitrary contract whose interior weights are all zero and consider a
perturbation that shifts weight from period T to period 1. Unlike the mean-preserving perturbation

considered above, here the direct and indirect effects have opposite signs:

e Direct effect. On the one hand, given the permanent price impact, prices are expected to rise
over the trading interval. Thus, if the dealer’s trading strategy—and hence price dynamics—

were fixed, the client would prefer to put full weight on the first period.

e Indirect effect. On the other hand, price dynamics will respond to the contract. All else
equal, the client prefers low prices. Given the permanent price impact, each price is lowest
when the dealer backloads his trading as much as possible. Taking into account the contract’s
influence on the dealer’s trading strategy (i.e., that his trading will be frontloaded relative to

the contract), prices are then lowest when the client puts full weight on the last period.

The optimal contract must balance these two considerations. Due to the linearity of price impact,

119

these two effects offset when 71 = 70 = 3.

4.4 When temporary price impact is the dominant consideration

For the case in which temporary price impact is the dominant consideration, suppose that there
is no permanent price impact and that the dealer is risk-neutral. In this case, the client optimally
offers the guaranteed TWAP contract, which weights each trading period equally. It induces the
dealer to use the first-best trading strategy, which similarly puts equal weight on each period. And

in this case, the client obtains her first-best payoff.

an increase in 7; leads each of (z1,...,x¢) to increase. Let us contrast that with 7,—1 and 7¢11. An increase in 7¢_1
leads (x1,...,2¢—1) to increase but does not lead x: to increase. An increase in 7¢4+1 also leads (z1,...,z¢) to increase,
but the effect is more muted because 7¢+1 also works to increase x¢y1.

18That the optimal contract puts relatively less weight on prices of interior periods is also intuitive because these
prices are the easiest for the dealer to manipulate, in the following sense. Fixing any static trading strategy & as a
baseline, imagine that in choosing his trading strategy «, the dealer is constrained not only by ZST:1 zs = 1 but also
by x¢ € [#: — 6,7 + 9] for all . This means that 3'_, Z, — dmin{t, T —t} < 3! 2, < 3! &, + dmin{t, T — ¢},
so that the dealer can manipulate p; by 6§ min{¢, T — ¢} in either direction.

19Tndeed, we have Elp:] =po+ 0 22:1 Ts =po+0 [% + (1 — %) 7'1], using equation (4) and 72 = -+ = 7p—1 = 0.
Thus, the direct effect of perturbing 7 = (71,0,...,0,7r)" so as to shift weight from period T to period 1 is

E[p]—E[pT}:Q{%—F(l—%)ﬁ—l} :-9(1-%) (1—7).

And the indirect effect is

()L (] )Y 1)

{
{

=0 =0 =0
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Corollary 6. Assume that there is no permanent price impact (8 = 0) and that the dealer is
risk-neutral (A =0).

. , . T
(i) For any T € T, the dealer’s best response is x = %T + % (%, e %)
(i) The weights of the optimal contract are T = (%, e %)T, so that the dealer’s on-path trading
strategy is x* = (%, ey %)T The client’s expected costs of execution are py + .

Claim (i) says that the dealer has a smoothing motive in this case: his best response is to choose
an x that partially smooths the offered 7. To understand this, suppose that the dealer did not
smooth at all, selecting the trading strategy & = 7. His trading costs and his payment from the
client would therefore be the same weighted average of the prices, so that he would be guaranteed
a profit of zero. But he can do better by smoothing his trading. Suppose the dealer deviates from
x = 7 by shifting volume from a period t” to a period ¢ where 7 < 3. The direct effect of this
deviation is to reduce his expected costs at the rate E[py] — Elpy| = v(xpr — xp) = (730 — 1) > 0.
And the indirect effect (through prices) is vanishing, because as we have noted, = 7 insures the
dealer against price fluctuations. That a risk-neutral dealer optimally smooths precisely one half
of the variation in 7 is due to the linearity of price impact.

AP ()T

. This outcome also

In particular, if the dealer is offered the guaranteed TWAP contract T
then he selects © = (%, e %)T, which is in fact the efficient action (i.e., x?)
leaves the dealer with zero surplus. It follows that 77WAP gives the client her first-best payoff.

Clearly, nothing can do better than that, meaning that this contract must be optimal.

4.5 When price risk is the dominant consideration

For the case in which price risk is the dominant consideration, fix § and ~, and consider the limit as
A — o0o. According to claim (ii) of the following result, the outcome is similar to the case in which
temporary price impact is the dominant consideration: the guaranteed TWAP contract is optimal,
it induces the dealer to use the first-best trading strategy, and the client obtains her first-best
payoff. But it is for a different reason, as according to claim (i), there is a difference in the dealer’s

best response function.

Corollary 7. Consider the limit as the dealer becomes infinitely risk averse (A — 00).
(i) For any T € T, the dealer’s best response converges to x = T.

(i) The weights of the optimal contract converge to T* = (%, ey %)T, so that the dealer’s on-

1 1

Fiyeens T)T. The client’s expected costs of execution

path trading strategy converges to x* = (

converge to po + 7 + 9(2’;1)'

Claim (i) says that the dealer has a mirroring motive in this case: his best response is to
choose an x equal to the offered 7. The intuition is the following. As the dealer becomes more
risk averse, he places a greater emphasis on insuring himself against price shocks. In fact, he can
perfectly insure himself by selecting a static trading strategy with weights that mirror the contract

he is offered. In the limit of infinite risk aversion, this is exactly what he does. In particular,
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T TWAP _ (%, el %)T induces the dealer to select the efficient action xf? = (%, e %)T This
outcome moreover leaves the dealer perfectly insured and with zero surplus. It follows that =7WAP
gives the client her first-best payoff, and must therefore be optimal.

This result reflects an interesting contrast relative to classical models of moral hazard (e.g.,
Holmstrom, 1979). Those classical models feature an insurance-incentives tradeoff: the agent can
be induced to take the efficient action (i.e., high effort) only if he is exposed to risk. And if the
agent is very risk averse, then he must be paid a significant risk premium for that. The principal’s

payoff then typically declines as the agent becomes more risk averse. In contrast, given the special

structure of our setting, inducing the efficient action (i.e., ) does not always require exposing
the dealer to risk. In fact, in this limit of an infinitely risk averse dealer, 7 = (%, ey %)T induces

the dealer to select &P without exposing him to any risk at all. In consequence, the client’s payoff

is not monotonically decreasing in A.

4.6 Discussion of the general solution

The general model can be thought of as a combination of the three aforementioned special cases.
Accordingly, the general formula for the dealer’s best response reflects a mixture of the frontloading,
smoothing, and mirroring motives respectively discussed in the previous sections. And the general
formula for the optimal contract similarly combines the features of the optimal contracts from those
special cases. One notable feature shared by all three special cases is that the optimal contract is

symmetric, in the sense that 77" =77, j for all j. In fact, such symmetry holds in general.

Corollary 8. The optimal contract weights are symmetric: 7; = T}H_j forallj=1,...,T.

The intuition for why symmetry obtains in general can be thought of as a combination of the
various reasons for why it obtains in each of the three special cases discussed before.

To illustrate the general solution provided by Proposition 4, Figures 1-3 display 7* and x*
for various choices of the parameters 6, v, and A.2° The optimal contract weights are depicted in
the left panels of these figures; consistent with Corollary 8, they are indeed symmetric. The right
panels depict the dealer’s on-path trading strategy.

Figures 1-3 suggest that the general solution exhibits several additional qualitative patterns.
First, the optimal contract weights are U-shaped: 7 > 75 > --- > TFT/Z] < -oorpg < T:;i.zl
Second, the dealer responds with a trading strategy that is frontloaded in the sense of first-order
stochastic dominance: » ;_; zf > 7 for all s = 1,...,T. Third, the severity of both this U-shape
and this frontloading is strengthened by 6 (the coefficient of permanent price impact), weakened
by v (the coefficient of temporary price impact), and weakened by A (the dealer’s coefficient of

absolute risk aversion).

2ONote that A and o affect the solution only through the quantity Ao?. Hence, Figure 3, which depicts how the
solution changes with A, speaks also to how the solution changes with o.

2n fact, a stronger property appears to hold. The figures suggest that the optimal contract weights are convex
in the sense that 7" — 75 > 75 — 73 > -+ > 75_9 — Tp_1 > Tp_1 — 7p. Given that the weights are symmetric (cf.
Corollary 8), this convexity condition implies the U-shape condition 71 > 75 > -+ > TF(T/Z-‘ <75 < TP

17



Optimal contract weights

0.075

0.07 H

0.065

0.06

0.055

0.05

—80=0.0
0=02
—0=04

—0=06
—0=08
—60=10

0.045 — : ‘ ‘
2 4 6 8

10 12
time

14

16

18

20

0.1

0.09

0.08

0.07

0.06

0.05

0.04

Trading strategy

2 4 6 8 10 12 14 16 18 20
time

Figure 1: The optimal contract weights and trading strategy for different levels of permanent price
impact. When there is no permanent price impact (@ = 0), both the optimal weights and the trading
strategy are constant over time. When the permanent price impact becomes larger, the optimal
weights become more U-shaped, and the dealer’s trading strategy becomes more frontloaded. The
other parameters are y=1, A=1, 0 =1, and T = 20.
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Figure 2: The optimal contract weights and trading strategy for different levels of temporary price
impact. When there is no temporary price impact (7 = 0), the optimal weights are the same for all
periods except for the first and last periods, and the dealer’s trading strategy is frontloaded. When
the temporary price impact becomes larger, the curves for the optimal weights become smoother,
and the dealer’s trading strategy becomes less frontloaded. The other parameters are § =1, A = 1,

oc=1,and T = 20.

The intuition for these patterns can be understood through the aforementioned special cases.

With permanent price impact as the dominant consideration, we have 7* = (1,0,...,0,1)7,
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Figure 3: The optimal contract weights and trading strategy for different levels of risk aversion.
When risk aversion becomes larger, the optimal weights become less U-shaped, and the dealer’s
trading strategy becomes less frontloaded. The other parameters are § = 1, vy =1, ¢ = 1, and
T = 20.

which is the maximally-severe U-shape, and x* = (%, %, e %)T, which is strictly front-
loaded. With either temporary price impact or price risk as the dominant consideration, we have

T*:(%,...

minimally-severe frontloading.

1

Ty %)T, which represents

, %)T, which is the minimally-severe U-shape, and &* = (

The intuition for why the U-shape and frontloading (weakly) obtain in general can be thought
of as a combination of the different reasons for why they obtain in each of the three special cases
discussed before. The comparative statics can also be understood in these terms. An increase in 6
moves us toward the limiting case of Section 4.3, so it increases both the severity of the U-shape
and the severity of the frontloading. Increases in v and A reduce those severities because they move
us toward the limiting cases of Sections 4.4 and 4.5, respectively.

We stress that these observations about the U-shape of the optimal contract and the frontloading
of the dealer’s on-path trading come only from numerical experimentation and do not correspond
to any formal result that we have been able to derive from our closed-form solution to the general
discrete-time model. We do, however, prove analogues of these observations for the continuous-time

limit analyzed in the next section.

5 Continuous-Time Limit

In light of ambiguity regarding what precisely a trading period represents, as well as recent trends
toward progressively high-frequency trading, we are motivated to consider the continuous-time
limit of our discrete-time model. For this limit, we let the number of trading periods diverge (i.e.,
T — o00). And at the same time, we also let the distance between consecutive trading periods

vanish, so as to hold the execution horizon constant. To capture the latter in this model, we shrink
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the variance of price shocks to zero (i.e., 02 — 0) in such a way that T'o? remains constant.

5.1 The optimal contract

To illuminate the underlying patterns, the following result is stated in terms of cumulative values
through quantiles g of the execution period: Zt[fi 7/ and Zt{fl] xj. And to ensure that the

convergence is well behaved, we focus on the case of a strictly risk-averse dealer.

Proposition 9. Assume the dealer is strictly risk-averse (A > 0). Consider a sequence of execution
horizons (Ty)3>, and a sequence of price-shock variances (0,%)2021 such that limy_,o T, = 00 and
Tka,% = To? for all k. For each k, let 7% € Tk be the associated optimal contract, and let =** be

the dealer strategy that best responds to T**. For all q € [0,1],

[qT% ] 0 ifq=0 (4T 0 ifg=0
kli}n;o ; =19 5%+aq ifqe(0,1) and klgrolo ; Tt =4 5~ tag ifqe(0,1)
- 1 ifg=1 a 1 ifq=1
where a = 1%. The client’s expected costs of execution converge to py + 31—“9.

ATo2
The optimal contract in the continuous-time limit takes a surprisingly simple form, which can in
fact be thought of as an extreme U-shape: the interior times are weighted with a constant density
of a, and the two boundary instants are weighted with atoms of % each.?? For the dealer’s best
response, interior times are also weighted with a constant density of a, but there is frontloading in

terms of the boundary weights: the initial atom is three times larger than the terminal atom.

Comparative statics. Note that this density a is increasing in (X, T,0?) and decreasing in 6.
Because a is inversely related to the severity of the optimal contract’s U-shape, these relationships
are consistent with what the earlier numerical experimentation suggests holds in general. To explain
the intuition, note that permanent price impact generates an expected gap between the initial and
terminal prices, creating a frontloading motive for the dealer: by frontloading, the dealer expects
to buy low and sell high. A larger 6 implies a larger expected gap and a larger frontloading motive.
On the other hand, larger T'0? implies a larger variance for this gap, hence more price risk, and
a smaller frontloading motive. Larger A\ means less risk-bearing capacity, and a similarly smaller
frontloading motive. Finally, to see the connection between the frontloading motive and a, consider
what would happen if the frontloading motive were to disappear entirely so that the dealer’s trades
perfectly mirrored the weights of the offered contract. In that case, the client could obtain her
first-best payoff from a guaranteed TWAP contract (i.e., the case of @ = 1). By similar logic,

smaller (larger) frontloading motives imply larger (smaller) values of a.

