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Abstract

Machine learning methods for big data trade off bias for precision in prediction. To
understand the implications for financial markets, I formulate a trading model with
a prediction technology where investors optimally choose a biased estimator. The
model identifies a novel cost of complexity that arises endogenously. This effect makes
it optimal to ignore costless signals and introduces in- and out-of-sample return pre-
dictability that is not driven by priced risk or behavioral biases. Empirically, the model
can explain patterns of vanishing predictability of the equity risk premium. The model
calibration is consistent with a technological shift following the rise of private comput-
ers and the invention of the internet. When allowing for heterogeneity in information
between agents, complexity drives a wedge between the private and social value of data
and lowers price informativeness. Estimation errors generate short-term price reversals
similar to liquidity demand.
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1. Introduction

Big data is revolutionizing the finance industry (Goldstein, Spatt, and Ye, 2021) and
is the key input to a new information economy (Farboodi and Veldkamp, 2021). Machine
learning is recognized as a technology that unleashes the potential of Big Data, but empirical
research suggests that there is more to the story (Gu, Kelly, and Xiu, 2020). Applied to return
prediction, methods that rely on dimensionality reduction outperform ordinary least squares
regression by successfully employing more predictors. However, they are outperformed by
neural networks taking advantage of non-linear function approximation. A sophisticated
approximation is useful when the true functional form of the underlying prediction problem
is unknown. In this paper, I introduce a tractable formulation of such a prediction problem
and derive its implications for financial markets.

Investors trade an asset with a pay-off for which some statistical properties are unknown
and must be estimated from data. A multitude of data sources is available for designing
the statistical model. All data sources would improve investors’ predictions of the pay-off
if they knew the true model. However, estimating the statistical model generates a loss of
predictive performance compared to the baseline, a cost of complexity. Investors limit the
cost of complexity by choosing an estimator that optimally trades off bias and variance, given
the difficulty of the estimation problem and their level of sophistication, their estimation
technology. Estimation technology covers algorithms and data quality /quantity as well as
heuristics and experience. An unbiased estimator is generally not optimal due to its high
variance. The immediate effect of improving estimation technology may be a larger bias
if the trade-off with variance is attractive. Even with the optimal estimator, the cost of
complexity of including certain data sources can be so high that it outweighs the benefits,
and investors improve their prediction of the pay-off by excluding these data sources.

In a representative agent model, econometricians analyzing the generated market data
will find predictability in returns even if they perform their analysis out of sample unless
their optimal bias coincides with investors’ bias. Furthermore, a lower cost of complexity
due to better estimation technology can lead econometricians to consider data sources that
investors originally ignored. While this is actual predictability not exploited by investors,
it is not due to risk premia or irrational mispricing but the complexity of extending the
statistical model to include those data sources.! In both cases, the predictability generated

by the necessity of function approximation is fundamentally different from the in-sample

'For a real-world example, consider the application of natural language processing to newspaper articles
and annual reports. Both sources of information have been available and presumably used by investors.
However, the ability to search for patterns across thousands and thousands of publications is unique to the
statistical /algorithmic approach to textual analysis.



predictability in returns related to parameter uncertainty (Lewellen and Shanken, 2002;
Martin and Nagel, 2021). With parameter uncertainty, in-sample predictions of returns are
biased, but conditioning only on information available at the time of trading (out-of-sample
testing) removes the bias. With function approximation, advances in estimation technology,
whether those are new tools like machine learning or better heuristics, become a source of
predictability that persists out-of-sample as well.

Embedding the prediction problem in the workhorse asymmetric information model of
Grossman and Stiglitz (1980), with informed and uninformed investors, the cost of complex-
ity may be so high that no one would decide to become an informed investor even if data
was available for free. The condition for informed predictions to outperform uninformed
predictions is related to the condition for whether or not to ignore new data sources, but
they are not identical. It is possible for informed predictions to deteriorate due to higher
dimensional? data without informed investing being given up. I explicitly show how infor-
mation asymmetry is another source of predictability that does not disappear out-of-sample.
Earlier works by O’Hara (2003) and Biais, Bossaerts, and Spatt (2010) analyze asset pricing
implications of models similar to the baseline model without the estimation problem, but
rather than discussing return predictability per se, they focus on implications for CAPM.
In the full model, the interaction between asymmetric information and function approxima-
tion produces out-of-sample ‘echoes’ of in-sample results even if econometricians manage to
match the optimal bias and active information set of investors. This problem is particularly
pronounced in markets prone to large supply shocks, high levels of noise trading. This is a
concern for empirical work since trading noise might appear to be behavioral bias as these
markets are populated by investors who can be considered particularly susceptible to such
biases, i.e., specific stocks with large exposure to retail investors. The interaction, however,
also represents an opportunity for empirical analysis since cross-sectional variation in noise
trading affects the predictability arising from investors’ optimal bias but not ignored data
sources. The channel is price responsiveness, how strongly prices react to information and
supply shocks. Generally, shocks that enter the price through investors’ predictions will vary
with price responsiveness, and others, e.g., priced risk, do not. In either case, additional vari-
ation is required to distinguish between such sources of predictability and those generated
by the prediction problem.

The model provides additional predictions for price informativeness, price pressure and
reversals, trading volume, and fund performance. Objective price informativeness is sub-
ject to a bias-variance trade-off, which is not optimized by the solution to the investors’

prediction problem. Investors might ignore new data sources that improve price informa-

2Such a deterioration can occur if subsets of the data cannot be ignored selectively.



tiveness. Improving estimation technology closes the gap between the private and social
value data. Price pressure is generated both by supply shocks and estimation noise of the
prediction problem, making short-term price reversals more likely, other things being equal.
In contrast to an established tradition of analyzing price pressure (Campbell, Grossman,
and Wang, 1993; Hendershott and Menkveld, 2014), conditioning on price variance is more
effective than trading volume for distinguishing between the two sources. Fund performance
is subject to an unanticipated transfer between investors when comparing investors’ ex-ante
expectations of profits to the ex-post average of realized profits. The sign of this transfer
depends on whether investors over- or underestimate the covariance between the pay-off and
informed investors’ prediction and appears predictable in retrospect.

In an empirical application of the model, I analyze two patterns of predictability from the
literature on predicting the equity risk premium following (Welch and Goyal, 2008). The first
pattern emerges across studies. A group of predictive variables outperforms the historical
mean in the earlier part of the sample, followed by under-performance in the later part.
The turn-around falls in the early 1990s. It follows the rise of the private computer in the
1980s and coincides with the early years of the internet. The second pattern emerges between
studies and is that later papers present estimation approaches that outperform earlier papers
(Campbell and Thompson, 2008; Rapach, Strauss, and Zhou, 2010; Neely, Rapach, Tu, and
Zhou, 2014; Buncic and Tischhauser, 2017; Hammerschmid and Lohre, 2018). The second
pattern does to a certain extent coincide with the introduction of additional data sources.
However, I show that the pattern can be replicated by comparing ordinary least squares
to regularized linear models (Ridge regression and LASSO). An improvement in investors’
estimation technology over the run of the data series can explain the first pattern, and
improved estimation technology employed in later studies can explain the second pattern.
In the model, technology has a one-dimensional and, as such, ordered representation.

Calibrating the representative agent model to the data to replicate the first pattern, the
change in predictability requires a large shift in technology, with the relevant parameter
tripled from the earlier to the later period. The calibration is consistent with a substantial
improvement in investors’ estimation technology. Furthermore, the calibration demonstrates
the importance of modeling optimal bias, i.e., a bias traded off for lower variance. The
fit that generates the pattern of predictive out-performance followed by under-performance

does not produce a decrease in the bias of investors’ estimator but rather an increase.



1.1. Related literature

The central prediction problem in this paper is motivated by results in the empirical
literature on applying machine learning to asset pricing (Gu et al., 2020; Ma, 2021). The
formalization abstracts the practical approach of estimating an information structure with
factor loadings and factors as distinct sub-problems formulated for linear sub-problems in
Kelly, Pruitt, and Su (2017) and extended to non-linear sub-problems in Gagliardini and Ma
(2019) and Gu, Kelly, and Xiu (2021) (in particular Figure 2 of that paper is a clear repre-
sentation). An emerging literature on the virtue of complex models (Kelly, Malamud, and
Zhou, 2022; Didisheim, Ke, Kelly, and Malamud, 2023) establish theoretically and empiri-
cally how over-parametrized models achieve good performance in return prediction. Through
a rigorous application of random matrix theory the existence of a complexity wedge between
a feasible and an ideal model is established in a partial equilibrium setting. The virtue of
complex models suggests that increasingly complex models can outperform their antecedents
and provides a motivation for studying how technological improvement of prediction methods
affects a general equilibrium setting as done in the this paper.

In the analysis of return predictability as econometricians’ prediction problem, this paper
builds on the literature on learning in financial markets, specifically learning about param-
eters (Lewellen and Shanken, 2002; Pastor and Veronesi, 2009) and its extension to the
high-dimensional regime of big data (Martin and Nagel, 2021). The step from learning to
machine learning introduced in this paper is achieved by necessitating function approxima-
tion and, as such, introducing a bias-variance trade-off in investors’ prediction problem.

The model extends classic models of information aggregation (Grossman and Stiglitz,
1980; Hellwig, 1980; Kyle, 1985) where one signal is sufficient to model. That signal might
be the outcome of a complicated process of following news, analyzing company and industry
fundamentals, or having private information about a firm, but the sources themselves are
not important. The cost of complexity depends on the information structure, which breaks
the irrelevance of the individual sources. The setting is also distinct from the multi-asset
setup of Admati (1985) in which the relevance of the information structure comes from the
multitude of assets rather than information sources.

In the literature on costly information acquisition (Van Nieuwerburgh and Veldkamp,
2010), a feedback effect between trading and learning decisions makes the covariance struc-
ture of pay-offs and signals relevant. The cost functions in these specifications are rather
flexible and have been modeled on the spectrum from rational inattention, see Sims (2003),
to the entire process of cleaning, evaluating, and processing data, see Dugast and Foucault
(2020). The cost of complexity in my model is conceptually different from these exogenous

cost structures in that it is an integrated part of the estimation problem and is inherently a
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cost measured in predictive performance. In terms of implications, the function approxima-
tion prediction problem is distinct from costly information acquisition in that it introduces
an optimal bias. Furthermore, the decision to include a data source or not is not strategic,
as in anticipating the feedback between trading and learning, but purely based on the statis-
tical properties of the information. Allowing this decision to be strategic in a model about
constrained but optimal prediction would correspond to allowing investors to distort their
beliefs against their better knowledge, more like the optimal self-deception of Brunnermeier
and Parker (2005) than rational inattention. Ultimately, the burden put on investors’ ability
to comprehend the full information counterfactual is smaller in my model as the trading and
prediction problems are separated. In this way, the model is also distinct from the bounded
rationality models of complexity of Gabaix (2014), and Molavi, Tahbaz-Salehi, and Vedolin
(2021).

A pertinent question following the rise of big data has been whether it has made prices
more informative. Early results in Bai, Philippon, and Savov (2016) suggest that this is the
case, whereas later findings suggest that a subset of firms drives earlier results (Farboodi,
Matray, Veldkamp, and Venkateswaran, 2020) and that price informativeness of other sub-
groups have been constant or might even have declined. This discussion has taken place in
the equities market space, and the explanation proposed by Farboodi et al. (2020) focuses on
the value of data about large firms versus small ones. In the presence of a cost of complexity,
more data can lead to worse predictions if investors cannot separate the data into distinct
sources and ignore some of them. If investors can separate the data, they might still ignore
new data, and, as a result, price informativeness is unchanged. Advances in estimation tech-
nology asymptotically close the gap, but the pace of convergence at lower levels depends on
the information structure. Therefore, it varies across assets even if the estimation technology
is standardized.

In parallel to the discussion of price informativeness, the discussion of return predictabil-
ity has, in the last ten years, seen the declaration of the ‘factor zoo’ (Cochrane, 2011), a
replication crisis (Harvey, 2017; Hou, Xue, and Zhang, 2020), and a potential rebuttal by
reference to a Bayesian baseline (Jensen, Kelly, and Pedersen, 2021). It might not only be
econometricians who are affected by the high-dimensional inference problems but also in-
vestors (Martin and Nagel, 2021), and investors’ solution to their prediction problem feeds
into econometricians’ empirical analysis. Changes in estimation technology can generate
return predictability even out-of-sample, and additional sources of variation are necessary to
distinguish it from risk premia and/or anomalies.

I proceed as follows. In Section 2, I show the inference problem in the context of a

representative agent model and how it generates optimal bias and a cost of complexity.



In Section 3, I embed the inference problem in an asymmetric information model with
heterogeneity across agents. In Section 4, I discuss model predictions and the value of
data analytically and numerically. Section 5 covers the empirical aplication to patterns in
predictability of the equity risk premium and Section 6 implications for further empirical

work before I conclude with Section 7.

2. Representative agent

The inference problem of the representative agent (or of the informed investors in my
extension to a Grossman and Stiglitz (1980) setting in Section 3) is my key information
friction. It presents a principled deviation from the dogma of rational expectations by only
allowing partial knowledge of the true underlying information structure. The remaining part
must be estimated, and I assume that this is done by choosing an estimator that optimizes
the quality of the prediction of a risky pay-off, with mean squared error as the measure of
quality.

To highlight the impact of the main information friction, assume investors are symmetric
and have demand that is linear in the difference between their prediction and the price.?
Trading one risky asset and one risk-less asset in elastic supply in one period and consuming
their wealth in the second (see Appendix B.1), market clearing amongst symmetric agents
require price to equal prediction. Denoting the pay-off by y and investors prediction of
that is p = ¢. In Section 3, I embed the inference problem described below in the asymmetric

information work-horse model of Grossman and Stiglitz (1980), introducing heterogeneity in

agents.

2.1. Inference problem

For clarity, I impose a factor structure on the pay-off y = B'q and allow for high
dimensionality through factors g with signals s that are well-behaved. Meanwhile true factor
loadings (3 are constant (and finite) but must be estimated from noisy data by estimator 8,
which, due to the noise, is a random variable. The choice of estimator is the key problem in
the model.

Assumption 1 (Estimator choice). Investors minimize the mean squared error of their
predictor y by trading off the bias and variance of the estimator B The elements of the
vectors of biases is assumed to be finite and the variance-covariance matrix of,é full-rank.

True B is constant and element-wise finite.

3Risk neutrality or the demand function described in Appendix B.3 or Appendix B.4 are all valid choices.



Intuitively, Assumption 1 says that investors care about making the best possible predic-
tion, in contrast to putting more weight on unbiasedness for instance. Furthermore, while
turning estimator choice into an optimization problem is inspired by the approach to pre-
dictions of machine learning the trade-off could be considered a prior selection mechanism.
For tractability, an additional assumption on the independence of the noise in the estimator

is important.

Assumption 2 (Independent noise). The noise in the data of estimator B is independent

of factors q and signals s.

The noise in the estimation data makes B a random variable with unconditional expec-

tation F [B} = pg and variance-covariance matrix Var [B] = 03R305 where Ry is the

correlation matrix of B and I drop the hat on subscripts to avoid clutter.
Factors and signals are well-behaved, assuming joint normality of non-constant, non-
redundant variables. I use the notation I' := Rqus_lR; where matrices Ry, R,, Ry, are

correlation matrices. Additionally, I denote a diagonal matrix by D.

Assumption 3 (Gaussian factor expectations). Factors and signals follows a multi-variate

normal distribution, such that the conditional expectation of factors given signals is
¢ = FElqls] = p, + 22 (s — ), where { ~ N (g, 2¢)
with element-wise finite expectations p, and full-rank variance-covariance matriz
3 = 3.3, '%,, = D, R,D, D,'R,'D,'D, R,,D,, = D, TD,,.

To derive the bias-variance trade-off of Assumption 1, I first decompose the mean squared
error of predictor §. Some notation is helpful here. The second moment matrix of conditional

expectation ¢ and unconditional bias of estimator B are respectively
Q = E[¢¢T] = pop] +3, and e5:=E [5 — B] — By

Lemma 1 (Mean squared error decomposition). The mean squared error of predictor § can

be decomposed into three terms

E(y—9)°] = (Elyl — E[)* + Varly] + Var [§] — 2Cov [y, §]
= 629485 —i—O’E(R@@Qc)O’g—l-YCLT[y‘S,,B]

J

~
bias-squared term variance term irreducible error



Proof. Given Assumption 2, the variance of the predictor is the variance of two independent

random vectors, which can be written using the Hadamard product ® (see Appendix A.1)
Var(j] = ejSces — B ScB+ 28 5c(B —e5) + 04 (Rs © Q)0 (1)

and 873 (8 — €5) = Cov [y, §] which cancels out with the negative covariance terms of the
mean squared error. The squared bias of predictor y can be written as a quadratic form of
the bias of the estimator and factor means egpqugsﬁ and collected in egQCsﬁ with E;ECEB
of Var[g] in equation (1). The remaining two terms can be collected in the conditional

variance under the true model

B'E,8 B P =VarlylB] - Varly|B] = Var[y|s, 8]

Existence of the moments follows from Assumption 1 and Assumption 3. n

The labeling of the three terms in Lemma 1 matches the bias-variance decomposition as it
is usually defined (see Hastie, Tibshirani, and Friedman (2009) chapter 7.3), and the variance
under the true model is the irreducible noise from the perspective of choosing the estimator
B. Therefore, the the bias-variance trade-off for a given information set only applies to the
first two terms. This is in contrast to considerations on expanding the information set as I
will return to in Section 2.4. Notice that the decomposition of Lemma 1 does not depend
on the asumptions on the specific functional form of the bias and variance of the estimator

except for the finiteness and full-rank condition of Assumption 1.