228tudying an optimal execution problem, Obizhaeva and Wang (2013) derive a very similar form for the optimal
trading strategy: interior times weighted with a constant density and boundary instants weighted with equal atoms.
But the similarity is only superficial. They solve a different problem (a problem of optimal execution rather than one
of optimal contracting) under a different set of assumptions.
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In the continuous-time limit considered in Proposition 9, the client’s expected costs of execution
exceed the execution cost of the first best by 1TT“9, resulting as the difference between py + 377‘10
and pg + %9.23 This wedge is decreasing in a, as larger values of a mean smaller frontloading of the

optimal contract and a trading strategy that is closer to the first best.?*2?

Temporary price impact. If trading were everywhere sufficiently diffuse, then temporary price
impact would vanish in the limit. Indeed, trading costs due to temporary price impact are
'thTil(xf)z, which, for example, vanish under the first-best trading policy, &P+ = (Tik, el Tik)
More generally, a sufficient condition for vanishing temporary price impact is that maxi<;<7, ||
is o(1/v/Tg).

However, under the best response to the optimal contract, trading is not everywhere diffuse in
this sense (unless 6§ = 0), and temporary price impact does not vanish. So it is for subtle reasons
that temporary price impact does has no effect on the limit characterized by Proposition 9. This
invariance obtains because temporary price impact creates two effects. On the one hand, if the
dealer’s trading schedule were held fixed, then an increase in v would raise prices and hence the
client’s payment. But on the other hand, an increase in v creates a smoothing motive for the
dealer, which reduces the extent of the dealer’s frontloading and hence the client’s payment. In the

continuous-time limit, these two considerations offset under the optimal contract.

Convergence. Although temporary price impact has no effect on the continuous-time limit, it
does affect convergence to this limit. Without temporary price impact, the first and last contract
weights converge to the atoms of the continuous-time limits so that

]. —a
*k : xk
T = and Lim 7 =
Tk 2 k—oo J 1

lim 7% = lim lim 7F . =0 for any fixed j > 1.
k—o0 k—o0 koo 1k
In contrast, with temporary price impact, we have a sequence of discrete weights

0~ 1-—a
. BERT sk _ .
Jim. 7 Jim 73 G 2 for any fixed 57 > 0.

23 A related observation is that, using the notation introduced in Remark 7, the client benefits from contracting
with a dealer (rather than trading directly on the market) if po + 32“9 < po+ %96”6"’57 or if getient > 3;2“9.

24Because a is increasing in (X, T,0?), it follows that this wedge is decreasing in those parameters. Moreover, 6
enters the expression for this wedge both directly and through a. Because a is decreasing in 6, both effects go in the
same direction: the wedge is increasing in 6.

25 Appendix A.11 decomposes this wedge as the sum of the dealer’s expected profit and an inefficiency due to

suboptimal trading (i.e., the fact that =* # 2™7):

— _ _ 2 g2 _ N2 g2 _
1 a, 1 ae_(l a)® 0 (1-a)* 0° 1-a

4 ) 4 0+27+ 4 0+ 2y 4

wedge between first-best dealer’s expected profit inefficiency from suboptimal trading
and second-best payments
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Note that the sum of each of the two sequences equals

i i 1-a 0 1 l-a 1-a
1 - S B ’
= 9+73+ 2 0+~1 e 2 2

which coincides with what Proposition 9 specifies for the jumps of limg_, Z{q Tl ok at qg=0and

q = 1. Figure 4 illustrates this convergence.?6

Optimal cumulative contract weights

0.5
T6T-4T-2 T

4 6
time steps

2 time steps

0.2 0.4 0.6 0.8 1
time (as fraction of 1)

Figure 4: The optimal contract for a large k (such that T = 2,000). There are two sequences of
discrete weights at the beginning and end of the trading times while the weights are smooth for
interior times. The parameters are 0 =1, y=1, A=1,T =1, and o0 = 1.

Interestingly, the optimal trading strategy has a different form: it has a sequence of discrete
weights only at the beginning, but not at the end of the trading times.?” Without temporary price
impact, only the first element of the trading strategy converges to a nonzero value

+ l—a

lim 27" = lim %%, =0 lim z% =0 for any fixed j > 0.
k—o0 1 2 ’ k—o0 i+2 ’ k—o0 Tk J Y j

26 Although X affects a, and hence the total amount of weight in these sequences, it does not affect how this total is
divided across the elements of the sequences (in the limit). This is intuitive because when the time periods become
shorter, price fluctuations between consecutive periods become smaller, so that for the purposes of these periods
around the boundary times, the dealer behaves in the limit as if he were risk-neutral (regardless of A). The role of
~ is exactly the opposite: it affects the division of weight across the sequences, but not the weight assigned to the
sequences in total.

2"This observation is consistent with the best-response form & = F A7'ET in Lemma 2: We can check that 7
given by 741 = c# for a constant ¢ > 0 and all j = 0,1,...,T — 1 is an eigenvector of the matrix FA™'FE
to eigenvalue 1. Hence, @ = 7T for such a 7, which explains why the contract and trading strategy have the same
sequence of discrete weights at the beginning of the trading times. The same argument does not apply to the weights

at the end of the trading times. Indeed, if we set & = FA™'ET* for 7% given by quik _j=c for a constant

6~7
(0+7)7F1
c>0andall j =0,1,...,T; — 1, we can compute limy_, :cf}k,j =0 for all j.
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When there is temporary price impact, we have

0~ 1-a
klirgo i = (G klgrolo vy, _; =0 for any fixed j > 0. (5)
However, the jumps of limg_, ., thileﬂ xfk at ¢ = 0 and ¢ = 1 are not determined only by these
sequences of discrete weights. As stated in Proposition 9, the jump at ¢ = 0 is 3(14_’1), consisting of
not only > 322, (94—97% 15“ = 15—“ from (5), but also another infinite sum whose terms individually

converge to zero but whose sum converges to 1%4“. This is illustrated in Figure 5, where we see

both the sequence of discrete weights at zero and a piece of the curve near zero that converges to
a vertical line as k — oo. Likewise, the jump at ¢ =1 is 1%4‘1, which comes entirely from an infinite
sum of terms that individually all converge to zero.

Cumulative trading strategy

09F
0.8~

N 0.7+

2 4 6

time steps

0.2 0.4 0.6 0.8 1
time (as fraction of 1)

Figure 5: The cumulative trading strategy for a large k (such that T}, = 2,000). There is a sequence
of discrete weights at the beginning of the trading times while the weights are smooth for interior
times and towards the end (although part of the smooth curve converges to a vertical line). The
parameters are y=1,0=1, A=1,T =1, and o = 1.

Proof strategy. We begin by conjecturing three different regions of convergence for the contract:

the first S; periods, the last Sy periods, and the middle T} — 2S5, periods, where S, — oo and
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3
i—’; — 0.2%:29 We demonstrate that the limiting optimal contract entails a constant density in the

middle region. Given an arbitrary such density a, we demonstrate that the initial and terminal
regions converge to the limits described above. Plugging in, the client’s cost in the limit can be
expressed as a quadratic function of a, which is minimized at the a reported in the proposition.
To explain in more detail why the limiting optimal contract entails a constant density at interior
times, define X, = limj_, Z[q T zF and V, = limy Z(q ol 7F. In the proof, we demonstrate
that the continuous-time limit of the dealer’s best response function as defined by Lemma 2 is
Xq )\TO'
V}I > 0 (as holds in the optimum), we have X, > V;. It likewise indicates that this frontloading
motive is strengthened by § and weakened by (), T, 0?). Plugging in this best response, the client’s

o V +V, for all ¢ € (0,1). This equation reflects the dealer’s frontloading motive: provided

expected costs due to permanent price impact at the interior times g € (0, 1) are

1 02 1'2 1 .
—_—

=5(v2-v2)

In fact, permanent price impact is the client’s only consideration at interior times—that temporary
price impact is avoided follows from continuity of X, and V;, on ¢ € (0, 1).3Y Given arbitrary values
for Vi_ and Vy4, the client’s problem for the interior times therefore distills to choosing V, to
minimize the objective (6), which is done by choosing ‘./21 to be a constant. This constant density at
the interior times is the key for understanding the shape of the optimal contract—intuitively, the

atoms at the boundary instants follow because they are then the only way to render a U-shape.

5.2 Discussion of outcomes under common contracts

Although not optimal in our model, two contracts that are nevertheless commonly used are +7WAP

and 7MOC Natural questions include: What trading behavior is induced by these common con-
tracts? By how much do they underperform the optimal contract? Under what situations, if any,
do they deliver outcomes that are close to the client’s second-best payoff? The following result

allows us to answer these.

28This proof strategy is not fully rigorous because it assumes that the cumulative weights of the optimal contracts
converge to a smooth function (except for jumps at 0 and 1) and determines the limit under this assumption. Although
this assumption is consistent with numerical experimentation, a fully rigorous proof would also demonstrate the nature
of the convergence. For the special case of no temporary price impact, we can produce such a proof, and we include
it in Appendix OA.A.2. We also note that this proof strategy relies on a conjecture only about the convergence of
the optimal contract—and no analogous conjecture about the dealer’s best response, whose convergence behavior is
somewhat more comphcated (1 e., the convergence of part of the curve to a vertical line illustrated by Figure 5).

29The reason we requlre — 0 rather than simply 2 T — 0 will become clear in the proof. In short, it is because

3
we approximate the client’s expected costs in the continuous-time limit by terms with errors of order T—k, where S}
comes from multiple layers of sums related to the permanent price impact and the contract.

30Indeed, both MAaX14S, <t<Tj—Sp |xfk| and maxi4s, <t<T,—S, \Tt*k| are O( k) meaning that the client’s expected

costs due to temporary price impact at these interior times are -y Z L gk zikrk 0.
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Proposition 10. Assume the dealer is strictly risk-averse (A > 0). Consider a sequence of execu-
tion horizons (1), and a sequence of price-shock variances (02)52, such that limg_yeo T, = 00
and Tkai =To? for all k.

(i) For each k, let € TWAP* be the dealer strategy that best responds to = "WAPk - For all ¢ € [0,1],

FAN 0 ifa=0
. TWAPk _ .
klggo Ty = % +q ifqe(0,1) (7)
t=1
1 ifqg=1
The client’s expected costs of execution converge to py + %9 + ,\79“202'

(ii) For each k, let xMOCE be the dealer strateqy that best responds to MOk For all q € [0, 1],

[qTx] .
0 «+qel0,1
koo 4 1 ifqg=1

The client’s expected costs of execution converge to pg + 6 + %.

According to part (i) of the proposition, 7TWAP leads the dealer to frontload his trading so
much that he actually overbuys, before selling a discrete amount at the terminal instant. The
client can deter this overbuying—and consequently do better—by collecting contract weights from
interior times near the end of the window into an atom on the terminal instant.?! Hence, introduc-
ing a terminal atom is one way in which the optimal contract improves upon 77 WAP  According
to part (ii) of the proposition, 7M9C leads the dealer to concentrate all his trading at the terminal
instant, behavior that is sometimes referred to as ‘banging the close’ in practice. Such extraordi-
narily concentrated trading is inefficient, and one way in which the optimal contract improves upon

TMOC i to deter it.

Back-of-the-envelope calculation. To quantify our findings, we consider a reasonable parametriza-

tion for the continuous-time limit of our model. Consider a client who desires to trade a position,
currently valued at V' = $100 million, in a certain stock. Let the parameters be py = $100,60 =
2x1076, v =0, A =2x10"%, 7 =1, and 0% = 6.1.32 Under these parameters, the optimal contract

31In terms of the notation introduced earlier, we have VqTWAP = q, so that XqTWAP = AV TWAP 4 VqTWAP =

ATo2 "4
W"ai’ + g for ¢ € (0,1). Suppose we modify it by collecting contract weights from interior times after ¢ = 1 —

into an atom on the terminal instant. This yields an alternative contract defined for g € (0,1) by

ifg<1- 2> =t if g <1- s
Vy = {q He= ATo? which induces X, = {AT"Q te Mes ATo?

l— 5y ifg>1- 2 1 ifg>1- 52

_0 _
ATo2

thereby eliminating overbuying. The resulting outcome is better for the client, because it weights the terminal price
rather than interior prices that would have been inflated by the dealer’s overbuying.

32These parameter values are consistent with the following facts. Abel Noser (2021) describes a dataset of portfolio
transitions, with a median size of $145 million. The median S&P 500 stock price was $112 as of April 27, 2022.
Cartea and Jaimungal (2016, Tables 7 and 8) estimate the coefficient of permanent price impact for 17 stocks, with
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puts 19.8 percent of its weight on the opening price, 19.8 percent of its weight on the closing price,
and 60.4 percent of its weight on the intraday time-weighted average price.

We then use our results to compute model-implied transaction costs (measured by implementa-
tion shortfall) under various scenarios. Whereas our theoretical analysis normalized the trade size
to one share, we are now contemplating a trade of V/py = 1 million shares. In our model, transac-
tion costs grow with the square of volume, so we therefore scale up by a factor of one trillion. Doing
so, we find the following. First-best transaction costs are 1012 (%9) = $1 million, or 100 bps of the
value of the trade, which is the correct order of magnitude for trades of block sizes (e.g., SEC, 2005;
Abel Noser, 2021; WSJ, 2022a,b). Second-best transaction costs are 102 (%9 + 49_&72%,2> = $1.2

million (or 120 bps). Under 77WAP | transaction costs are 102 <%9 + /\g—;) = $1.33 million (or

133 bps). Under 7M€ transaction costs are 10'2 <0 + %) = $2 million (or 200 bps).
The calculations reported in the previous paragraph indicate that switching to the optimal

TWAP would reduce transaction costs by 13 bps. The gains of a switch from 7M0¢

contract from 7T
would be even larger, 80 bps. In either case, such a switch closes a sizable portion of the gap relative
to the first-best outcome and represents a cost saving on the order of hundred(s) of thousands
of dollars per trade. Scaling up by the market-wide volume of such trades, these cost savings
extrapolate to billions of dollars per year.?> Of course, additional cost savings could be achieved
by optimizing over an even larger set of contracts (e.g., the set of affine contracts considered in
Appendix OA.B, or a fully general set as discussed in footnote 5). Nevertheless, it is striking that
such substantial cost savings can be obtained, even while staying within the relatively simple class

of weighted-average-price contracts.