2.2.  Bias-variance trade-off

More structure is necessary to formulate a meaningful minimization of the first two terms
in Lemma 1. One piece is the constraint that it is a trade-off between bias and variance.
Imposing the constraint directly on the bias and variance terms neglects the factor structure
of the problem. Instead, I specify element-wise symmetric functions for bias €g and volatility
o and extend Assumption 2 to assume no correlation between factor loadings as well.* Bias
and volatility functions are linked through a vector of controls ¢. The controls are an
abstraction that captures the choices involved in choosing an estimator. They incorporate
both the high-level decision of which estimator (e.g. ordinary least square, LASSO, neural

net etc.) but also the details such as how to clean the data and tune any hyper-parameters

4Estimating factors and factor loadings are two sub-problems of the prediction problem. The assumptions
made about the factors and signals of the risky pay-off in Assumption 3 are separate from the specification
of the factor loadings.



the estimator may have.

Assumption 4. Bias and volatility are element-wise symmetric functions g = f(¢;) and
osi = fo(c;), such that Oeg;/0c; = Dog;/0c; = 0 V) # i and factor loadings are uncorrelated,
1.€. Rﬁ =1.

In this way, the trade-off constraint can be imposed cleanly as a set of pairwise restrictions
fl(ei) fi(e;) < 0, and the interactions between factors loadings arise from the minimization
rather than being imposed on it. The structure of these interactions is entirely determined
by the factor structured encoded in €2 as the weighing matrix of the variance term simplifies
to I © €2 = Dq,. To motivate Assumption 4, recall that the randomness in the estimator
of the factor loadings follows from the noise in the data and (potentially) the estimation
method. Without a specific type of interaction between the two in mind, it seems prudent
to limit the impact on the solution of structure imposed on the noise of the problem. How-
ever, maintaining the assumption of a pairwise trade-off, interactions can be introduced by
specifying a correlation matrix Rs and simply replacing the diagonal matrix D, by Rz ® Q¢
in the following derivations.

Applying Assumption 4 to the first two terms of Lemma 1 and requiring that volatility

is non-negative, the bias-variance trade-off as a constrained minimization is
mcin@ =€y Qeeg+0;Dg. 05 subject to  [fl(c;)fr(c;) <0, folc;) >0V €. (2)

The strict inequality of the constraint on the product of first derivatives requires that both are
non-zero. To derive a closed form solution, I impose additional restrictions on the functional

form of bias and volatility.

Assumption 5. Bias is a linear and volatility an affine function of control given by
fe(ci) = keciy,  fo(c;) = koci + kyo,  subject to  k.k, > —00, ks € (0,00).

Assumption 5 is more technical than Assumption 4, and its motivation is to limit the
problem defined in (2) to a class of minimizations with unique minima, and make it easier
to parse equilibrium outcomes. The assumption of affinity of the volatility function is not
necessary for uniqueness and has the drawback that while a solution to an unrestricted
solution to optimization (2) exists (see Proposition 1) it might not be feasible as it could
violate the non-negativity constraint. However, when that solution is feasible, it is available
in closed form and feasibility only depends on the factor structure, not the parameters of the
bias and volatility functions. Bias can be extended to an affine form without fundamentally

altering the form of optimal controls and minimized bias-variance (see Appendix A.2.3) but
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it comes at the cost of more involved expressions. In contrast, restricting both functions to a
linear form leaves controls of all zeros as the only solution to the minimization. Restricting
bias rather than variance makes it possible to study the impact of forcing the estimator to

be unbiased by setting controls to zero ¢ = 0 for an estimator with variance o3 = k1.

2.3.  Optimal bias

I denote the optimal controls by a star ¢* = argmax.© and denote the minimized
objective as Y := O|c=¢+. In Section 2.4, I show formally that y is the cost of complexity and
it increases in the number of signals n,. Additionally, to describe the solution to optimization
(2) it is convenient to define the ratio of the slope parameters of the bias and volatility
functions as k. := ky/k.. T will refer to the square of the ratio of slope parameters k? as the
estimation technology parameter because the cost of complexity y is everywhere decreasing
in it (see Equation 3). In contrast, I will interpret the constant of the volatility function
k.o as the difficulty of the estimation because it determines the cost of complexity under
the inefficient but unbiased estimator ©|.—o that is only optimal for k? = 0. Increasing k?
changes the trade-off whereas increasing k.o simply scales up bias, volatility, and the cost of

complexity.
Proposition 1 (Bias-variance trade-off solution). Under Assumption 4 and Assumption 5,
the unconstrained solution to optimization (2) and cost of complexity are

¢ =~k kg {I - Dgzgx—l} 1, =6l = k21 X 'L, where X = K29 + Dy

This solution to the unconstrained minimization problem always exists and it is unique.

Proof. For the complete algebraic manipulation see Appendix A.2.1. Existence follows from
the positive definiteness of X, and uniqueness from the positive definiteness of the Hessian
matrix of the objective k29 + k2 D, .- Since both are sums of positive definite matrices they

are also positive definite. O

Corollary 1.1 (Optimal bias and volatility). Bias and volatility only depend on slope pa-

rameters k. and k, through their ratio k.
€lecer = =k koo {I —Dg' X'} 1 >0, 0ple—er = kooDg' X '1.

Proof. For the proof of the inequality see Appendix A.2.2. n

Proposition 1 leaves open the question of the feasibility of the solution described. In

Assumption 6, I present the condition for feasibility of the solution in Proposition 1. Tech-
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nological developments captured by changes in the technology parameters k. and k.o do not

affect the status of the feasibility condition because it does not depend on them.

Assumption 6 (Bias-variance trade-off feasibility). I assume that the following element-wise

vector inequality holds
Ogle=er >0 <= Q1> 0.

See Appendix A.2.2 for the algebraic manipulation of o |c—+ that demonstrates equiv-
alence of the two inequalities. Informally, since the on-diagonal entries of {2 are positive,
Assumption 6 restricts the set of factor structures with a feasible solution to structures with
“not too” negative average cross-second moments of conditional expectations of factors given
signals.

For the interpretation of the square of the ratio of slope parameters k? as a measure of
estimation technological development, notice that the cost of complexity is indeed decreasing
in it

Ox

_ 2 14T -10-1 -1
5R = Tl XX <0, (3)

but in a non-linear fashion, which means that it changes the trade-off between bias and
variance rather than simply scaling them up or down. This improvement could represent

new techniques or better input data for the estimation of factor loadings B since both are

abstracted into the properties of the estimator in Assumption 1 and Assumption 2.

2.4. Cost of complexity

To demonstrate that the minimized objective y is the cost of complexity and the variance
under true model Varly|3, s;] is the balancing cost of simplicity, I first provide a recursive
formulation of the second moment matrix of conditional expectations €2, based on block
matrix inversion and multiplication. The recursion is over the number of signals ng, and

concerns the decision of including the n,th signal in the vector of signals s. The main step

T

gs.ne» and in particular the

is to operate on the matrix of correlations I',,, = Ry, R;}lsR
inverse signal correlation matrix RS_}L Explicit derivations are in the Appendix A.3, but it
is necessary to introduce some notation here. Denote the correlation between the new signal
ns and the extant signals s, 1 by p,, = Corr[s, _1,s,,], the correlation between the
new signal and factors g by p;s’ns = (Pgsm.—1 Paisn, ), and define the correlation correction
Psmslne—1 ‘= 1 — pInSR;}ls Psn.- With this notation, it is possible to define the vector ¢,

with elements ¢;,,, = P;S,n—1R;3zs—1 Psn — Pgisn,- Lhe recursive formulation of the matrix
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of correlations is then I',,, = I',,, 1 + ps_rlbsms_lqbns d)?l and it follows immediately that the

difference I',,, — T',,, 1 = p;is‘ns_lq’)nscbzs is positive semi-definite. Finally, this means that

the second moment matrix of conditional expectations has the recursive formulation

Qn, = bty + Do, T, 1D, +p.) Do, b, Do,
= Q<7n3_1 + p;7113|ns_1D0q¢n5¢7—Lrngq7 (4)

where the last term also can be written as an outer product

ngq’)nsgb;ng = (Uq © d)ns) (Gq © ¢ns)T :

Proposition 2 (Cost of complexity vs simplicity). Signs of the increments in the minimized
bias-variance trade-off objective and the conditional variance under the true model based on

including a signal are

Xy = Xnoo1 = kool { X0 = X013 1 >0,
Var[y’/g’ Sns] - Var[ylﬁa Sf,nsfl] = IBTDO'q (I‘nSfl - Fns)Daqﬁ S 0.

Proof. The second inequality follows from the observation made in the main-text that I',,, —
I',,._1 is positive semi-definite. By properties of symmetric positive definite matrices the
difference X ;Sl - X ;51_1 is positive semi-definite if X, ,_; — X, is positive semi-definite.
This is shown to be the case in Appendix A.4. O

An illustration of Proposition 2 can be found in Figure 2, which covers both the case where
the cost of complexity dominates and the case where the benefit of reducing variance under
the true model is greater. In Appendix A.5 and Appendix A.6, I show how to extend this
analysis to an arbitrary group of additional signals. By induction, the results in Proposition 2
must hold for groups of signals, but I demonstrate that a convenient form similar to 4 exist
for a group of signals and, indeed, confirm Proposition 2 for this more general case.

Intuitively what Proposition 2 shows is that adding another signal always (weakly) in-
creases the cost of complexity and lowers the conditional variance under the true model.
This is key for interpreting y as the cost of complexity because it increases when the model
is expanded along new dimensions. It is also worth noticing, that the cost of complexity
only increases in signals that are fundamentally informative about the factors or the already
included signals. This follows from the recursive formulation of the second moment matrix
in equation (4) and the definition of the vector ¢, ,, . For a signal uncorrelated with factors g

and already included signals sy, _1, the vector vector 1), is zero and there is no difference

Ns
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between second moment matrix ¢, and ¢, i, which propagates to X, and X, _;.
This aligns well with the cost of simplicity being the conditional variance under the true

model, which clearly is not decreased by conditioning on an irrelevant signal.

3. Heterogeneous agents

In this section, I formulate an extension of the model on the basis of the work-horse
asymmetric information model of Grossman and Stiglitz (1980). I make two adjustments to
uninformed inference and demand that do not change the classic model but make a difference
when informed investors solve the inference problem described in the previous Section 2.1.

Two homogeneous groups of investors, informed and uninformed denoted by i € {I,U},
trade a risky asset with independent mean-zero stochastic supply z optimizing demand J;
over the utility of ultimate profit (equivalent to final wealth, See Appendix B.1). A risk-free
asset, which acts as a numeraire with a price and pay-off of one, is available in perfectly
elastic supply. Investors are price-takers trading in demand-schedules akin to posting limit

orders rather than market orders, see Kyle (1989).

3.1.  Unminformed inference

Investors have common priors, which would lead all investors to make the same predic-
tions if endowed with the same information. Investors of type ¢ have information set F;
and a linear demand function of the form §; = ;(y; — p) where §; = Ely|F;] and, with
uncertainty aversion «;, v¥; = {a;E[(y — 9;)*]}'. In Appendix B.3 and Appendix B.4, I
present two foundations for this demand function, respectively a robust profit maximization
objective, and CARA-utility with ambiguity aversion. For simplicity, assume that investors
know the unconditional mean squared error.> In equilibrium, the market clears and the
uninformed can extract the signal sy := p — 1/11_1(5[] =y — w;lz, where 17 is the scaling
factor of informed demand. I assume that the uninformed investors’ prediction of informed
investors’ prediction is the best linear approximation which I signify by adding a tilde to the

expectation, i.e. E[]. It is given by the projection

Var|y]

<1, o2 =Var[z
Var[jr] + ;o2 g2

QU = E[@[|SU] = (1 — )\U)E[g[] + >\U3U where >\U =

5This assumption can be understood as investors having access to methods such as simulation and cross-
validation, to approximate the unconditional mean squared error, and that these methods are accurate
enough to abstract away this approximation step and model the approximation as the true unconditional
mean squared error. As such, what is abstracted away is the noise in the approximation step.
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The best linear approximation minimizes the mean squared error E|[(§; — §r)?], which is
consistent with the way the informed chose their predictor (see Section 2.1). In the baseline
model where factor loadings are known (equivalent to Grossman and Stiglitz (1980)) this
prediction corresponds to the expectation of the pay-off given sy (see Appendix B.2). The
conditional expectation is linear and, therefore, the best linear approximation is the best
approximation. The formulation here allows for the informed investors noisy estimation of
factor loadings that does not depend on a full specification of the distribution of noise. This

is true in the baseline model with known factor loadings as well.

3.2.  Uninformed mean squared error

The mean squared error of the uninformed investors is a convex combination of the mean
squared error of the informed investors and the sum of the unconditional variance of the

pay-off and the square of biases scaled by factor means

Elly—gv)’] = (1= \v) {VC”“[y] + (8}%)2} + M\ E[(y — 91)7)-

Other things equal, a high bias compared to the total cost of complexity x, which is an
element of the informed mean squared error, tends to make the mean squared error of
the uninformed higher than that of the informed. Meanwhile, the variance of the pay-off
contribute to both both terms but in the informed mean squared error it is through the
conditional variance. The conditional variance decomposes into Var(y|8,s;] = Varly] —
Var[E[y|B, s;]]. Compared to the cost of complexity, signals more informative under the
true model, captured by the variance of the expectation with known factors, also tend to make
the predictions of the informed investors better than the uninformed. In a baseline model
with known factor loadings there is no cost of complexity and the informed mean squared

error is always (weakly) lower than the uninformed. I formalize this in Proposition 3.

Proposition 3 (Informed predictions do not always outperform). The necessary and suf-
ficient condition for out-performance of uninformed predictions by informed predictions is
that sum of the bias squared and the variance of the conditional expectation of the pay-off

under the objective measure is greater than the cost of complexity

El(y—90)%] > Elly —11)?] <= {Varlyl + (ezm,)*} > El(y — 91)7]
— Var[Ely|B,s/)] + (e51,)* > X

Proof. See Appendix B.5. m
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For investors who make their best effort to produce the best prediction possible, the
condition can be considered a requirement for anyone to choose to be informed. Notice that
the variance of the conditional expectation is the reduction in variance achieved by using
a vector of signals under the true model, formally Var[y|3, s;] = Varly] — Var[Ey|3, s/]]-
The condition echoes the cost and benefits analysis of adding signals in Section 2.4 in that,
modulo the squared bias term, the quality of the signals under the true model must be

greater than the cost of complexity.

3.3. Price

I close the model extension by deriving the equilibrium price. With linear demand, and
an uninformed prediction that is a convex combination, price is a convex combination as
well

N Y +YuAu
=(1-X)F + A d. Ny =
p ( p) [yf] pSU s P w[ wU

Irrespective of the details of the predictions and demand scaling factors v;, the weight on

the signal is greater than in the uninformed prediction since
/\p > /\U < 77[)[ +77/JU)\U > (Qﬁ] +¢U)/\U <— 1> )\U'

The functional form of price is the same as the expectation of the uninformed investors.
If price is viewed as the market’s prediction of the risky pay-off, the uninformed are less
responsive to the information and supply shocks of sy than the market since the market
also reflect the positioning of informed investors and noise traders. This follows from the

asymmetric information and form of demand rather than the inference problem.

4. Predictions

In this section, I highlight a number of predictions where the model (with an without
the heterogeneous agents extension) deviate from the baseline model with known factor
loadings. To support the analytical analysis, I perform a numerical analysis. For tractability,
the numerical analysis is carried out in the minimal setting of two factors, two established
signals, and two new signals. For reference, parameters can be found in Table 1, the central
matrices in Table 2, key moments in Table 3, and market structure variables in Table 4.
First, I impose more structure on the addition of new or more data and discuss what it

means for the value of data.
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4.1.  Value of data

The specification of the inference problem in Section 2.1 introduces two types of data.
The signals about factors and the data that estimates of the factor loadings are based on.
Throughout the paper, I have lumped in the second type with the estimation technology,
because they are both abstracted into the properties of the estimator, and are mathematically
summarized by the parameters k. and k,o. Conceptually, improving estimation technology
could mean getting better input data, and better data could mean bigger data. From this
perspective, the value of data is a matter of assumption, if it increases k2 it lowers the cost
of complexity, if it increases k,q it raises the cost of complexity. The type of data that affects
inference under the true model is the signals. By affecting both the cost of complexity and
cost of simplicity the model puts more structure on this data, and its effects on equilibrium
outcomes can be compared directly to the baseline model with perfect inference. I extend
the study of the inclusion of a group of discrete signals as in Section 2.4 (or groups of signals
in Appendix A.5), to the continuous case by analyzing a degree formulation of the problem
where the second-moment matrix is given by

Q= Qo + ks Dy, @, R, |, ®, D, :=Qq+ksS, (5)
and the formulation of the additional signals matrix is taken from Appendix A.5. If the
additional signals are independent of each other and the extant signals and kg is an integer,
it can be interpreted directly as a count of the number of identical signals. More generally, kg
scales the signal group up or down without changing in-between correlations or correlations
with the base signals in 2., providing a way to have more or less of the information it
represents. A limitation of this approach is that there is no built-in restriction on kg that
guarantees that the overall correlation structure is feasible. In applications, ks must be kept
at levels that do not generate impossibilities like a negative conditional variance under the
true model. However, with this restriction in place, comparative statics with the parameters
k% k.o, and kg is a useful exercise that captures different aspects of the model.

It is possible to say a bit more about the specification in (5) because the conditional
variance under the true model is linear in kg and the cost of complexity can be shown to
be a rational function with an oblique asymptote (i.e. the asymptote is linear in kg), see
Appendix D.1. As the cost of complexity is increasing in kg and the cost of simplicity

decreasing by Proposition 2, the overall mean squared error is eventually linear in kg, and
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the tendency comes down to comparing

avar[y|ﬂ7 SI]
Okg

~-B'S8, tolim Oxlks)

= k2,17 (k28" + Dg") 1.
S0 a]{ig

Because x(kg) is everywhere increasing, it approaches the asymptote from below and it
follows that %ﬁs) is decreasing. Over a given range of kg, it is, therefore, possible for the
mean squared error E[(y—95)?] to take one of three shapes. If the derivative of the asymptote
dominates the cost of simplicity, it is monotonically increasing. When the reverse is true,
the mean squared error can be hump-shaped as the %ZS) is decreasing or monotonically
decreasing. One shape the specification cannot generate is a U-shape where more data is
initially beneficial and then eventually becomes a liability.® Treating the full second-moment
matrix in (5) as one, it is possible that an initial reduction in mean squared error €2 is
gradually undone by a higher kg until it is eventually better to ignore the full vector of
combined signals if it is not possible to separate it. This way the specification can simulate
what is in Dugast and Foucault (2020) described as the needle in a haystack problem of big
data that is that it becomes harder to find the good signals when there are many to search

through.