6 Conclusion

This paper formulates a contracting problem in which a client (the principal) contracts to purchase
a position from a dealer (the agent) at some future point in time. In the interim, the dealer
acquires the position from the market. The friction is hidden action, in that the client cannot
observe the dealer’s on-market trades, but only the evolution of market prices, so that the dealer
has an incentive to frontload his trading. Eliminating this friction and solving for the first-best
benchmark, the problem becomes a classic one of optimal execution. Indeed, our analysis of the
first-best problem recovers classic results from that literature about the optimality of trading at a

constant rate.

results ranging from 0.63 x 107% to 2.03 x 10~%. Choosing v = 0 is to be maximally conservative, biasing our analysis
in favor of finding a small difference between the performance of 7% and our optimal contract. Campo, Guerre,
Perrigne and Vuong (2011, Table 2) estimate a coefficient of absolute risk aversion of 2 x 107°. T = 1 reflects an
execution window of one day. Avramov, Chordia and Goyal (2006, Table 1) find that the standard deviation of daily
returns is 2.47%, which for a $100 stock equates to a variance of 6.10.

33We start with a conservative estimate of institutional transaction costs of $70 billion per year (Nasdaq, 2022;
SIFMA, 2021). Assuming that this figure represents 133 bps (200 bps) of the traded value and that a switch to our
optimal contract would save 13 bps (80 bps) of that value implies total cost savings of $6.8 billion ($28 billion) per
year.
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However, we depart from the optimal execution literature by analyzing the implications of these
agency conflicts. Focusing on contracts that are weighted averages of market prices, we characterize
the second-best solution in discrete time, then take the continuous-time limit. The optimal contract
in this limit is an extreme U-shape: it consists of two atoms of equal mass at the two extreme times
and a constant density at interior times. The mass at the extreme times—and hence the severity
of the U-shape—is increasing in permanent price impact, decreasing in the dealer’s risk aversion,
and constant in temporary price impact.

These results shed light on the interplay between price impact and agency conflicts in financial
markets. They could also aid in reducing the transaction costs of pension funds, endowments, or
other institutional traders who sometimes outsource the execution of large trades. In particular,
guaranteed TWAP contracts (and similar guaranteed VWAP contracts) are common in practice.
Although our results rationalize the practice of putting equal weight on interior prices, they also
indicate that these contracts themselves are unlikely to be optimal unless price impact is predom-
inantly temporary or the dealer is highly risk averse. Guaranteed MOC contracts, which put full
weight on the closing price, are also commonly used. Although our results rationalize the practice
of putting substantial weight on the closing price, they also recommend that the opening price
receive equally substantial weight, so that the contract more closely resembles the U-shape that
is optimal in the model. As regulators review best practices in relation to over-the-counter block

trading, they may revisit the wisdom of various pricing benchmarks in light of our analysis.
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A Proofs of Results Stated in the Main Text

Except for the proof of Proposition 9, where o} depends on k, we assume for all proofs that o = 1

without loss of generality. (For cases of o # 1, we would simply replace A by Ao? throughout.)

A.1 Proof of Proposition 1

Lemma 11. For any trading strategy « € X,

E thzssl =

t=1 s=1

Proof of Lemma 11. We start by writing

s=1 s=t+1 t=1 s=1

t=1 s=t+1

We complete the proof by showing that each of these two terms evaluates to zero

o] o Be] o] o

[zT: : 65] —F [Zt;t 2_E %!xd] =0. -

s=t+1
Proof of Proposition 1. Given an arbitrary trading strategy @ € X, the expected costs of execution

s=t+1

are

T
E >
=1

T t t
E Z$t (po + vy +92$s +Z€s>]
t=1 s=1 s=1
T T
= poE [Zm‘t Zx? thZacs

t=1 t=1 t=1  s=1

+1E +0E +E

t
> ade|
t=1 s=1

The first term evaluates to pg. The last term evaluates to zero by Lemma 11. Observe that € has
fallen out of the expression. Thus, the first-best trading strategy, which minimizes this expression,
will not be a function of e—in other words, it will be static. This first-best trading strategy solves

the program

min eRTpO +fyZact +92xt2x5 subject to Z:ct =1.

(x17 7‘TT)
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Taking the Lagrangian (with p as the multiplier on the constraint), we obtain

2733534-29»’6?34-923:53:# forallt=1,...,T.

s#t
These imply i = ... = ng. And from the constraint, we must therefore have zi% = ... =
ng = % To obtain the expected costs of execution under this strategy, we compute

T t

T T 9
1 11 O(T + 1
t=1 t=1

A.2 Proof of Lemma 2

E

Proof. The dealer’s expected utility equals
r T
Eglu(T-p—x-p)]=—Ex| exp ()\ Z(:ct - Tt)pt)]
L t=1
r T t
= —Egz | exp (AZ(ZEt —Tt)<2(913j +&5) +7$t>>]
L t=1

j=1

r T t T

= —Em exp ()\Z(.z‘t —Tt)(Zij +’7~1‘t> + A €5 Z(l't _Tt)>]-
L t=1 j=1 t=j

T
1

J

Instead of maximizing this expression over x; subject to Ethl e =1, we set X; = 21:1 x; with

Xy =0 and X7 =1, and minimize

T T t—1
_Em [U(T-p—x-p)] = Em [exp ()\ Z(Xt_Xt—l_Tt) (QXt—i-’y(Xt—Xt_l)) —)\ Z E¢ (Xt—l_z Tj) )]
t=1 t=1 7j=1

(9)
over X1, Xo,..., X7_1. We denote by F; the o-algebra generated by €1, ...,;. Because X; needs to

be chosen before the price in period ¢ is observable, X; is F;_i-measurable. We start by conditioning

(9) on Fr_; and will then go backward subsequently. From the law of iterated expectations, we
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obtain

—Egfu(T-p—=x - p)]

i T t
exp ()\ Z(Xt — Xt—l — Tt)(eXt + ’}/(Xt - Xt 1 - A Z Et+1 <Xt Z >>
t=1

=E; |E;
7j=1

_ - _
=Ey | exp ()\ Z(Xt — X1 — 1) (X + (X — Xe—1)) — A Z Et+1 <Xt - ZTJ'>>
L t=1 t=1

)

T
exp (/\Z(Xt — X1 — ) (0X: + (X — Xy1) )\Z&H(

t=1

)2 T-1 2
j=1

T-2
exp <A (Xt - Xt—l — Tt)(eXt -+ "}/(Xt — Xt 1 - Z Et+1 <Xt )>
t=1 j=1

8

<

X Eg

:Em

MW

1

<.
Il

Pﬂw

T 22 T 2
X exp ()\ Z (X — Xy 1—Tt)(9Xt+’)/(Xt X 1))+<XT 1_27']) )],

where we used that Xp_1 is Fp_s-measurable and thus also Fp_i-measurable, along with the fact
that e7 is independent of Fpr_;. We note that Xp_1 appears only in the last line, but not in the
penultimate line, and the dependence on X7_; is quadratic. Therefore, the optimal X7_; is given

by the first-order condition
—XO0X7 +v(Xp — X1_1)) = MW (Xp — Xp—1 — 1) + MOX7—1 + v X171 — 7 X7_2)

T—1
+ )\(9 + ’)/)(XT_;[ — Xp_o9 — TT_1) + 22 (XT—l — Z Tj) =0,

j=1
which we rewrite as
T—1
—(0+29)Xr+ (A+20+47) Xp_q — (0+20)Xr o= —yrr+ O+ V)01 + A ) 75, (10)
j=1
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This implies that Xp_1 is Fr_3-measurable because so is X7_o and all other terms are deterministic.

Next, we condition on Fr_o to obtain

T-2 T-2 t
Eg | exp <)\ Z(Xt — X1 — 1) (60X +9(Xe — X)) — A Z €t+1 ZTJ )
t=1 t=1 j=1
T )\2
X exp ()\ > (X=X =) (60X +y(Xe — Xe1)) + (XT 1 — Zq> >]
t=T—1
T—2
=K, [ - [exp </\ > (X = X1 — 1) (0Xs + (X — Xp1)) — A Z €141 (Xt Tj>> }'T_2]
t=1 Jj=
T )\2
X exp (At;l (Xt — X1 — ) (0X: + (Xt — Xim1)) + 2<XT — ZT]> )]
T T3
Eeo [exp ( D (X=X =) (0K +9(Xe = Xi 1)) = A eepa <Xt - Z rj))
t=1 t=1 j=1
2
xexp( (XT Q—ZT]> —|—<XT 1—27']) )]
The terms within the exponential function that depend on Xp_5 are
T—1 )2 T—2 2
A Z (Xt — X1 — 1) (0Xe +7( Xy — Xi—1)) + 5 (XT2 - Z Tj)
t=T—2 j=1
so that the first-order condition implies
T—2
—(0+27) X1+ AN+ 20+ 47) X7 0 — (04+27) X7 3= —yr_1 + (0 + )72+ A Z ;-
j=1

Because Xp_1 is a function of X7_s in the optimum by (10) and Xp_3 is Fp_4-measurable while
all other terms are deterministic, this implies that Xp_o is Fp_4s-measurable. And, using again
that X7_1 is a function of Xp_o, this implies that Xp_1 is Fr_4-measurable as well. Continuing

this procedure, we obtain in the end that all X; are deterministic and satisfy

¢
—(0427) X1+ (A +204+49) X — (0+27) X1 = —'yTt+1+(¢9+’y)Tt+)\ZTj, t=12,...,T—1.

j=1
(11)
This linear system of equations can be written as AX = E7 using the T' x T matrices A and F
from (1). We conclude that z = FX = FA~'ET. O
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A.3 Proof of Proposition 3

Proof. We can write A = I A, where

Ao +20+4y —(0+27) 0 0
—(0+2y)  No?+20+4y —(0+29) 0
i 0 —(0+2y)  Xo?+20+4y  —(0+27)
—(0+2y)  No?+20+4y  —(0+2y)
0 co 0 o2 420 + 4y
1 0 0
0 1 -0 0
I=
0 0 1 0
1
o 0 -0 Ao2+20+4y

Note that A is a Z-matrix (i.e., a square matrix where all off-diagonal entries are nonpositive). In
fact, A is an M-matrix. Indeed, we can express A = (Ao? + 20 + 4y)I — B, where

0 642y 0 0
0+2y 0 0+2y 0
0 6+2y 0 6+2y

[so!
Il

0+ 2y 0 0+ 2y
0 0 0

is a matrix whose eigenvalues (i.e., £(0 + 27)v/2 and 0) are bounded in magnitude by Ao? + 26 +
4~. Because A is an M-matrix, its inverse is a nonnegative matrix. Hence, A~1 = A~ ig
also nonnegative. Next, observe that Er7WAF = 1(6 + Xo?,0 + 2X0?%,...,0 + (T — )X, 1),
and AF~1gfP = %()\02,2)\02, (T =DA2, )T, so ExTWAP > AF—12"B (where > is in the

component-wise sense). Using the fact that A~! is nonnegative,
FlpA-1psTWAP _ g-1p TWAP 5 p-1,FB

which is precisely what it means for FA~ETTWAP o be frontloaded relative to B, For the final

claim, note that all the inequalities can be replaced with equalities if and only if § = 0. O
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A.4 Proof of Proposition 4

Proof. The client’s expected cost of a contract T - p is

Eg[T - p] = Ey =E,

T
E TtPt
t=1

T t
ZTt <P0 + Z(ij +¢e5) + %’%)
t=1

j=1

T t
=p0+zn(zexj+m>
t=1 j=1

T T
=po+0 ZTtXt + Z Tt(Xt — thl) =po + HTTA_lET + WTTFA_lET
t=1 t=1

1
=po + §TTMT (12)
where F and M are defined in (1) and (2), respectively. Therefore, we minimize 17 M7 subject
to7T 1 =1, where 1 = (1,1,...,1)" denotes a T vector of ones. From the Lagrange method (and
using the symmetry of M), it follows that

Mt* —pul =0,
hence 7% = pM~'1 and 177* = pl"M~'1 = 1. We obtain p = m and thus 7 =
mM_lll and ¢* = FA7'ET* = mFA_lEM_I]l, using Lemma 2. We can compute the
client’s expected costs of execution under 7* = mM 11 as
po + 1(r*)TMT* =po + 1(]NM—l]l)—QllT(M—I)TMM—lﬂ = po + L O
2 2 20T M1

A.5 Proof of Corollary 5

Proof. Claim (i): It follows from (11) with v = A = 0 that
— X1+ =7 fort=1,2,...,7T —1,
which implies .
Ty = Xp41 + Tt = Typq2 + Tt + Tep1 = - .. :C+ZT5
s=t

for some constant ¢ and all £. To determine ¢, we use that Zthl x; = 1, hence

T

T
1
I IS pEa

t=1 s=t s=1

CcC =

Nl =
Nl

Claim (ii): Define G as the T' x T matrix whose first column and last row are all 1, and otherwise
the ij entry is i(T'+1—7)/T for j > it and i(T'+1—j)/T —i+j for j < i. In this case of y = A =0,
it can be checked that E = AG. It follows that A~'E = G. Note that for all ¢:

Gu+GL+Cr+GLr=Gn+Gu+GCGr+Gr=1+T+1—-t)/T+t/T+1=3+1/T.
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Next, define v = (%,O, ..., 0, %)T We compute
0
Mv=0(AT"E+ET (A Y ) o=0G+G v = 5 (3+1/T)1.

vand 1TM 11 =

* 1 —1q _—
= 9(3T+1) Thus, 7 = ——FM 1 = v, as

. . . 1 _
This implies that M ~'1 T

2T
= 96T+
claimed. We also compute

1 1
x* = FA'Bv = FGv = SF+1/T1 +2/T,...,2)" = S+ 1T, 1T,...,1/T)7,

6(3T+1)
T

claimed. O

as claimed. Finally, the client’s expected costs of execution are py + m =po+ as

A.6 Proof of Corollary 6

Proof. Claim (i): It follows from (11) with § = A = 0 that
2w+ 20y =—Tp1+7 fort=1,2,...,7T -1,

which implies

1 1 1 1 1
ST+l T Tt = Tt42 — JTi42 + Tt = =C+ Tt

= T Ty 2 2 2 2

for some constant ¢ and all . To determine ¢, we use that Zthl x; = 1, hence

Claim (ii): To prove 7% = (%, ceey %) it is enough to show that 1 is an eigenvector of M because

Mr* = Wﬂ by Proposition 4. To aid in showing that, we first define

vi=(N2\ .. (T=DAT), va=(0,...,0,1)7 and w3 =(1,2,...,7)".