4.2.  Bias and volatility

In addition to covering the optimal bias and volatility across the technology parameters k2
and k.o as well as the new data parameter kg, Figure 1 includes a graphical representation of
the restriction in Proposition 3 that informed predictions outperform uninformed predictions.
For baseline levels k> = 1 and kg = 0.5 the cut-off is at a bit above k,o = 0.6, which is
chosen as a harder estimation baseline compared to k,o = 0.3. In Figure 4 the significance
of these two levels of difficulty is demonstrated. Under the easy estimation, a stronger
new data source input (a higher kg) results in an overall lower mean squared error of the
informed investors’ predictor. In contrast, the cost of complexity dominates for the harder
estimation problem. There is a basic tension between the constraint of Proposition 3 and
predictive deterioration with a stronger new data signal because the former requires the
cost of complexity to be bounded and the latter requires it to rise faster than conditional
variance falls under the true model. For the special case of a diagonal second moment matrix

Q¢ = Dq,, which implies zero mean factors g, = 0 such that Do, = Dy, and symmetric

6By letting correlations decrease in kg, it is possible to ensure that the lower bound of zero for conditional
variance is respected, and with heterogeneity, in the effect, such a U-shape may appear, but in doing so one
sacrifices tractability, and I leave the investigation of this extension for future work.
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true factor loadings B = (1 the juxtaposition is particularly clear since the constraint is

Var [E[y|B, s/]] + (ejp,)? = 871" Dy 1+ 0 > k2(1 + k2)'1" Dy 1 = x
= FA+EK) >k,

and the asymptotic condition for a positive derivative of the mean squared error with respect
to new data parameter kg, see Appendix D.1,
Ix

lim ——~ = k2,(1+%%)"'"1"Dgl > 5°1"Dg1 =
kg—o0 8[{}5

oVarly|B, si
Okg

= k2, > BA(1+E).

While the system of inequalities is only guaranteed to represent a contradiction asymptoti-
cally, numerical analysis suggests the intuition that a richer factor structure is necessary to
accommodate these conflicting forces. Similarly to panel 1(d) in Figure 1, the restriction of
Proposition 3 can be applied to ranges of technology parameter k? and new data parameter
ks. In the low difficulty case k.o = 0.3 it does not restrict positive values of the two, whereas
ks is limited to be below 0.9 and k? above 0.8 for high difficulty kyq = 0.6 and plots are
adjusted accordingly.

In the first of the three remaining panels of Figure 1, panel 1(a), it is possible to see how
initial increases in technology parameter k? introduces a bias of the estimator while lowering
its volatility before eventually decreasing both. Despite the asymmetry of the chosen factor
structure, the difference between factors is negligible compared to the difference between
moments across both technology k? and difficulty kyo in panel 1(c). The comparative statics
across new data parameter kg in panel 1(b) represents more heterogeneity but also a striking
symmetry whereby the bias and volatility of each factor visually mirrors one another. Due
to the apparent mirroring, it is not obvious from this plot that the cost of complexity is
increasing in kg as stated in Proposition 2, however, the plots in Figure 2 show that it is

indeed the case.

4.3.  Return predictability

It is the introduction of bias that creates the ex-post predictability of realized price
changes r, and bias is optimally chosen by investors to improve the precisions of their pre-
dictions. This is in contrast to models with parameter uncertainty (Lewellen and Shanken,
2002; Martin and Nagel, 2021), where bias is with respect to a rational expectations baseline

where parameters of the model are known, while those parameters are random variables to
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agents who have to learn about their realization. Distinction betweeen in-sample and out-
of-sample correspond to econometricians testing under the objective measure versus testing
under the measure that investors use which I denote by ¢*, in a reference to the solution to
the bias-variance minimization problem of equation (2). Econometricians make predictions
through linear projections, which are tantamount to regressions, but estimation includes an
estimator choice as in Section 2.1.

In the symmetric agents model of Section 2, my results are only the same as Martin and
Nagel (2021), i.e. anomalies seem to exist in-sample, but disappear out of sample, when the
quality of estimation technology, parametrized by k2, that investors and econometrician use
is the same, or econometrician match the optimal bias and active information set of investors,
choice of data sources to include and ignore. By varying k? it is possible to analyse probable
scenarios where econometricians do out of sampling testing, but have access to superior
information estimation technology.” In this case, a different bias is optimal and I show in
Section 4.3.1 that this is a source of predictability. Furthermore, due to the difference in cost
of complexity, data sources that are freely available might optimally be ignored by investors
using inferior estimation technology but used by econometricians.

The heterogeneous agents model of Section 3 introduces a second source of bias through
the learning from prices. It arises from the weight uninformed investors put on their prior.®
A specific concern for the combination of these two sources of bias is that the out-of-sample
testing required to correct the former does not correct the latter. Therefore, econometricians

might find an echo of in-sample results in out-of-sample tests.

4.3.1.  Returns

Returns can be decomposed into three components that relate to, respectively, the two

groups of investors and stochastic supply

r=y—p=01=X)y—E[G])+X\(y—91) + X072,

uninformed informed supply

In the representative agent model of Section 2.1, only the second term remains (with a
coefficient of A\, = 1) since p = ¢ (see Section 2). The inclusion of uninformed investors and
stochastic supply introduces the first and last term. As a result, price responsiveness drops
below one )\, < 1 because the uninformed investors put some weight on their prior. There

is no predictability in the supply term and stochastic supply is only relevant in the presence

"The objective measure corresponds to the limit k2 — oo, the best possible technology, see Appendix A.8.
8Conceptually, econometricians cannot mimic the beliefs of a representative agent, which is a weighted
average of the informed and uninformed beliefs (Biais et al., 2010).
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of uninformed investors through its effect on price responsiveness \,.
The predictability of the two investor terms can be analyzed by endowing econometricians

with an estimation technology corresponding to optimal controls ¢} that select the vector of

*
(&

signals s.. True out-of-sampling testing is the special case of same estimator ¢! = ¢* and
dataset s, = s;. Problematic in-sample testing corresponds to same dataset but evaluation
under the objective measure. If they are available, in-sample testing will include a broader
set of signals than the original estimation done by investors as the objective measure is the
limiting measure in terms of estimation technology with zero cost of complexity (see A.8).

For ease of exposition, I focus on the case where signals employed by investors are a
subset of the econometricians’ signals s; C s., and the additional signals in s., if any, are
uncorrelated with s;. 1 denote the vector of additional signals s.. This restriction is not
consequential for whether econometricians find predictability or not, but helps to disentangle
where it comes from.

I reserve the notation pg and € for the mean and bias of investors’ estimator, e.g.
E[B|c*] = E[B|¢*] = p 5, and notice that in the dataset that econometricians work with these
are constants. I denote econometricians’ bias by €g.. Finally, I assume that econometricians
estimate a cross-sectional average, eliminating the variability in their estimate of factor
loadings and, as such, its covariance with investors estimate ,@, which is in effect evaluated

at its mean so E[B|c!] = p.°

Proposition 4 (Predictability in returns). The contribution of the informed component is

Ely — jilc, s.] = B' (Elglsc] — E[¢sc]) + €5 E[¢]se] — e5.E[qlse] (6)
= (B —epe) ' Ae(Be — o) + (€5 — €5e) "¢, where Az = g5, 27" (7)

and the contribution of the uninformed component is

Ely — Elgi|el, s = (B — ege) ' (Elglse] — 1) + (€5 — €5e) ' 1y
= (B—epe) {Ar(s1 — pp) + Ae(Be — pa)} + (€5 — €5e) " 1y,
where A = qulEs_]l

Proof. The explicit expectations in equation (6) does not depend on ¢ due to Assump-
tion 2, estimator noise independence from factors and signals, and the cross-sectional mean

assumption implies E[B|c!] = B — e5. Equation (7) uses the independence between 3, and

9 Alternatively, the exercise can be viewed as an analysis of the unconditional expected coefficients on
signals.
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s; which yields
E[q‘Se] = Hyq + AI(SI - l"’[) + Ae(ge - u‘q) = C + Aé(§€ - l’l’q)

The derivation of the uninformed component follows from re-arranging terms after substi-
tuting in Efy|c*] = p,g,u,q and once again applying the assumption of independence of §,

and s; in the second line. ]

In contrast to Martin and Nagel (2021), out-of-sample estimation will still be biased if
econometricians have access to better technology, especially if that technology leads them to
use signals that were available, but too complex to be beneficial at the time of investment. In
Figure 4, the estimation quality of the econometricians is increasing and eventually lead to
introduction of two additional signals. This affects not only their own predictive coefficients
but also those of the actually used signals even though the two are independent. The latter
effect is driven by the change in econometricians’ own bias, which shifts discretely away from
that of investors, visible in the break in the curve of Figure 4(c).