In this case of § = 0, observe that v; = Aws, which implies A~'v; = w3. Observe also that
T

vy = vy A, which implies (A™1)Tvy = vo. We then compute

M1 =yFA'E1+4E"(AY)Y T F'1 = yFA ' +yE T (A" Tuy = yFug+yE Tvy = 41441 = 291,
(13)

establishing that 1 is an eigenvector of M, as required. For the dealer’s trading strategy, we deduce

from Proposition 4 that

1 2y 1 1
= FA'EM M1 =2lFA'E—1==1
T T T > T
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-2y

where the second equality uses (13) to obtain m = Z and M -1 = %]l. Finally, we compute

the client’s expected costs of execution as py + m =pg + % ]
A.7 Proof of Corollary 7
Proof. Claim (i): Dividing (11) by A and then letting A go to infinity gives X; = Z;Zl 7; for

t=1,2,..., T —1, hence zy =y forall t =1,2,...,T.

Claim (i1): Let @ be the lower-triangular matrix with all entries of 1 on and below the diagonal;

let A be the diagonal matrix that has A\ everywhere on its diagonal except for the last entry, which

equals 1:
1 0 0 0
0 0 A
Q= ) A= .
11 1 0 0 1

We begin by showing limy_,oo A~ E = @Q. To this end, we note that A~! is a diagonal matrix that

has 1/\ everywhere on its diagonal except for the last entry which equals 1, and we then compute

i ATE
O+v+N)/A —y/A 0 0 0
1 O@+v+AN)/A —/A 0 0
' 1 1 O@+~+XN)/A —/A 0
= lim
A—00 . -
1 1 O@+~y+X)/A —y/A
1 1 1
=0Q,
fim A4
AN+20+4y) /X —(0+2v)/\ 0
—(@+27) /X (A+20+49) /X —(0+27)/A 0
. 0 SO/ (20 4)/N —(0+29)/A
—O0+27y)/N  (A+20+4y)/N —(0+27y)/A
0 0 1
=17

)

where I denotes the T'x T identity matrix. The latter implies limy_,oo A7 A = limy o (AflA) o

Thus, we obtain

lim A™'E =

A—00

fim 47N = (i A7) ((fim A78) =10 =@
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So from (2), we deduce

T T
lim M =40 ( lim A—1E> +6 < lim A—1E> + 7 (F lim A-1E> + 5 (F lim A—1E>
A—00 A—00 A—00 A—00 A—00
20 + 2 0 0
T T T 0 20 +2v --- 0
=0Q+0Q +vFQ+(FQ) =0Q+0Q +2vI= . .
0 0 e 2042y
Thus, (limy_00 M) 1 = [2y + 0(T + 1)]1, which implies that
. —-1 1 . -1 .
lim M ™" 1=———— | lim M lim M |1
A—00 294+ 0(T 4+ 1) \\—oo A—00
1 1
= (lmM'M|l=— "1,
2y +0(T+1) \N >0 2y +60(T+1)
and hence limy_,oo 1T M 11 = W. We can then compute
lim 7 = lim (e M) = ! lim M~ '1
Asoo Amoeo \1TM-11 Clmy oo 1T M1 A5
:27+9(T—|—1) 1 ]lzl]l
T 2y +60(T+1) T
1 1 1
lim z* = lim FATZ'Er*=F ( lim A7'E ) ( lim 7 )| =FQ (=1 ) =1(=1)= =1
i o = tim A7 = F ((fm 717 (7)< FQ (1) =1 (71) = g

each of which is as claimed. Finally, the client’s expected costs of execution converge to

lim ,
A—00

1 B 12y +0(T'+1) v (T +1)
<p0+2]lTM1]l> —P0+5—T —P0+T+72T

which is also as claimed.

A.8 Proof of Corollary 8

Proof. Define the T' x T anti-diagonal matrix

0 --- 0
0 --- 0

P= ) )
1 0 0
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and we begin by showing that A(0I +~F) ' PET is symmetric. To that end, define T'x T matrices

01 0 0
0 0
1 0 1
0 0 0 0
Ay = Ay=10 1 0 0 Az =1 . , ;
0 0 0 1 0 0 1
0 - 0 0

0 0 0
10
10
0 1
Ey = Eyx=10 1 0
0 0 0 0
0 0 0
1 1 0 1
0 1 0 1
E3 = Ey=1| . ,
0 0 0 0 1

0 0 b1
0 b b

(01 +yF)~'P = b ,
by -+ br—1 br

where b1 = v/(y+0)b; for all t € {1,2...,T — 1}.3* Each of the following matrices is symmetric:

o o0 --- 0 0
0O 0 -~ b O
Ay (01 +yF) ' PE; = S
0 by -+ bp_o O
o o0 --- 0 0

34We also have by = 1/(y + 6), although that will not be relevant for the following arguments.
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0 by by 0
Ay (O +~F) 'PEy = :
b1 b2 bT_1 0
0 0 0 0
00 0 0 0
0 0
. 0 0 b
Al((gI—F’yF)_ PE3 = .
00 0 ST 0
00 0 0 0
0 0 by 0
0 b1 by 0
0 by by + b3 0
Ay +~F)'PEy = © bi+bs  bat+by O
b1 b2 by +bs by+by br_s+br_1 0
0 0 0 0 0 0
0 b1 b
b1 by bi+b3 O
0o . b bi+bs ba+by O
Az (01 +F) ' PE, = 2o eths et
b - - : :
by b1 +0b3 b2+ by oo bpo+br 0O
0 0 0 0 0
0 0 0
0 0 b 0
Ao(0I +yF) 'PEs = | : :
0 b 2 0
0 0 0
0 0 0
0 0 0
A3(01 +~yF) 'PE, =
00 - Y ib

To show that A(I+~vF)"'PE" is indeed symmetric, it only remains to show that [(A420+4~)A; —
(04 27)A2) (01 +~F)~" L PEj is the transpose of A3(0I +~vF) 'P[(A+~+0)E; —vEs + AE3]. The

former has nonzero entries only in the first T"— 1 entries of its last column, while the latter has
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nonzero entries only in the first 7' — 1 entries of its last row. We check these nonzero entries. For
t < T, the (t,T)-element of [(\ + 20 + 4v) Ay — (6 + 27) A2)(01 +~yF) "' PEy is

(A + 260 + 47) Zb — (64 27)

t+1 t—1
Zb +Zb] —(0+ 27)brgr + (A+0+27)b + A D b
s=1

For t < T, the (T, t)-element of A3(0I +vF) " 'P[(A+ v+ 0)Ey — vEy + AE3] is

t—1
A+ +0)bs — vbey1 + AZ bs.
s=1
Computing the difference:
t—1 t—1
(A + )by — b1 + /\st] — | =+ 29)bu1 + A+ 0+ 29)b + XY b,
s=1 s=1

= (0 +7)bsy1 — by,

which equals zero because by 1 = /(v + 0)b;. We conclude that A(6I +~yF)"'PET is symmetric,

as claimed. Mathematically,
AL +~F)'PET = EPT(0I" +yF ") 'AT = EP(OT +~F ") 'AT,
which implies
PET(A™Y)YT(OI +~FT) = (01 + vF)A~EP.

Letting My = (0I+~F)A~'E, we can rewrite this as M; P = PM, . Because P! = P, we also have
PM; = M]" P. Together, these imply (M;+M," )P = P(M;+M;"). Then using M = M, + M, we
conclude M P = PM, hence MPM~'1 = 1, and hence PM~'1 = M~'1. Therefore, we conclude

* 1 —1 1 —1 *
=M e T
hence 7; = 71— forall j =1,...,T. O

A.9 Proof of Proposition 9

Proof. In the following analysis, we verify the statements about the limit of the optimal contract

and trading strategy made earlier in this section. Throughout, we assume 6 > 0 since the results

for § = 0 follow from Corollary 6. We note that a model with price-shock variance o7 = 7;5’2
is equivalent to a model with price-shock variance normalized to 1 while A is replaced by )‘T"
Therefore, (11) becomes
k k k k k kE_ 1k
X+ pen Koy Ty Vel it I +V; (14)
4 \To? 1/Ty ~ ATo? 1/Ty ATo2  1/T; 1
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for all ¢ € (0,1), where X} = IqTI’J zf and VF = ZMT’J F for 7% € ATk and a dealer strategy x*
in the &' model. Throughout this analysis, we assume that the limiting processes Xy =limg_0 X 5

and V; = limp_, V;]’“ exist and are continuously differentiable, except for jumps at 0 and 1. Thus,

given any ¢ € (0,1),

k _ vk
li Y e lim Yo~ Va=e _y;
im ———F = lim +—%° =
k—o0 1/Ty, e—0 € e
2VE vk | —VF
q g+ 1 _ — . .
lim n gy (Yo Vase Ver — Vo =V, -V, =0,
k—o0 1/Tk e—0 € €
2Xk Xk - XF
lim +Tk quilk — lim _(Xq+e — Xq) + (Xq — Xq—e) _ _Xq + Xq —0.
k—o0 1/Ty e—0 €
Thus, it follows from (14) that
0
Xy= 5V t+V, 15
q = o N2 + ( )

for all ¢ € (0,1). Furthermore, the jumps of V; at 0 and 1 are given by

Sk
Vor = lmV, = | I <V’“—V"L>,
b = i kgr;oZTt a2 (Vi - vip
Sk Sk
_ . T k T k k
ViV = Vi lim Vo= tim 3 of oy = Jim 30 (M -V )
t=1 t= k

where S, is a sequence chosen so that both Sy — oo and S;/T), — 0. From (14), it follows that

0
) k k k
X g (- Vai)+9+2vVTk+O<Tk>

0
2Xh - Xt - xb, = o (v - v, -V ) — 27(Vk VH)+0(Tk>

Ty, Ty, Tk Tk

Y 1 |a* —b*]
where a* = b¥ 4 O(T ) means lim supy,_, . T < 0% and thus

0% 0 1
x]f—a:’;: 94_27(7{“—75)4-04_277{{—1-0(%),
Y

6 1
k k k k k

44



Assuming xS = O(TL) and Tgk = O(Tik), we obtain

and likewise if m%_sk = O(%@) and leik—sk - O(T%)’

k _ .k Y k k 0 k 1
L —t = TT—(t+1) — 0+ 2v (TTk—(t-H) - TTk_t) - 0 _|_ 2y T, —(t+1) + O<Tk>
Sk
v Z (Tk k 0 Sk
- Thm(i41) ~ Th—j) = Z -+ O\ 7
O +2y VT b 0+2y o i
vy ok 0 Sk
= 0] 17
02y T 9“%;1 CSh <Tk) o)

Therefore, the expected costs for the client are

Tk

Ey[r" - p] =po+9§:X§<V§k —V%) +7§; (X% - Xt >(Vk Vt%l>

—p0+9/ X dV +02Xt7't +72xt7—t +92X1 = 17-T —(t—1)

Sk
+721$]7€“k(t1)7—7]ik(t1) + O(T1k> (18)
t—
We next analyze each of the following three terms:
1.0 [, XydVy,
2. Qkale 4y ik afrf,
3. 030k Xf,%Tﬁ—(t—n +y Sk T (1) T (t-1):

For the first term, we use (15) to write

1 1
0 )
X, dV, = = 2
/0 . /0<)\T 2V+V>v;]dq ATQ/quJr —VE - V0+, (19)
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where the second equality is implied by

! ) 1 2 1 2
[ VaVida = SV - Vi

which in turn follows from integration by parts

1 1
| vavada=vz =3¢~ [ Vivida
0 0

Set a = Vi— — Vo4. By Corollary 8, optimal contract weights are symmetric, so we have Vp =
1—=Vi— = (1 —a)/2. Moreover, the minimizer of fol VqQ dgq subject to a = Vi_ — Voi is V, = a

almost everywhere on (0, 1) by Jensen’s inequality. Therefore, (19) in the optimum becomes

1 1 2 2 2
0 : 1 1 0 0(1+a)? 6(1—a)
X, dVy = —— | VZdg+ V2 — V3 = ——ad? - : 20
/0 a@a ATU2/0 ¢ M- TRV T 372 T T 8 (20)

Using Vo =1 —Vi_ = (1 — a)/2, we also have

1—a 1
( ) ZTTk (t—1) = +O<Tk)'
t=1

Sk 1
>t -
t=1

Next, we analyze the minimization of

subject to Zf:’“l ' = 152, Using (16), we write

GZth Ty +’)’Z$t7't

S (gt )t o8 et s o)
= 0+ 2y 0+2*yj:£ 9—1—27 (9—1—27 Ty

o g g ko 4 k. _k 51::;’
_thg(a_i_%/;::lq 9+2 Zmln{],t}T )Tt +'yz<0+27 9+27]Z::t7'j>Tt+O<Tk>.
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We can simplify two terms

Sk t Sk Sk Sk )
6 t+’7 (tk)
2 i 27 2 9+27;; s 2
S, Sk
0 1-— 0
9+72 2atk 0 52 (1)’
7 +2 t=1
6y <1—a>2 07 2
0+2y 4 0+272(t)

Therefore, the optimization problem (21) becomes

Sk Sk

0y 1-af 6 07 ++°
t

0+2y 4 0+2727t;mm{‘7’ bt 0+ 2v Z

subject to Ef ok, F = 1_7“ The first-order condition from the Lagrange multiplier method implies

9 Sk Sk Sk 9
0= ark (0227f2min{j,t}7f+ (974—’}/2)2 (Tf) ) + M\

t=1  j=1 t=1

= ¢? Zmln{j, s}T + 62 Z’Tt min{s,t} +2(6y + ) 7F + M
J=1 =
Sk

=26 min{j, s}r} + 2(07y + )78 + M (22)
j=1

for all s = 1,2, ... Specifically, for v = 0, this implies with s = 1 that A\; = —6%(1 — a); with s = 2
that Ay = —0%(1 —a) — Zf * 5 7j, implying Zfi o Tj; and iteratively comparing different s, we obtain
Tkzl;zaandeZOforallj>1.

For v > 0, we deduce

Sk

0=26") " (min{j,s + 1} — min{j, s}) 7 + 2(0y + 7°) (75,1 — 7¥)
j=1
Sk

= 202 Z T; —{—2(97—}—7 )( $+1—7'k)
Jj=s+1

_292<

>+2 (07 +7°) (g — 78)
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for all s=1,2,..., so that

Its solution is

which satisfies

O+~)7 2 9—1—7 1—,L 2 2

i ko 5 973 L' 1-a g 1-— (9+7) 1—a8__>>ool—a
= 0+

Jj=1

We also note that it follows from (16), (17), and (23) that

k0 * 4 Sk
T oyt 0+2 ZT +O( k)

Sk

T - 9 fyi—1 1 — S
0+2y(O+~)t 2 9+2’yj:t O+~ 2 T},

R L 1—a+ 0 Gyt 1 1—a+0(5k>
S0+ 2y(0+)t 2 O+2y(0+7)'1 -5 2

B Gyt 1—a+0 &
T 2 7.)

k 0 . 0 S Sk
-t = 0+ 2y Th—t — 9+2’y ;FITT’C 9+O(Tk>

0 ok 0 Z Sk
Tt41 — 7; +O< >
94‘2’7 9+2 e Ty,

oy 0! l—a_ L 0¥ 1-a, (S
S 0+2y(0+q)tt 2 0+2y S, 0+ 2 Ty

oy 6~ l—a 0 Gttt 1 1-a +O<Sk>
S0+ 2y (0 + ) 2 042y (0 +7)H21 -5 2 T,

5
Sk
B O<Tk>

For s = 1, (22) simplifies to

Sk
0=20> 7F +2(07 + )1l + A\,
j=1

48

(23)

(24)



which implies

Sk
1—a 0 1—a 1—a
A = —20? k200 NP = 202 —— —2(0 2 = —2(6% ++0 :
1 ;T] (07 +7°)7 7 207+ (6% +90)—
We also derive from (22) that
k
1_
20° ) min{j, thrf = =2(07 +97)7f — M = =20y + )7 + 200 +10)—; 2
hence the optimization problem becomes
Oy (1— a)2 L. Oy + ~2 2
t k
912y 4 e+2yznz;mm{]’ )7y HET H(Tt)

Sk

0y (1-a)? O+ 2 1 o l—a 6y+n2 o
S 0+2y 4 0+ 2y z::(Tt) +9+2'y;7—t(9 +10) 2 +‘9+2’YZ(Tt)

Oy (1—a)? 1 N, l—a
_ 62 + 0
0+2y 4 +9+27;Tt( 19—

by (1-a)?  2+~0(1—a)?
S 0+2y 4 0+ 2y 4

(1= a)?
= 0. (25)

Finally, we analyze the minimization problem

Sk Sk
k
92X1 = 1TTk (t— 1>+VZ% (t—1)TT;,—(t—1)
t=1 t=1

subject to Zf:kl T;ki(til) = -5%. However, as per (24), the jumps of the trading strategy in the
2
limit disappear so that xlfpk_(t_l) = O(%) and Xf_g =1+ O(%’:) Therefore, the value of the
Ty

minimization problem becomes

& k k o k k L k 51?3 l—a Si?é
HZle%TTk*(tfl) DT T = 0 ) Th ) +O<T> =0— <Tk)
1 t=1 t=1

K
(26)
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In summary, using (20), (25), and (26), the expected costs from (18) in the optimum are
Eg[r" - p| = pg—i—@/ XqdV, +02Xt T —i—’nytTt —i—GZXl = 1TT —(t-1)

Sk . S3
+72ka (t—1)TT—(t— 1)+O<Tk>

2 —a)? —a)? - y
0 o, 01+a)’ 01-0? (-0 1 a+0<5k>

t\To2" s 3 1 2

02 (1-a)? 6 S8
= — Y T3 = 2
Po+ g H 0 +2+0<%>, (27)

minimized over a. The first-order condition gives

02 1—a
To 22a—0 5

so that
(%) 1
2

[% 262 ’
2 + o2 1 + /\TU2

a= (28)

We conclude for ¢ € (0,1) that

1—a
Vo =Vor + (V= Voy) = —5— +aq,
0 fa 1—a

X, = To 2V +V*/\T 2+72 + agq,

using (15), which implies the formulas for the limits of the optimal contract and dealer’s trading

strategy. Thanks to (27) and (28), the client’s expected costs converge to

K 1—a)? 6 0 46 a 3 3—a
p0+)\T02a2+9( 4) +§—p o+ — <1+/\T 2)a2—2€9+49:p0+ 1 0. ]

A.10 Proof of Proposition 10

Proof. This proof builds on the first half of the proof of Proposition 9.

Claim (i): In the case of a TWAP contract, we have

[qT]
VTWAP lim VIWAPEk — 1im TtTWAPk ¢
k—oo k—o0
t=1
for all ¢ € (0,1) so that (15) becomes
XTWAP 4 VTWAP VTWAP 4 +q
ATo? ATo?
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for all ¢ € (0,1). Along with the conditions XTWAPk 0 and XlTWAP’k =1 for all k, this shows
(7). Because V;]TWAP does not have any jumps, it follows from (18) that the expected costs for the

client under a TWAP contract are

62 1
lim B, [+ TWAPK . / XTWAP TWAP _ / _ Lo
Jim [T p) =po+0 dv, po + 6 o 2—|—q dqg = p0+AT 3 29

Claim (i1): In the case of a MOC contract, we have

[qT}]
VMOC — lim VMOCk lim TtMOC,k’ -0
k—o0 k—o0 =1
for all ¢ € (0,1) so that (15) becomes
0
MOC _ MOC MOC _
X, 5 V +V, =0

Mo

for all ¢ € (0,1). Along with the conditions X}9¢ = 0 and X}9¢ = 1, this shows (8). The

expected costs for the client are

Tk
MOC\k MOC\k MOC\k
Ew[TMOCJf . p] = po —+ GZXL (V ‘/rﬂ ) )
i—1 Tk T Ty
MOC’k MOCk: MOC.k MOC,k
+'YZ< t17)<VL 7_V§ 7)
Ty Ty Ty,

— o + 19XMOCk + 7<X1MOC,k _ X%??k)

Ty
2 S
—po+ 60+ +0<’“),

0+ 2’7 Tk
using that
S,
Y MOCk _ xMOCk _  MOCk _ _ 7 ol 2k
L N T
by (17). O

A.11 Decomposition of the wedge between the first-best and second-best

As observed in the text, the wedge between the first-best and second-best payments (in the

continuous-time limit) is —0 where a = ﬁ Footnote 25 claims that this wedge can be
AT o2

decomposed in the following way:

1—a9 _1—a9_(1—a)2 62 n (1—a)? 6 1-a
4 2 4 0+2y 4 0+2y 4

vV
wedge between first-best dealer’s expected profit inefficiency from suboptimal trading
and second-best payments

6
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Formally, this decomposition follows from the subsequent result. As an aside, the presence of v in
this decomposition highlights that—although it does not affect the client’s execution costs when
the contract is chosen optimally—temporary price impact does not vanish and does play a role in

the continuous-time limit.

Proposition 12. Assume the dealer is strictly risk-averse (A > 0). Consider a sequence of execu-
tion horizons (Tk),‘zoz1 and a sequence of price-shock variances (Uz)zozl such that limy_,oo T = 00
and Tkaz = To? for all k. For each k, let 7% € T be the associated optimal contract, and let
x** be the dealer strategy that best responds to T*F. The dealer’s expected profit under 7% and x**
converges to

1—a (1—-a)? 62

0 —
2 4 0+2y

(29)

1
16
1 ATo2

where a =

Proof. To simplify notation throughout this proof, we write simply 7% and z* instead of 7** and

x**. The dealer’s expected profit is given by

Ty, T
E_x [Tk ,pk _ 'pk] — Z (Ttk — xf) (po + HXI;L +7xf) = Z (Tf — xf) (GX];L +’yxf),
t=1 k t=1 k

using for the second equality that ZtT koTF = Z;‘Fi | T¥ = 1. Arguing similarly to (18), this expression

converges to

Ty, 1 Sk
i 3t =) (0 ) =0 [ XV i 3 (=) (03 ) 00
Sk
+ lim ; (Tﬁ—(t—l) - f%—(t—l)) <9Xf—i;k1 + W%—(t—l))‘

We analyze the terms on the right-hand side of (30). The first term can be written as
1 1 0 ) 0 Sk 3 2
0/0 Xqd(Vy — Xg) = 9“/0 Xqdq — §X17 + B k;lggo KXot — Z$Tk_(t_1)
t=1

o (a2 )
0

2 2
_ a3(1—a)+0a21_9<3+a> +0<1—a)

4 2 2 4 2 4
—§(3a—a2—1—a)
:—ga—af. (31)
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Using (5) and (25), the second term on the right-hand side of (30) can be computed as

Sk
lim (Ttk — :ct) <6’X . + ’ya;t)

k—
=

Sk Sk
. *k _xk *k _xk *,k *k *,k\ 2
= klg)(r)lo (9 tg X7 ~ Tt +7 E x, T —0 g X ’ytgl (z7") )

B (1—a)2_ o J nyé_l 1—a 97]_1 l-—a = i1 1—q 2
=0 4 QZZ(H—F’N 2 (0+~)7 2 7; @+~)7 2

Jj=1/4=1 1

_—a2 8y () A ,_92§< ) )

4 ol 9+7j:1 —ﬁ @+~ v et 0+~
_<1—a>2(9 o ( CHNER )_92( )y )
- 21 _ _ 2 2

4 715 e N 1 () YNO+Y) 1 - (5)

2

_<1—a>2<9 0 eh) 1 _92< v > L )
- 21 7% 2 2

FTPISE I ) ) TG
(1—a)? 62
— _ , 2

4 o 0+ 2y (32)

Because ¥ has no persistent jumps at the end time by (24), the third term on the right-hand side
of (30) becomes

Sk
1—a
. Z k k k =

by (26). Substituting (31)—(33) into (30), we obtain that the dealer’s expected profit converges to
(29). O
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Online Appendix to

“Principal Trading Arrangements:
Optimality under Temporary and Permanent Price Impact

7

Markus Baldauf Christoph Frei Joshua Mollner

OA.A Additional Special Cases

With various sections of the main text, we have already considered several special cases of the
model. This appendix considers four more special cases. Appendix OA.A.1 considers the case of
two trading periods (i.e., T' = 2), and provides further intuition for the optimality of symmetric
contract weights. Appendix OA.A.2 considers the case of no temporary price impact (i.e., v = 0),
demonstrating that the optimal contract in this case is a U-shape with a ‘flat bottom,’ in that all
interior weights are the same. Finally, Appendix OA.A.3 considers the limiting case of an infinite
execution horizon (i.e., T'— o0), demonstrating that the client obtains her first-best payoff in this

limit.

OA.A.1 Two trading periods

To provide additional intuition for the optimal contract’s symmetry, this appendix considers the
version of the model with 7' = 2 trading periods. Our approach is to provide intuition by connecting

our setup to a rudimentary microeconomics-based calculation.

Monopolist with linear demand. Consider the problem of a monopolist facing a linear inverse
demand curve P = a—b(Q and a marginal cost ¢. Following the standard derivation, the monopolist
optimally sets

a c a ¢

o4 _ € a4 p=2_°<
Q=g g 2 2

Let us use @ and Fj to denote these optimal values in the special case of ¢ = 0. In particular, it
holds that

%
%=5
As we demonstrate below, this relationship is a consequence of the linear nature of demand; ¢ is
the appropriate scaling factor, which can be interpreted as the quantity demanded at a price of
Z€ero.
In fact, an analogous relationship holds even more generally. Suppose the monopolist faces an
additional cost that is quadratic in P — ¢, so that her objective is (P — ¢)@ — 3 (P — ¢)?, which can

2
be written

(a—bQ )@~ (0 —bQ — o)
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In the case of A = 0, this reduces to the classic problem mentioned above. We obtain

« _a—cl+bA
@ = b 24b\ (34)
——

=¢

The interpretation of the first factor in (34) is the quantity demanded at marginal-cost pricing.
The precise form of the second factor does not matter for the subsequent arguments, so we simply
label it ¢; it can be interpreted as the monopolist’s optimal amount of quantity reduction. That
this is a constant is due to the linear nature of demand. It follows from (34) that Qj = 7¢. The
intuition is that @ must equal the quantity demanded at a price of zero (which, as mentioned is
) times quantity reduction from marginal-cost pricing (which we have denoted ¢). It also follows
from (34) that
P*=a—-bQ" =a(l — @)+ ¢c.