The coefficients on the vector of additional signals is the same for the informed and
uninformed component, AE[r|ct, s.]/05. = (B —€s.) " A, so they are unaffected by the price
responsiveness A, introduced by the presence of uninformed investor. It is also unaffected by
investors bias because these signals are ignored. Therefore, the coefficients on these unused
signals are relatively large in absolute terms across the two scenarios, positive or negative

true factor loadings, in Figure 4. Assuming variables are properly demeaned, the constant

term of the projection is the difference in biases scaled by factor means E[r|c}, sc]|s.—gs.] =

(€5 —€5e) " .- The coefficients on the used signals also depends on the difference in biases

aE[g\scI:, Se] _ (s —50) + (1= 2\)(B —e5)} Ar = Dhes+ (1= A)8 —esd " AL,

(8)

so when the technological gap between investors and econometricians is not too large, co-
efficients on used signals and the constant are smaller, because biases are similar. In the
heterogeneous agent model, the true factor loadings in the coefficients on used signals are
scaled down by a factor of (1 — \,) compared to the unused signals’ coefficients. The repre-
sentative agent model is at the extreme end of this scaling with the true factor loading term
equal to zero.

Only the coefficient on used signals are sensitive to the level of price responsiveness, and
as such marks the difference between the representative agent model and the heterogeneous

agent model. On the one hand, this means that even if it is possible to control for estimation
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technology and match investors bias, these coefficients are never zero as would be the null
hypothesis in most empirical work and they are sensitive to the out-of-sample echo mentioned
above. On the other hand, it is possible to distinguish them from unused signals and other
components of returns, such as risk premia, through their sensitivity to variations in price

responsiveness.

4.8.2.  Return predictability and noise trading

I focus on the level of noise trading o2 as a source of variation in price responsiveness since
it does not affect predictability through other channels, and can more reasonably be taken
as exogenous than share of uninformed investors which would be the closest alternative.!’
The scenario in Figure 3 is the easy estimation problem k., where there is no difference
in investors’ and econometricians’ information set and all signals, therefore, are affected by
shocks to price responsiveness \,. In the parametrization of the numerical analysis, the
effect of having only half the amount of noise trading, i.e. ¢ = 0.5 instead of ¢ = 1, is to
lower price responsiveness from 0.92 to 0.87. While this is a modest decrease it is enough
to visualize the effect that can also be read of equation (8), which is to shift coefficients
by (B — es)"Ar. Signals that, through the variance-adjusted covariance matrix Ay, load
heavily on factors with a difference between factor loading and bias 3; — £3; of the same sign
as the signals coefficient will have their coefficients amplified. In markets where more noise
trading drives price responsiveness down (which might be considered the natural direction),
signals with biases that lead to attenuation of true factor loadings towards zero (including
special case €g; = 0) have larger coefficients in predictive projections when there is more
noise trading. This is potentially problematic because noise trading, for good reasons, often
is associated with behavioral biases. Even if such behavioral biases effectively generate
random noise, a pattern identified in a broad sample may be amplified in a sub-sample
that would appear especially representative. It is, however, also a possibility to distinguish

between return components as discussed above.

4.4. Price informativeness

The impact of the specifics of investors’ inference problem on price informativeness or
market efficiency as referred to by Ozsoylev and Walden (2011) has only become more

prominent in the context of big data and machine learning on financial markets, see Dugast

10While the extension to a variable share of informed versus uninformed investors is straightforward, (see
Appendix B.6) allowing the share of informed versus uninformed to vary begs an optimization in the spirit
of the original paper to find the optimal share and the introduction of a traditional information acquisition
problem, which is well-studied elsewhere and beyond the scope of this paper.
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and Foucault (2020) and Farboodi et al. (2020). In the classic formulation of Grossman and
Stiglitz (1980), price informativeness is the inverse of the variance of the pay-off conditional
on equilibrium price. When price and pay-off are normal random variables, this measure
coincides with the mean squared error of a projection, which has led to empirical estimation
strategies based on regression analysis, see Dessaint, Foucault, and Frésard (2020). For
comparability, I also base my measure of price informativeness on a projection. As discussed
in Section 3.1, this projection is also the best linear approximation. Price informativeness is

given by

A2 Couly, 7 - T i 2 -
ity Bblp. B = {Varly) - BRI - {,6 5,6 Va(ﬁgfj“i)?ag}
)

Equation (9) shows how price responsiveness A\, does not affect price informativeness. The
effect of uninformed trading on price informativeness is just to scale supply by the square
inverse scaling factor of the informed investors, 1; %, while larger supply o2 unambiguously
decreases it. This is true in the baseline model of known factor loadings as well. The
difference is in the inflation of variance of the informed predictor compared to the variance

of the expectation with known factors, and the attenuation of the covariance
Varlg) — Var [Ely|B,s1]] = x — 28 Zces, Covly, 91> = (Var [E[y|B,s1]] — B' Scep)?.

Higher estimation noise o g unambiguously inflates the variance of the predictor through the
cost of complexity, while the role of the bias is less clear cut. However, numerical analysis
supports the tendency of variance inflation and covariance attenuation. The presence of
the interaction term ,BTEgsﬁ in both the denominator and numerator implies that if a
configuration of bias amplifies rather than attenuates covariance it will with at an even
higher inflation of variance.

Taking noisy inference as a given, the unattainable base line is less interesting than the
fact that price informativeness under this condition is subject to a trade-off between bias
and variance just as the predictor of (informed) investors. Figure 6 is based on, respectively,
the equilibrium inverse price informativeness (mean squared error), and the counterfactual
of a social planner optimizing price informativeness, i.e. solving the non-linear problem of
maximizing equation 9 with respect to controls ¢ that control the bias and variance of the
estimator B (see Section 2.2). Carried out under the objective measure, a stronger new
data source signal (higher kg) raises the price informativeness (lowers the mean squared

error), even though the baseline difficulty is high k,o = 0.6, which means that the mean
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squared error of the informed predictor is increasing (see Figure 2). Of the three dimensions
considered, only sophisticated estimation technology (high k?) leads to conversion between
the private optimization and the planner’s optimization. While the two other parameters
are restricted by the requirement that informed predictions outperform (Proposition 3), the
tendency to convergence happens in the unrestricted direction towards zero, but convergence
is not reached before the hard cut-off at zero. A planner with an ability to invest in improving
technology 1 k2, lowering the baseline difficulty | k,o or making new data sources available
T ks, would find all beneficial but might prefer the first as it aligns the goals of private
individuals with its own. Especially since the incorporation of new data sources might
require better technology to be attractive to private individuals, as it is possible for informed

investors’ predictive power to be deteriorating even while price informativeness is improving.

4.5.  FEzcess price volatility

Another measure of market quality is price volatility and in particularly in excess of
the volatility of dividends (Shiller, 1980). In the model, this comparison correspond to the

contrast between price variance

Varp] = /\E,Var[sU] = /\12, {Var[@;] + 1[)1_203} ,

and the variane of the pay-off Var[y]. In the baseline model with known factor load-
ings, conditional expectation of the pay-off is Varly|3,s;] = Varly] — Var[E[|ly|3, s/]],
and Var[E[|y|B, s1]] replaces Var[ys] in Var[p]. As such, excess price variance is not pos-
sible in the representative agent model. In the heterogeneous agent model it requires large
amounts of noise trading and the off-setting effect of uninformed traders correcting for it to
be small'! (with no uninformed demand, price responsiveness is unity A, = 1). The addi-
tional noise from the estimation process makes excess price variance more prevalent in the
parameter space and it can occur even in the representative agent model of Section 2, i.e.

Varly;] > Varly] is possible.

"The effect of more noise trading on A, has two counter-acting forces. More noise leads the uninformed
to put more weight on their prior (} Ay), which lowers A, but they also take smaller positions (J. ¢r), which
increases A, as informed investors and noise traders make up a bigger share of the market. Conversely,
when uninformed investors form their best estimate by copying informed investors as best as they can (see
Section 3.1) they do not adjust the same way for estimation noise as noise trading. Because higher estimation
noise goes into Var[g;], they will actually increase the weight they put on their signal derived from price

(T A\vr)-
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4.6.  Short-term price reversals

There is a long tradition of using short-term price reversals to disentangle informed trad-
ing from liquidity demand, see Hendershott and Menkveld (2014), since the price pressure
from liquidity demand can be expected to be reversed in the spirit of Campbell et al. (1993).
Predicting price change by price gets at short term price reversals in the context of a two
period model assuming a constant before-price of E[p|, see Breon-Drish (2015). I first il-
lustrate how the price pressure of liquidity demand relates to price reversals before adding
realized estimated factor loadings B as an additional conditioning variable. I once again
apply projection as the linear approximation of the expectation and in, addition to price, I

condition on negative stochastic supply z (liquidity demand)

Covly, yr] — \pVar(y]

Covly, §i]
)\pVaT[?]I] (p - E[p]) % ( ) )

N Var(yi] ~~
liquidity
demand

Elr|p,z] = e} p, +

(derivations that can be found in Appendix C.1). The non-zero constant of the projection
sgp,q generates a tendency for price drift that might over time be picked up as momentum
or long term reversal. This component is analysed in Section 4.3 on return predictability
and here I focus on short-term reversals instead.