That P* should be this weighted average of a and c is intuitive because ¢ = 1 corresponds to no

quantity reduction (i.e., marginal-cost pricing) and ¢ = 0 corresponds to full quantity reduction

l.e., pricing so that zero quantity 1s demanded). Hence, "~ = ¢. We conclude tha
i ici that tity is d ded). H a7 = . Wi lude that

. a a dP*
QO_ggb_g dC’

as claimed.

The dealer’s problem. To see the connection to our setting, suppose that T" = 2, and parametrize

1 1 11
(w1, 2) = <§+m,§—x) and (11,72) = <§+77§_T>.

Given any 7, the dealer’s problem is to choose x to maximize

(2 — 7) Elps] — Elpa]) — 27 (7 — 22,

2
Because E[ps] — E[p1] = % — (6 + 27)x, this objective is of the same form that was analyzed above,
with the roles of (P, Q,c,a,b, \) now played by (x,E[pg] — E[p1], T, ﬁ, ﬁ, )\02). We conclude
that when 7 = 0, it will hold that E[po] — E[p1] = §4-.

The client’s problem. The client’s problem is to choose 7 to minimize

(% + T)E[Pl] + (% - T>E[p2],

taking into account how 7 influences x*, and hence prices. Suppose we begin at 7 = 0 and perturb

7 upward. This produces two effects:
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o The direct effect. The direct effect of this perturbation is to increase the objective at the rate

E[p1] — Elpal,

which is equal to —g% by the above observation. Intuitively, permanent price impact leads
us to have E[pa] > E[p;] (given the dealer’s best response to 7 = 0), and so the direct effect

of increasing 7 is to put more weight on the lower price, which is beneficial to the client.

e The indirect effect. The indirect effect of this perturbation (through its effect on expected

prices) is to increase the objective at the rate

1 dE[p1] n dE[ps] \ dz*
2 dx dx dr
S—— =
=v+0 =—
Intuitively, this increase in 7 leads the dealer to trade more in the first period, which—
because of permanent price impact—Ileads p; to increase more than py decreases. At 7 = 0,
the client’s payment is an equally-weighted average of these two prices, so the indirect effect

of this perturbation is harmful to the client.

By the arguments above, these two effects cancel out, so it follows that it is optimal for the client

to select 7 = 0.

OA.A.2 No temporary price impact

This appendix considers the case in which price impact has no temporary component (i.e., is purely
permanent). We begin by considering the optimal contract in discrete time, demonstrating that it
is a U-shape with a ‘flat bottom,” in that all interior weights are the same. We then consider the
continuous-time limit, producing a more rigorous proof of the result of Proposition 9 for the case

without temporary price impact.

OA.A.2.1 The optimal contract in discrete time

Without temporary component (i.e., when 7 = 0), we obtain the following as a corollary of the

general solution given by Proposition 4.

Corollary 13. Assume that there is no temporary price impact (v = 0). Then the weights of the
optimal contract satisfy 7" = T;‘ foralli,j € {2,3,...,T —1}. Moreover, the solution depends on
(A, 0,0) only through %Q

Corollary 13 says that in this case of only permanent price impact, the optimal contract puts
the same weight on all interior periods. From Proposition 4, we know that the extremal elements
of 7* are also equal, but they differ from the interior weights, which can also be seen in the left

panel of Figure 2 for the curve v = 0.0. From Figure 6, we observe that the extremal weights of
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the optimal contract are greater than 1/7" and decreasing in o = )‘%2 so that the dominance of the

extremal weights over the inner weights is stronger for small values of a. In fact, it follows from

Corollaries 5 and 7 that the extremal weights converge to 1/2 for o — 0 and to 1/7 for v — oc.

Figure 6: The upper surface shows the extremal weights of the optimal contract as a function of T’

2 . . . .
and o = % when there is no temporary price impact. As a visual comparison, the lower surface

represents 1/7T. The extremal weights are greater than 1/7 and decreasing in «.

As mentioned, numerical experimentation suggests that the dealer’s best response to the optimal
contract is frontloaded relative to the contract itself. In this case of no temporary price impact,
we can formally prove a limited version of this general conjecture: that the first component of
the dealer’s trading strategy dominates the first weight of the optimal contract. Indeed, without
temporary price impact, the dealer’s best response & to any symmetric contract with equal inner
weights; that is, of the form (ﬂ, ., a, W) for0<a< ﬁ and with T > 3 satisfies

P

1—a(T-2)

—, (35)

x>

as we show in Appendix OA.A.2.3.

Proof of Corollary 13. We start by writing

M—l — (HA—IE + GET(A—l)T)_l = %(A_IE —+ ET(A_l)T)_l = %(A_I(E + AET(A_I)T))_l
1 - 1 -
= S(B+AET(AT)T) A= S ((BAT + AET)(A7H)T) A (36)
_ %AT (EAT + AET) 'A = %AT (BAT+AET) A
and
EAT + AET = B+ovv ! (37)
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where v = \(1,1,...,1)" and

4602 + X2+ 200 —2¢2 0 N4+ A+0
—2062 402 + X2 —202 — 9\ 0 A2+ A
0 —20%2 — O\ 402422 —202 —6) X2+ )\
B= , ,
A0 0 —20%7 — O\ 462 + )2 :
: : - : “AZ 4
A2 H0 A2 L P 2 —\?

which is a tridiagonal matrix except for the first and last rows and the first and last columns. The

Sherman-Morrison formula implies

_ B lvv B!
B Nlept_Z2 7 2
( oy ) 1+v'B 1o (38)
We also note that B = (26 + A\)A + V', where
2)\0 AN AT A+
V= A0 0 ;
: : A= A2 +0(\+20)
N2 A0 A2 e 2222 -\ —20
hence )
A= B-V). 39
20 + )\( ) (39)
Combining (36)—(39) yields
1 — 1 _
mer*mT*:A[*n::EATumﬂT+AET)1Anzzyﬂ(B+4mT)1A1
1 B lov' B! 1 B lyv' B!
= AN (B l-—————JAl=———(B-V")(B!'-——— )41
0 ( 1—!—’UTB_1’U> 9(29—1—)\)( ) 1+v'B v
1 vv! B! B lvv' B!
= (Al- ————— A1 -V (B ' - ———)A1).
6(20 + \) < 1+v'B v < 1+UTB_1’0> )
Let us now consider a T vector v which equals 7%, except that elements j,7 € {2,3,...,T — 1} are

flipped. We write v = P7* for a permutation matrix P, which is a diagonal matrix with 1 on the
diagonal except for the i and j*" elements on the diagonal which are zero, and P(i,j) = 1 and
P(j,i) = 1. We check directly that

PA1=A1, PV =V',  Pv=w
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so that

1 Pvv B! B lvv B!
= Pr* = PAl - ———— — A1-PV' (B '-———)A1
veaT 6(26+A)(]1TM—111)< 1+v B lv ( 1+v B 1y
1 vv! B! B lvv B!
= Al——— M-V (B '—=—— = A1) =71*
0(20+)\)(11TM1]I)< 1+v B1v < 1+vTBlv> ) ™
which shows 7 = 77 and thus proves 7,7 = 77 for all i,j € {2,3,...,T —1}.

For the second statement that the weights of the optimal contract and the dealer’s trading
strategy depend on (A, o, 6) only through o = )‘%2, we recall the comment at the beginning of this
Appendix that the case of a general o is equivalent to replacing A by Ao? and then setting o = 1.
For the dependence structure on 6, it can be seen in the case v = 0 that minimizing the client’s
expected costs Eg[T - p| = po + 0 23:1 7 X¢ in (12) is equivalent to minimizing 23:1 7: X4, which

does not directly depend on 6. Moreover, for v = 0 and 6 # 0, the constraint (11) can be rewritten

as \ N
_Xt+1+(0+2>Xt_Xt_1:Tt+9jZ;Tj’ t:1,2,...,T—1.
which depends on 6 only through %, hence so must the optimizers. ]

OA.A.2.2 Alternative proof of Proposition 9 for the case of no temporary price im-

pact

We now consider the continuous-time limit of the model in this case with no temporary price
impact. In this case, we can build upon Corollary 13 to provide a more rigorous proof of the result
of Proposition 9 than the general proof given in Appendix A.

As in Proposition 9, we consider a sequence of execution horizons (7})72; and a sequence of
price-shock variances (Uz)zozl such that limy_,oo T = oo and Tkaz = To? for all k. In this case
of no temporary price impact, Corollary 13 implies that the optimal contract in discrete time is a
U-shape with a ‘flat bottom,’ in that all interior weights are the same. Thus, without temporary
price impact, we know for each fixed k the optimal contract up to a single parameter, say a;. We
then derive a recursive system of linear equations to characterize the trading policy that the dealer
selects in response to any ay. Solving this system for the trading policy and plugging that in, the
client’s optimization problem becomes quadratic in ay, so that we can readily solve for the optimal
ar. The formula for the optimal a; is complicated, but it simplifies in the limit as k& — oco. That
expression in turn allows us to compute the limits of the optimal contract and trading policy, which

are indeed as stated in Proposition 9.

Proof. Assume v = 0. We consider a fixed & and note that a model with price-shock variance

U,% = TT—‘;Q is equivalent to a model with price-shock variance normalized to 1 while ) is replaced by
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M o2
Ty

1— (T — 2)ag

92 y Aky Ay - - -

-

> Qs

. From Corollary 13, it follows that the optimal contract is of the form

1— (T — 2)ag
2

y

for some constant ay. Therefore, (11) with v = 0 becomes

- T0 L= (T = 2a
1 +)\TO'2( 1 2) <)\TO'2+ ) 9 )
7.0 1— (Tp — ap  Tib
k k k k k k k k
X+ \To? (2Xt — X — Xt—l) = 5 o ap +ap(t—1), t=2,3,...
Let us define
1—(Tp —2)ap T
k_ vk B
Y;t _Xt_ 2 _Angak_ak(t_1)7 t_1727"'7Tk7
which satisfies
Ty0 T20%q
k k k ky _ k k
W )\TO-Q(2Y1 - Yy) T T2
T.0
k k k k k
Vit s (Y =Y - YE) =0, t=23,.. T -1

We set ZF =Y}, for t =0,1,..

(

which we can write as

()

By iteration, we obtain

()

., T3 — 1 so that

AT o2
T,.0

zZk =

+ 2> ZF, —YF, and Y[

zf
Y;k

Zf
X = M --- M,
Y; S—

t — 1 times

2\
(W)Z%

(

=ZF,, t=23,...,T,—1,

2,3,...

Y{“)’ t=1,2,..., T — 1.

Next, we note that M} is diagonalizable with eigendecomposition M = Vkakal for

0
1+ oy + B

1+ ap — B
0

|
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1+oar =By 1+ap+ Bk

)

T — 1.

Ty — 1.

(41)
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MNTo2 (\To?
where o = 2T 9 and 8 = \/ To0 (4Tk6 + ) We can compute

Mt =WD Y
(L4 ok + Be)" — (1 + o — Bi)’* (I+ ok = Be) (14 ar + Br) — (L4 ar + Br) (1 + o — B)
T = BR) T (U ak + Br) — (L BR) T (L ak = Br) )

1
2Bk ((1 o+ Be) T — (L ak — Br)’

so that we obtain
(1 + ap — Bk)kal)YQk

k Tp—1
2y 1= 25 (1 + o + Br) '~
+ %((1 + o — Bk)Tk 1(1 + o + 5].3) — (1 + o + Bk)Tk_l(l + ap — 5k))Y
From (41), we also have
1— (T, — 2ar Ty 11 1
E vk _ _
Zkal _YTk —].— 9 — )\To'Qak_ak(Tk_l) = 5—* Tk—;k ag.
Hence,

Bk — Br <Tk - 1) ap = ((1+ap+B)" = (L+ap — ) 1Yy
+ (T +ar—B) A+ o+ B) — (L4 ag + B) 1+ ap — Br)) Y,

Combining this with (42), which can be written as

1 1 ag
1+ — )y —yvf=_"%
< * ak> L9072 404%’

— _ B
< &f_Tlak )ak-l-(b())k)a

we obtain
Yk:
A 1

where

All A12
Ak: — k ) kl
14+ = “ Jap

o
T (1 + a + Br) —
— (1 + ap — ﬁk)kal

A = (1+ ap — By) (14 ar + Bi) 71 (1 + ap = By)

A2 = (14 ap + Bp) Tkt

so that
k *(ﬂ’“), t=1,2,...,Tk
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for

(@)= (0 1)M,§1<(1) ;)

1 [ (A tae—B) T (I + Br) — (L4 an+ B) (1 + o — Br) !
251 (T4 ap+ 61" = (1 +ap = B) ! '

For future reference, we also compute

ET AT AP )\ 1+ L Al
AN 4242000 4+ 1) = (1 + a4 Be)™ — (1+ ag — Bi) ™

Thus, we deduce from (41) that

th:nfak_‘_’%f7 t:1727"'7Tk7 (43)
where
kT BTk — T,—2 1
ny = (v)) Ap ( o ) 5 +2ak+t 1, (44)
dos;
T B 1
= ()4 )

By (12) with v = 0, the client’s expected cost of the contract is
po+927} Xf —p0+0a;€ZTt M +‘927't Ky

Tk 1 Ty —1
= po + Oay, (ﬁknlf + TR D Tf??f) - 0(71 Y+ TR+ > T m)
t=2 t=2

Ti—1 Ty—1
1 — (T — 2)ag (T, — 2)ay
=po+9ak(( 5 ) (nf + ) + ax D m>+9<2 (kY + 6%,) +ax > KE

t=2 t=2
T —2 m+n Tr — 2
:po—l—ﬁai(_ k2 1+77Tk Znt>+0ak< 1 5 Ty k2 (/{]f—f—lilr}:wk)—f-z:/if)
t=2
k k
K|+ K
+o Tk 5 T | (46)
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The first-order condition yields

nf -+, Tj—1
k k—
2 “1+’€Tk)+2t 5 KY

T,—1
(Ti = 2)(nf +0F,) — 225,55 nf

Tk 2(

ap =

We will next show

—i+ ks +q ifqge(0,1),
ifg=1,

if g =1,

0
. c \" . m? . m\ "™ .
i (7)) = i (0 0)7) = e =
o

and that exponential convergence is faster than any power convergence.

To illustrate how we use this fact, first note that we have

I fopt B=1+t AT o2 N MTo? ([ NTo? AR N 'o2
TR = T 9T Ti6 \ 4T,0 = T.0
and that for sufficiently large T}, we also have
AT o NT'o? [ NTo? 1 [A\To?
1 — 0B =1 — 1)1 <1—-= .
ok =B =14 555 \/ T.0 <4Tk9 + ) =279\ T

(47)

if ¢ <0,
if c=0,

if ¢ >0,

So the fact implies that for any C' € (0, 1], we have both (14 +B1) €T — 0o and (1—|—0zk Br) Tk —

0. The reason is that 8 converges to zero only like f while aj converges to zero like T . Because

T
of the slow convergence of [, it dominates the other terms.

To show (48), we first compute

1, T =BTk — 5
dim 7 (o) A ( L k)
aj
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1 B
 lim (o) 20 AR Ol = o
koo T, 197k] AT 1 2412(a) 4 1) 1+aik —All 1

404%
A
N PP S an- o
kevoo Ty 1R AR 2402 (r + 1)\ 2(1 + ) (= BuTi — Bey 4 L
1
= li 1 — [qTk]-1(1
v 2Tk/8k(A]1§1+2A]1€2(05k+1))<<( + o — Br) (1+ g + Br)

Al2
— (1 + op + Be) BT (1 + ay — /Bk)) ( — BTy — falz - 201)

(677 20%

11
+ ((1 +ag+ B) T — (14 ay — 5k)[(ﬂm—1) <2(1 + ak)( — BTy — @) N >>

1

= i 1 _ g)laTl-1(
ki)nolo 2Tk/8k;(A]1€1+2A]1€2(04k;+1)) <( + ag — B) <( + a + Br)

Al2 Al
X <_3ka_ﬁk_£k> —2(1+ak)(—ﬁka—6k>+k>

ag 2 Qg 2ay

[qT]—1 Bk A}1€2
(4o +B) T = (Lo = Be) | = BT — — — 5 -
o 204

11
+2(1+Oék)<—5ka— %) +Ak>>

k 20y,

. (1 + ag + B) 97611
o k—o00 QTkﬁk((l + o + 5].;)Tk - (1 + ap — Bk)Tk)

_ p\Tk—1
x<_(1+ak_5k)<—ﬁka—6k+(1+ak Br) )

oy 20y,
1+ o — Be)™ 11+ ag +
+2(1+ak)<—5ka—&)+( ok = Br) (L+ 0y Bk)>
ag 20y,
i (1 + ag + B (1 + o + Br) (= BeTr — 25) + (1+ ay, — B) T 25)
k—ro0 2T B (1 + e + Br) Tk — (14 ag, — Br) k)
. (1 + o + By) 91Tk (— BT}, — %’; +(1+ag — ﬁk)T’flm)
k—yo0 (Lo —Br) Tk )
2Tk'8k<(1+ak+ﬁk)Tk +1
0 if ¢ € (0,1),
=\ .. ATk . ) L (52)
Jim —ppt = m (=5 - og) =~ e Ha=1
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Therefore, we deduce from (44) that

& T Bk
) m.qu-‘ ) 1 k T -1 _Bk T a 1 1
klm T, klm Ty (v[qu]) k _ 1 2 + 2T T

2
do;

_ i+ ks +q ifqe(0,1),
0 ifg=1,

which shows (48). Similarly, for (49), we first compute

. k T -1 Bk

= lim (vf7)" 20 e AR P
koo T G 2 A2 (g +1) \ 14+ L A 0

— tim (oh ) ! P
koo TR ATL L2 A2 (o +1) \ 284(1 + a)
~ lim (5((1 +ag = Be) TN+ ag + Be) — (1 + ag + B) [ (1 + o — 1))

A+ 2402 (o, 4+ 1)

(1 + ag + BT 171 — (1 + o — B) 19T (1 + o)
A+ 2402 (o, 4+ 1)

—L(1+ a4 BTN (1 4 ag — Br) + (1 + ay + B) TR 11 (1 + o)

_l’_

- klin;o (1 —+ o + ﬂk)Tk
1
= lim =(1+ ay + B) 1Tk
k—oo 2
0 ifqge(0,1),
_ q€(0,1) (53)
T ifg=1,

so that by (45) we obtain
if ¢ € (0,1),

Nl

. k .
Jm Kfgr) =

ifg=1,
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which proves (49). To show (50), we begin by computing from (44)

— BTy, — B T, —2 1
= ) gt ()L

Ta 2 20
1 12 _ _ B
=(1,0) 200 ( T A )( ﬁkal O‘Z>_Tk+1+1
V)T 12 1

Al +2A % (ap + 1) 1+ - —All ~da? 2 20y,
_ 20y, (; A12) —BT, — B T, 1
T AT 242 () + 1) \ 2ok Tk _ﬁ 2 20,

Al2
AP+ 242 (g +1) 2 20y,
BT 2 e (e + B0 — (a8 1 14 (54)
(14 o + Br)™ — (L + g — Bi) 2 20,

We then compute the limit

Lo e (a4 BT - (69T TN
k—oo T} (1 + o + 5k)T’€ — (1 + o — ,Bk)Tk 2 T 20T},
Bk 20 0
= lim _(1+C“k+ﬁk)Tk71f(1+ak*/3k)Tk71 (1 + ATUZ) o2 1 0

koo (Ltap+8i) "k~ (Itapt+e)—(Ltar—Be)* ' (Irar—Br) 2 + AT o2
(I4ap+Br) T~ = (4o —B) Tkt

— 50 L, 9 1

= li — [
P T Fan+ B 2 T2 2

which proves (50). Finally, for (51), we begin by computing from (45)

m’fz(vf)TA;1<5‘“>+§

0
= (1,0) 20 A Pe) 1
AL 242 (0 + 1) \ 1+ L Ay 0 2
B Bk 1
T (et AT - (1 +ax— BT | 2 (59)

so that limy_, #f = %, which concludes the proof of (47)-(51). Additionally, we note that the

convergence in (52) and (53) is uniform in ¢ on compact sets in (0,1). To see this, note that
the expressions in the limits (52) and (53) depend on ¢ only through (1 4 ay + B)/9T!1=Tk and

(1 + oy, — By) 19711 which both converge to zero uniformly in ¢ on compact sets in (0,1). Indeed,
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for every 0 < qp < Qo < 1, we have

0< lim sup (14 ay+ Bp) T~ < Tim (14 oy, + ) 9Tk =Tk = 0,
k—ro0 a€lq0,Qo) k—o0

0< lim  sup (14 ag— )71 < Tim (14 g — B) P71 =0,
k=09 ge[q0,Qo] ko0

which shows

lim  sup (14 ap+B:) =Tk =0 and lim sup (14 ay — G) k1= = 0.
k=0 4e(go,Qo) k=20 4e(g0,Qo]

This implies that for every 0 < gg < Qo < 1 and every € > 0, there exists kg such that

k
Merp 10 K 1
Tk 5_)\T02_q < e and H[qu]—i <€

for all k > ko and g € [qo, Qo). Note that ky may depend on ¢g, Qo and €, but it does not depend
on g because of the uniform convergence. We can also deduce from (52) and (53) that there exists
ko such that | ‘ <1+ )\T 5 and \/ﬁ;f] < 3 forall k > kg and t = 1,2,...,T;. Therefore, for every
0<qgo< Qo< 1 and every € > 0, there ex1sts ko such that

1%1k T,-2| 1 T’“Zl(k 1)
Ty & ¢ 2T | Tn P L9

< jfk(z([qom — 1)+ (Tx — 2)e + 2([(1 — Qo) Tx] — 1))

<2q0+e€+2(1 —Qo),

Li e, D=2 6(Ti—2) (T 2)(T — 1) RS o1 0 i1
TkQ — U5 2T, )\T0'2Tk 2T]3 Ty P Ty, 2 N o2 Th

1 26 20
= n((“w)“@m — 1)+ Tk~ 2)e+ (3+ o 2>U(1—Q0)TIJ —1))

20 20
< <3+W>QO+E+ <3+)\T 2)(1—@0)

for all k > kg. Letting go — 0, Qo — 1 and € — 0, we deduce

Tp—1 Tp—1

9 1 6
kh%noloTk;Kt: and hm Znt—— st s = s (56)

Together with (47)—(51), this implies

i+,

Ti—1 131
, N —*(“1+’””Tk)+Tth 2 K _ —f—4+3 1
khm Trar = khm " = —7 W = A (57)
—00 —00 771 77T]C Tp—1 —= — 5 + 5
n T2 Zt 9 77t 2 Nlo ATo
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Combining this with (40) and setting a = H%G’ we find
ATo2

faTi] 0 ifg=0,
Jim k= klggo(% + ([¢T%] - 1)%) =15% +qa ifqe(0,1),
t=1
1 ifg=1.

Similarly, using (43), (48), (49), and (57), we derive

0 ifg=0,
: k k _(_1 0 1 _ l-a a

kILH;OX[qu] = kli{go(n(qu}ak - K!’qu]) = (— 3+ 5z tQ)a+ 3= 575z + 152 +agif g€ (0,1),
: k _ ; —
klim(nTak+%Tk)_0+1_1 ifg=1.

Finally, the client’s expected costs of execution converge to
Tk 1 k k Tk—l
Ty — 2 n +n T, — 2
. 2 k 1 T k k. k k
klgg()(po—i—eak(— 5 (nf +nf,) + Znt)—i-ek( e (n1+nTk)+Znt>

k k
0/4,1 + mTk>
2

T, —1
. 1—2/T, nf+1f, 1
=1 0 2T2 - & 1 k
k;f&o<po+ a% ( DIk
1

I T T
N2
Ty—1 k k
m +T]T 1 2/Tk k k 1 k K1 +/€T
0 T k il 0 k
+ aglg ( 2T, 5 (1+ T’“)+Tk;Ht 5
g Ex _1 — -3 —_— —3
ATo2 —T1 2 1 1
0 < 1 ( 1> n 0 > 0 ( 1 1 3 n 1) n 93
=DPo 2V 75\ 75 2 4 \ "1 9 9 5 1
1+ 2,7\ 2 2) "ATo?) T14 2\ 4 27272) 7
N 0 30
=DPo 10 10
A1+ 3752) 20+ 5702) 4
1+ shes
Po + Z
2(1+ x7%2)
3—a
=po + 1 0
for a = ﬁ, where we used (46), (48)—(51), (56), and (57). O
ATo2
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OA.A.2.3 Proof of equation (35)
Proof of (35). According to (43), X¥ = n¥fay + k¥, which by (54) and (55) can be computed as

X{’“ = n]fak +ff’f
( BeT) _?k_m{(l+ak+5k)Tk P tar =80 T, 1 )a
k

— e —
(1 + ap + Br)Te — (14 o — Bg)Tr 2 20,

B 1
+ +-
(14 ap+Bk)T — (14— Br)T 2
_1- (T~ 2ay Br(1 = apTy) — 2 — 2 (14 g + Bi) o7 = (14 g, — B) T L om
B 2 (1+ g + Br) T — (14 ag — Br) Tk 20,

To conclude the proof, we need to show that

Br(1 — arTy) — %2 — (14 a + Br) 70 = (1+ ap — B) T+ L%
(1+ ap + B) e — (1 + g — By) T QOék '

For aj;, = 0, this inequality is satisfied, and for a; > 0, it is equivalent to

(1+ an + B) ™ Mok + Be) — (1 + e — B) ™ Haw — B) > —2aiBe(1/ar — Ty) + 2B (58)

Because of aj < T —, equation (58) follows from

(1+ ap+ Be) ™ Hog + Be) + (1 + ar — B) ™~ + Br)

T—1 T.—1

T . 4
= (g + B) Z ( k] )ﬁk(1+a VI 4 (o + Br) Z < > B (1 + )T 17d
J=0 J=
[(Tx—1)/2] T, bt (T — 1)/2J T, .
= g+ Ty—25—2 J Tp—1—2§
200 ) <2j+1>5 (1+ ) 28 ) ( 2 )6 (1+ )
Jj=0 7=0
> Qﬂk(l + Oék)kal
> 2Bk + 2(Tk — 1) By,
> 20y, + 4oy B,
where we used that Tj > 3. ]

OA.A.3 Infinite execution horizon

Besides the continuous-time limit considered in Section 5, another limit of economic interest con-
cerns what happens as the execution horizon T diverges to infinity, holding all other parameters
fixed. In particular, o would be held fixed, so the distance between consecutive trading periods
should not be interpreted as going to zero, distinguishing this from the continuous-time limit.

Rather, this limit can be interpreted as speaking to how the optimal contract changes as the client

OA-16



becomes progressively more patient.
As we did when analyzing the continuous-time limit, the following result is stated in terms of
the cumulative values through quantiles g of the execution period, and we focus on the case of a

strictly risk-averse dealer to ensure well-behaved convergence.

Proposition 14. Assume v = 0 and that the dealer is strictly risk-averse (A > 0). For each
execution horizon T € N, let 77 € TT be the optimal contract, and let =*T be the dealer strategy
that best responds to 1. For all q € [0,1],

[qT] [qT]
lim Y 77 = d Jim » 27 =
N

. ’ . [
The client’s expected costs of execution converge to pg + 5.