It is useful to consider that in the baseline model without noisy inference, covariance of
the pay-off and the informed predictor is the variance of the predictor Covly, Ely|3, s1]] =
Var[Ely|B3, s1]]. Therefore, the coefficients simplify to (1—\,)/A, and —; /), respectively,
and positive supply shock tends to be followed by negative return. Directionally, the impact
of a large supply shock is the same as in the baseline model with known factor loadings if
the covariance between informed prediction and pay-off is positive. It is still positive but
it is attenuated if Covly,yr] < Var[ys], which is likely as a sufficient condition is for this
inequality is Var[y] < Var[y,].

More important for interpreting empirical results on reversals, conditioning on the re-
alization of the factor loadings in the projections yields identical coefficients on rescaled

negative supply —1; 'z and factor-mean weighted realized factor loadings ;J,TB.

Proposition 5 (Short-term reversals). Both liquidity demand (—z) and realized estimated

factor loadings B generate expected short-term reversals with a common factor in marginal
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effects
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Proof. See Appendix C.1.1. n

While it is unreasonable to expect econometricians to directly observe either stochastic
supply z or factor loadings estimates B, the significance of Proposition 5 is that any variable
that correlates with price reversals could be correlated with liquidity demand, but could
equally well be correlated with noisy estimation. Whether it is meaningful to group these two
types of noise into one will depend on the context. In contrast to the results in Section 4.3,
which were largely driven by the bias of the noise inference the effect for short-term reversals
is a function of the variance of the estimation process.

Short term reversals can also be linked to price variance (see Section 4.5) since higher
estimation noise tends to attenuate coefficients on both the price, supply shocks, and realized
factor loadings per Preposition 5. Higher trading noise only affects coefficients through price
responsiveness A\, which will tend to decrease as uninformed investors put more weight on
their prior. Analysing price variance and price reversals is, therefore, useful for understanding
whether a likely common factor is: estimation noise (attenuated coefficients), or trading noise
(amplified coefficients).

In the limiting case of the estimation technology parameter k? growing large presented in
Figure 7, both of these relations exist, and there is additionally a negative relation between
the coefficient on price and price variance when driven by estimation noise and a positive
one when driven by trading noise. For the parametrization of this numerical analysis, the
relations between trading noise, price variance, and reversal coefficients are consistent across
different levels of technological sophistication for the case of attenuation bias captured by
+3. The case of amplifying bias, — /3, is more complicated because the relation between the
base-parameter of estimation difficulty k.o and price variance changes over the range of the
estimation technology parameter k2, from being positive for lower values to eventually being
negative and some instability in between. The interesting aspect of the limiting case is how
the relationship between price variance and the reversal coefficients again prevails despite
the changes in the relationship with the base parameter with amplification bias, i.e. price
variance is decreasing in k.

It is not the only one possible, but from an empirical perspective the most straightforward

26



identifying assumption is that estimation bias is dominated by attenuation bias, in which case
the opposing relations between price variance and the price reversal coefficient emerges. It is
additionally attractive because of its significance in turning noise trading into predictability

in returns as covered in Section 4.3.2.

4.6.1.  Trading volume

With several explanations for returns, a natural additional dimension of market data to
consider is trading volume following Campbell et al. (1993). Realized trading volume v is

given by

1 1
v = S 4161 + (6] + |21} = 5 {161 + | — éul + |21}

_ W

0= 20 = 1) = s + (= A G = Bl + 0572 + o1

see Appendix C.2. From this expression it is possible to point out a difference between lig-
uidity demand and noisy estimation. Other things equal, the impact of an absolute increase
in stochastic supply/liquidity demand |z| = | — z| is always positive for non-zero demand

and supply since

ov 1 _ ) ) . .
azl = 57,01 P {—\, sign(d7) sign(z) — (1 — \,) sign(dy) sign(z) + 1} > 0.
Conversely, an informed prediction with larger absolute deviation from its expected value is

ambiguous

ov

i — Bl (1= Ap)sign(gr — E[g1]) {sign(dr) — sign(év)}

however, for large enough deviations the effect will be positive as the trading between in-
formed and uninformed investors dominates the trading flow. The classic intuition that
conditioning on large trading volume with low expected returns helps to identify liquidity

demand, following Campbell et al. (1993), breaks down in the presence of noisy inference.

4.7.  Fund performance

By identifying informed investors as sophisticated funds who invest in inference tech-
nology and the data it requires and uninformed investors as their simpler counterparts, I

compare performance as measured by their expected profits. Profit of investors under a
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measure c; is derived in Appendix C.3.1,

Elrr] =4y {(1 - ) (C’ov[y, yrlcj] — )\pVar[gjj]) + A;%’Qaf} , and
Elry] = vu {(A = Av) (MWVar[gs] — Covly, gilci]) + (A, — Av) Ay 202}
= (1 = \,) { (A Varlgr) — Couly, ?)I|C}k]) + M lol},

see Appendix C.3.1. Contrasting ex-ante expected profits under investors’ measure ¢* with
the large numbers average realized profit (expectation under objective measure or equivalent
limiting measure ¢’_) comes down to comparing Cov[y, y;|c*] and Cov[y, g;]. The difference
between the two defines the ex-post surprise investors are expected to experience under the
model. In Appendix C.3.3, I show that there is no ex-post surprises with respect to the total
profits of the investor base and the surprise is a transfer between informed and uninformed

investors equal to
Elr] = Elri|c’] = —(E[my] — Elmy|c’]) = ¢1(1 = Ap)(Covly, §1] — Covly, gr|c"]).

The condition for a surprise ex-post out-performance of informed investors, and by sym-
metry the under-performance of uninformed investors, is whether the covariance between
the pay-off and the informed predictor is over- or underestimated under the contemporary
measure compared to the objective measure. In Appendix C.3.2, I link expected profit under
the contemporaneous measure, i.e. expected out-performance by informed investors, to the
condition for informed investors making better predictions presented in Proposition 3. Un-
der the parametrization of the numerical analysis, Figure 8 establishes a clear relationship
between this condition and the sign of 3, and Figure 9 shows that it carries over to profits.
With attenuation bias (+/3), the out-of-sample surprise is in favor of informed investors,
(sophisticated investors, for some period perhaps quantitative funds) and with amplifica-
tion bias, the effect is in the direction of hype followed by disappointment. Linking these
conditions to Section 4.3.1 and Section 4.6 the common environment is characterized by
the shared condition of attenuation bias, and fund performance is a way to identify periods
where this condition is likely true (under the model). The period leading up to a period of
out-performance by quantitative funds (or another identifier of informationally sophisticated
funds) is a good candidate for the joint analysis of return predictability and short-term price

reversals.
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5. Predictability of the equity risk premium

In this section, I focus on a specific case of predictability in the asset pricing literature that
the noisy estimation with changing technology provides an explanation for: the predictability
of the equity risk premium, specifically with respect to the predictive variables surveyed by
Welch and Goyal (2008) and the literature inspired hereby (Campbell and Thompson, 2008;
Rapach et al., 2010; Neely et al., 2014; Buncic and Tischhauser, 2017; Hammerschmid and
Lohre, 2018). Variation in estimation technology offers an explanation for two empirical
patterns found within and across these studies: vanishing predictability over time (in the
data) but stronger predictability overall between studies (see Section 5.1). As a single time
series with variation through predictive variables rather than a cross-section of assets the
application is better suited of the narrower representative agent model of Section 2 than
the extended heterogeneous agent model of Section 3. Therefore, in Section 6, I provide
some considerations for further empirical work collecting and extending observations made

in Section 4 and Section 4.1.

5.1.  Predicting the equity risk premium

An empirical pattern found in Welch and Goyal (2008) and confirmed in later studies
with other empirical strategies and auxiliary data (e.g. Buncic and Tischhauser (2017)) is
that of, over time, an initial out-performance of the historical mean followed by deteriorating
performance'? driven by the variables identified in the first study. The turn-around falls in
the earlier 1990s and as such it follows the rise of the private computer in the 1980s and
coincides with the early years of the internet. A second pattern that appears between studies
is one of empirical approaches in subsequent papers out-performing approaches in earlier
papers. These effects have a natural interpretation in terms of the estimation technology of
respectively investors and econometricians.

In the model, the parameter k2 can be interpreted as the quality of estimation technology.
By providing subscripts I for investors and e for econometricians, the first empirical pattern
can be understood as fixing k% and increasing k%, Within a given study the empirical
method used by econometricians is the same through time while the data it is applied to
changes. Over time, the estimation technology of investors could reasonably be improving
as new techniques become available.