This result states a sense in which, as the execution horizon T diverges, (i) the optimal contract

7T converges to guaranteed TWAP, and (4) the dealer’s trading strategy x*T converges to the

first best. It follows that the client receives her first-best payoff in the limit.3°

For the intuition, note that in general, the dealer’s frontloading motive reflects a balance between
two considerations: given an offered contract 7, if the dealer deviates from & = 7 to an alternative
that differs from 7, then he may increase his expected profit, but he also exposes himself to price
risk. As T — oo, the dealer must take on more and more price risk in order to create the same
increase in expected profit, so that such deviations become progressively less attractive, and the
dealer’s best response converges to a trading strategy that mirrors the contract weights. Thus, the
limit resembles the case in which the dealer’s best response is to choose = 7. And in that case,
it is optimal for the client to induce the first-best policy, which she can achieve with a guaranteed
TWAP contract.

Proof of Proposition 14. In this setting, (11) becomes

0+ 2y ¥
xk <2Xk xk | _x* ) ( k_yk o _yk ) ( k Vk ) Vk
a2 vtr. a7 ) ATo? Va et A 7oz Ve T *
(59)
for all ¢ € (0,1), where Xg = Iquﬂ rf and Vk ZJMT{J 7 for 7% € ATk and a dealer strategy

" in the k™ model. Assuming that the limiting processes X, = limj_, oo Xk q and V; = lim_, qu

exist and are continuous, we have

= lim Xk lim X% = lim Xk 4 and V, = hm Vk lim Vk = lim V 1,

k—o0 k—so00 ‘H'T,C k—o0 T k—o0 +Tk k—oo 97T,

hence we obtain from (59) by letting k go to oo that X, = V; for all ¢ € [0,1], and the client’s

expected costs converge to pg + g. Consequently, the client chooses the first-best strategy as the

35Indeed, Proposition 1 states that, under the first best, the client’s expected costs of execution are po+ 7 + (TH) .

Taking the limit as T — oo, we obtain pg 4 & 5, as in Proposition 14.
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contract weights in the limit. Formally, this can be shown by analysis similar to that in the proof of
Proposition 9 in Appendix A. One would follow the computations related to the client’s expected
costs in (18), while using X, =V for all ¢ € [0, 1]. O
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OA.B Affine Contracts

Our main result, Proposition 4, provides explicit formulas for the optimal contract and the dealer’s
trading strategy when the feasible contracts are weighted averages of the market prices. When
the feasible contracts are affine functions of the market prices, we can still give explicit results,
although the formulas become more complicated.

For the purposes of this appendix, a contract is a vector (79, 71, ..., 77) € RTT! which stipulates
that the client will pay the dealer 7(p) = 70 + Zle T¢p¢. For notational convenience, we write
T =(71,...,77) ", excluding the constant 75. The weighted average price contracts considered in the
main text correspond to restricting to such contracts (9, 71, ..., 7r) with 79 = 0 and Z;‘le 7 = 1.

We provide a mathematical characterization of the optimal affine contract in Appendix OA.B.1.
Then we illustrate with numerical examples and discuss the solution in Appendix OA.B.2. Of special

interest is the case of a risk-neutral dealer, which we discuss in Appendix OA.B.3.

OA.B.1 Characterization of the optimal affine contract

The problem that we analyze here is the same as the formulation in Section 2.3, except that the
contract space is different. The proof of the following result goes along the same lines as that of

Lemma 2 and is therefore omitted.

Lemma 15. Recall the T x T matriz F from (1) and define T x T matrices A and E by

A2 +20+4y  —(0+27) 0 0
—(0 + 27) o2 + 20 + 4y —(0 + 27) 0
I 0 —(0+2y) AP +20+4y —(0+2y)
—(0+2y) AP +20+4y —(0+27)
0 e 0 Ao?
0+~ —y-— o2 —\o2
0 0+~ —y — Ao? —Ao? x
- 0 0 0+ —y—Ao? —Ao?
E = . . ’y ’y . .
0 O+~ —y—Ao?
0 . 0 0
For any affine contract with T = (11,...,77)", the dealer has a unique best response in X, which

1s the static trading strategy © = FA'Er + )\ang_I]l, where 1 = (1, 1,...,1)T denotes a T'-

dimensional vector of ones.

Likewise, the following result is the analogue to Proposition 4 for the space of affine contracts.

While the formulas look complicated, they are fully explicit and can be computed directly.
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Proposition 16. We define

M =0F" +0F +2vF'F + \o*F'G'GF,
N=ETA"TMA'E+o’G"G - \o?G'GFA'FE - \*ETA""F'G"G,
v=NoGTGFA 1 - \*ET A" TMA 1.

The optimal affine contract and the dealer’s trading strategy are given by
T = N"1o,

" = FA'EN v+ \o?FA ™1,
2

5 =po(1 =17+ (z" —7") T (0F 'a" +yz*) + )\L(w* ~ G Gz — ).

2

Under them, the client’s expected costs of execution are
Lo aqTa-Tari-t L o112
The proof of Proposition 16 is deferred to Appendix OA.B.4.

OA.B.2 Illustration and discussion of the optimal affine contract

(60)

(61)

INlustration. To illustrate the solution provided by Proposition 16, Figures 7-9 display the op-
timal contract and dealer’s trading strategy for various choices of the parameters 6, v, and A. For

the left panels, note that 7 corresponds to the weight on p, for ¢t € {1,...,T} and to the additive

constant for ¢t = 0.
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Optimal contract Trading strategy

0.07 0.062
0=00
0=02
0.06 - 0.06 — 9=04
——0=06
0.05 - ——0=08
0.058 —0=10
0.04 -
0.056 -
9=0.0
0.03 - 0=02
X 0=04 — 0.054 |
0.02 | X 0=06 —
X =08 —
X 0=10 — 0.052 -
0.01 -
0k 0.05
0.01 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0.048 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
fixed 2 4 6 8 10 12 14 16 18 20 2 4 6 8 0 12 14 16 18 20
payment time time

Figure 7: The optimal affine contract and trading strategy for different levels of permanent price
impact. When there is no permanent price impact (0 = 0), the first best is achieved. In this case,
the optimal contract satisfies 7; = 1/T for all j = 1,...,T and 79 = 0, while the trading strategy
is constant over time. The other parameters are y =1, A=1,0 =1, pg =0, and T = 20.

Optimal contract Trading strate
01 P 0.075 g 9y
7=0.0
=02
0.08 0.07 — =04
—=0.6
—— =08
— =10
0.06 - 0.065 [
004} 7 0.06
v=0.0
7=0.2
0.02 - X 4=04 — 0.055 -
X y=06 ——
X 4=08 —
of X o210 7 0.05
0.02 \ \ \ \ \ \ \ \ \ ) 0.045 L \ \ \ \ \ \ \ \ )
fixed 2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
payment time time

Figure 8: The optimal affine contract and trading strategy for different levels of temporary price
impact. The other parameters are 0 =1, A=1, 0 =1, pop =0, and T = 20.

Comparison to the baseline analysis. Several features of our baseline analysis (with weighted-
average-price contracts) extend to the case of affine contracts. One similarity is that the dealer’s
best response continues to reflect a frontloading motive. In the main text, this frontloading motive
was formalized by Proposition 3. The availability of additional contracts is irrelevant to that result,
so that the proposition carries over unchanged. Likewise, the right panels of Figures 7-9 suggest
that the dealer’s trading policy in response to the optimal contract is frontloaded (in the sense that
St ak> # for all t), just as in our baseline analysis (cf. the right panels of Figures 1-3).

In terms of the optimal contract, the main qualitative similarity to our baseline analysis is that
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Optimal contract Trading strategy

03 0.08 -
AN0.0
A=0.2
0.25 0.075 3o
AN0.0 —— =06
A=02 0.07 | —x=08
0.2 X Az04 — —— =10
X A=06 — 0.065
X Az08 —
0.15 X Az10 —
0.06
01-
j 0.055 |-
0.05 -
0.05
o 0.045 |-
-0.05 | | | ) 0.04 1 I 1 1 I I I |
fixed 2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
payment time time

Figure 9: The optimal affine contract and trading strategy for different levels of risk aversion. The
other parameters are § = 1, 0 = 1, pg = 0, and T = 20. For A = 0, the trading strategy is flat,
coinciding with the first best. Interestingly, the shape of the trading strategy changes significantly
when comparing A = 0.0 and A = 0.2.

there continue to be large weights on late prices, as illustrated by the left panels of Figures 7-9.
The main qualitative difference—besides the obvious presence of the constant—is that there are no
longer large weights on early prices. Here is the intuition for those patterns. In the baseline, the
reason to weight earlier prices was because, holding prices fixed, the client can reduce her payment
by shifting weight from later prices (which are high in expectation) to earlier prices (which are low
in expectation). With affine contracts, the client has two additional tools for reducing her payment:
(i) reducing the total weight put on prices (as Zthl 7 is no longer fixed at one), and (1) reducing
the fixed-payment component 79.As a result, she no longer has the same reason to weight early
prices. However, her rationale for weighting later periods remains—and for the same reasons as

discussed before.

OA.B.3 The case of a risk-neutral dealer

A notable case is that in which the dealer is risk-neutral (i.e., A = 0), in which case the client
obtains her first-best payoff. For example, she can achieve this by offering the dealer a suitable
fixed-price contract (analogous to a ‘sell-the-firm’ contract in classical models of moral hazard),
which she can do because the set of affine contracts includes all fixed-price contracts. However,
such a contract is not unique in implementing first best; many contracts are optimal when \ = 0.

In fact, we prove the following proposition in Appendix OA.B.4.

Proposition 17. When A = 0, an affine contract (r9,7) is optimal if and only if (i) T =
C(m (0+7)° O+
v ,72 P 'YT

bind.

i
) for some ¢ € R, and (i) 19 is chosen to make the (IR) constraint

0OA-22



In the language of Proposition 17, the optimal fixed-price contract entails ¢ = 0. As illustrated

in Figure 9, the optimal contract identified by Proposition 16 entails a ¢ > 0 when A\ converges to

Z€I‘O.36

OA.B.4 Proofs of results in Appendix OA.B

Proof of Proposition 16. It follows from (IR) that

T T T T 2
A 2
T0 Zpo—po E T+ E (Xt_Xt—l_Tt>(9Xt+’Y(Xt_Xt—1))+7g E (Xt—1—1+ E Tj) , (62)

t=1 t=1 t=1

with equality if (IR) is binding. The client’s expected cost of a contract 7(p) is

£

Ee [T(p)] =170 + Eg

t=1
T t

=710+ Eyp Z Ty (pg + Z(ij +¢e5)+ 73;,:)]
t=1 j=1

T t
=T +Z7’t<po +Z€x]~ +'yxt>
t=1

T
>pot+ > (X — Xio1) (0Xe +v(Xy — Xy1)) + il Z (Xt 1 - 1+ZT]> ., (63)
t=1

with equality if (IR) is binding. Using matrices, we can rewrite this when (IR) is binding as

2
Ealr(p)] = po+ X FT(0X +9FX) + "0 (a—7) G TGz — 7)

1 Ao
—po+ 3 X MX + %TTGTGT A2 TG Gz
1 Ao - _
= po + QTTETA TMA BT+ g TTGTGr — \o?r T GTGFA ' Br — X%t TGTGFA 11
24T 7-T 1 Not 174 T 1
a1l TAT T MA B+ 20 1A MA1,

where F' is defined in (1), and G and M are given in (60). We can write this as

2,4 _ _
1TA T MA T,

1 A
T Nt —v 14+ po+

Eo[r(p)] = ;

where N and v are defined in (60). From the first-order condition, the minimizer is given by
7% = N~Lv. It now follows from Lemma 15 that * = FA"'EN v+ Ao2FA~11. We deduce (61)

36If we plug A = 0 in the formula of Proposition 16, it will not be well defined because A is not invertible.
Proposition 16 gives a unique optimal contract for every A > 0, converging to a unique limiting contract as A N\ 0.
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from (62). For the expected costs under this contract, we write

L e Taros o Tox Mot T
Eol7(p)] = 5(7°) 'NT* — 07" + pp + 1"TA TMA 1

L. —1, T * ~1 L o1 ar—1y2 Aot
25(7' — N v) N(t* =N v)—ifv (N")v+po+ 5

1"TA TMA 1

1 Aot
= —§UT(N_1)2’U +po +

1"TA TMA 1,

which concludes the proof. O

Proof of Proposition 17. By Proposition 1, the expected costs of execution are pg + 7 + 6(72“; L)

under the first-best trading strategy % = (%, ey %)T We will find all 7 with

v o 6(T+1)
E = — 4
2T(P)] = po+ 7 + =57
To do so, we first note that the best response to all such 7 must be . Indeed, (63) for A =0

gives

3 SR, v (T +1)
Ez[7(p)] 2p0+’72$%+92$t21’32p0—|——+ (64)

T 2T 7’
t=1 t=1  s=1

where the second inequality follows from the proof of Proposition 1. Equality holds in the first
part of (64) if and only if (IR) is binding. There is equality in the second part of (64) if and only
if & = 2P, Next, we rewrite the best-response formula in Lemma 15 for A = 0 as AF 'z =
ET+(0,...,0,1)7, where

20 +4y  —(0+27) 0 0
—(0+2y) 20+4y —(0+2y) 0
T 0 —(0+2y) 20+4y —(0+27)
—(0+2y) 20+4y —(0+27)
0 0 1
0+~ —v 0
0O 0+~ — O
_ 0 0 O+~ — 0
E: . . ry . ry .
0 0+~ —v
0 0

We compute AF~1zfP = (0,...,0,1)". Therefore, a contract is optimal if and only if (i) ET = 0
and (ii) 79 is chosen to make the (IR) constraint bind. The condition ET = 0 is equivalent to

T
O@+~y) =771 forallt=1,..., T —1,or 7 = c(fﬁ%’, (9:27)2,..., (etl)T) for some ce R. [
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