The second empirical fact, can be seen as fixing a path for k%, and increasing k2 where

12Dependent on specific set-up this might mean under-performance or performance only on par with that
of the historical mean. Introducing a floor of zero for the prediction of the equity risk premium as proposed
by Campbell and Thompson (2008), generally helps to avoid under-performance.
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later studies represents a better estimation technology than earlier. Abstracting estimation
technology into the single dimension of k? suggests that there is a hierarchy of methods.
A priori, it is not obvious how to rank approaches and without assumptions on the data-
generating process no such ranking can exists given the no free lunch theorem for learning
algorithms (Wolpert, 1996). However, ex posteriori, some empirical strategies should out-
perform others if there is something to learn from the data. One point to address, is that
out-performance between studies coincides with the introduction of new data. As discussed
in Section 4.1, in the model, data that is used for estimation of the factor loadings is reflected
in k2 (or ko, the estimation difficulty). Conceptually, however, allowing this dimension to
vary at the same time as fundamental data, the structure imposed by the model is loosened
substantially. Therefore, in my replication of these patterns in Figure 12, I do not generate
the second pattern by replicating the studies directly. Instead, I fix the data used and shows
how regularised linear approaches can outperform plain vanilla ordinary least squares.'® In
the calibration of Section 5.1.1, I focus on the first empirical pattern and investigate which

shift in investors estimation technology k? is required to generate it.

5.1.1. Calibration

In the calibration, I focus on moments that rely only on a subset of parameters. I
consider ten of the predictive variables studied by Welch and Goyal (2008) and use the
updated time series data from Amit Goyal’s website.!* In addition to the assumption that
the representative agent model is a meaningful first-order representation of the phenomenon,
I operate under the identifying assumption that investors’ signal set is the same over the
period. With the discussion of the potency of a mismatch between employed signals and
available signals in Section 4.3.1, it is a very relevant alternative hypothesis, and one to keep
in mind when considering the results of the calibration. Approaching it directly, however,
requires richer data as it introduces more degrees of freedom. The first set of moments is the
difference in variance adjusted expected coefficients on the econometricians signals between

the two sub-periods

I3Per the discussion of the impossibility of an a priori ranking of methods it is not generally clear that
such an out-performance should exists, but the application is inspired by the uses of regularization in later
studies (Rapach et al., 2010; Buncic and Tischhauser, 2017)

14The variables are listed in Table 5.
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empirically estimated by the averages of the coefficients from rolling regressions with 30 years
windows.'® Notice how keeping the econometricians estimation technique fixed along with
the signal set of the investor means that terms involving the bias of the econometricians
drop out. The second set, relies on a different assumption to eliminate terms involving the
econometricians bias, which is that the benefit of in sample estimation eventually makes the
estimation error of econometricians on a given data-set small in comparison to investors.
It is the variance adjusted expected coefficients on the econometricians signals over the full

sample

E |:8E[T|CZ7 Se]

95, } Var[s.] = [weg + (1 — w)sgl]T ngRqsIRs_Ilelse

where the weights are approximated by the number of observations in the two sub-periods.
In Figure 13, I confirm that the coefficients targeted can generate the empirical pattern of
predictive out-performance followed by deteriorating performance when applied to the data.

Finally, I include the difference in the unconditional expectation,
Elrs] — E[r1] = (€2 — £p1) " 1,

as a target moment.

I fix a number of parameters up front and limit the estimation to the correlation structure
and the second period investor estimation technology quality parameter k.;2. I maintain the
structure from the numerical analysis of two factors with common mean and variance, fi, and
04, but summarize investors’ group of signals in one signal which requires two correlation
parameters, pgs,1 and pgs,2. Varying fi,, 0,4, the baseline ko, and first period estimation
difficulty k.;; has little impact on the directional effects as long as certain relations are
maintained to ensure convergence, fi, < o, and ko ~ |k.r1|. I run the estimation iteratively
in a two step procedure alternating between minimizing the mean squared error between
theoretical and empirical moments over the correlation parameters and then k.ro. I find that
then convergence occur, it happens after a few iterations.

I pick kyo and [i; to match the baseline values studied in the numerical analysis and
calibrate o, such that the correlations between each factor and investors’ signal group come
out with comparable magnitudes in the estimation, pys,1 ~ 0.3 and pgs,2 =~ —0.21. Apart

from these two correlation parameters, I estimate a correlation parameter for each of the

15In Figure 10 and Figure 11 I investigate the in-sample fit of expanding and contracting as well as rolling
windows. The pattern for shorter windows is consistent with some amount of over-fitting in sample as the
shorter samples achieve noticeably higher scores but have very poor untabulated out-of-sample performance.
The interpretation of in-sample analysis as converging to the objective measure, following Martin and Nagel
(2021), is not reasonable for the shorter windows and I focus on 20 and 30 years windows instead.
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ten predictive variables,which, from the perspective of the model, are the econometricians
signals. Most parameter values can be found in Table 6, but the correlation parameters for
the predictive signals I instead visualize in Figure 14, which clearly shows that the magnitude
of correlation with investor signals is the largest for the valuation ratios of dividend- and
earnings-to-price. Since the estimation is done with respect to variance-covariance corrected
measures, should not be taken to mean that these are the only relevant predictive variables.
Rather, valuation is estimated to be the strongest channel through which the variables relate
to investors signals which is in line with the view that this group of predictive variables
represent signals about fundamentals as opposed to, for instance, sentiment.

The key number of interest is the shift in estimation technology. A direct way to look
at it is through the percentage increase in the magnitude of parameter k.; which comes
out to kepo/key1 — 1 &~ 233%. For a more contextual view that also reflects the estimated
information structure, the change in investors optimal bias can be calculated based on the
calibration. With two factors the vector has two elements which are virtually the same
both experiencing a growth of €5;2/¢5,1 — 1 ~ 82%. Taking the information structure into
account the magnitude of the shift is attenuated substantially. However, what is perhaps
more surprising about this estimate is the direction of the shift. The estimated optimal bias
has grown. Since there is a trade-off between bias and variance increasing bias and decreasing
cost of complexity both follow from the increasing quality of estimation technology. For a
visual demonstration of this mechanism see Figure 1(a). Recognizing that bias can be optimal
helps to explain the empirical pattern.

The shift in estimation technology is substantial, which might to a certain extent reflect
the discretization into just two periods. The turnaround in Figure 12 is, however, rather
sharp and the alternative hypothesis of technological development also changing the compo-
sition of investors signal group is reasonable. Either way, the calibration is consistent with

technological development historically playing a large role in predictability of returns.

6. Further directions for empirical work

One of the key challenges in working empirically with the model, is that taking the concern
that both investors and econometricians face an estimation problem in forming predictions
about pay-offs or returns seriously makes it problematic to estimate key ingredients of the
model such as the cost of complexity directly from the data. Extending to the cross-section,
separating the estimation of B and factor expectations ¢ ala Kelly, Pruitt, and Su (2019) or in
a non-linear fashion as in Gu et al. (2021) would allow for more targeted contrasts of sources

predictability. E.g. once a factor structure is estimated cost of complexity under various
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signal configuration and parameter choices could be matched to moments of predictability
in the cross-section. Alternatively, separating returns into components that more closely
match what is pay-off and price in the model, by proxying expected pay-offs by earnings
expectation or focusing on returns around earnings-announcement would again allow a more
targeted estimation.

Irrespectively of the cross-sectional approach, the heterogeneous agent extension high-
lights promising ways to sub-sample the data. Most directly related to return predictability,
the decomposition of signals available to in Section 4.3 shows how only signals employed
by investors are affected by price responsiveness. This suggest an empirical strategy of sub-
sampling on proxies for noise trading to sort components of predictability on their sensitivity
to this cross-sectional variation.!® Another prediction related to noise trading is that when
higher noise trading leads to lower price responsiveness the coefficient on signals estimated
with attenuation bias are larger in sub-samples with more noise (see Section 4.3.2). While it
might be natural to assume that attenuation bias is more common than amplification that
can generally be an identifying assumption that is hard to provide direct support for. In the
context of the model, relations between price variance and short-term price reversals with re-
spect to levels of noise trading is particularly stable under attenuation bias (see Section 4.6),
and in the time series, fund performance can be related to the dominant type of bias, as
periods of success (better than expected performance) for sophisticated investors are more

likely under attenuation bias (see Section 4.7).

7. Conclusion

The complex prediction problems faced by investors in financial markets have a number
of implications for equilibrium outcomes. Complexity generates a cost of expanding pre-
dictive models of the risky pay-off with new signals. Investors optimally trade off bias for
precision and the benefit of including a signal for the associated cost of complexity. Advances
in estimation techniques such as machine learning methods mitigate the issues of complexity
for investors. In the study of financial markets, these advanced methods, however, require
careful application to undo rather than amplify the bias optimally introduced by investors.
Empirically, the effect of changing estimation technology on predictability is not only rele-
vant for new methods going forward but and can explain historical patterns of predictability
as well. For new methods that likely lowers the cost of complexity, a high level of cau-
tion is warranted in assessing their likely future performance through historical back-testing.

Analysing historic performance over time rather than summarising performance in an aggre-

16These component may be predictive variables or relevant transformations of the data.
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gate statistic is a mitigating measure, as well as analysis of cross-sectional sub-samples in

various dimensions especially around proxies for noise trading.
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Figures and Tables

Table 1: Baseline parameter values.

Notation Value

Estimation technology level k2 1
Difficulty of estimation problem kyo 0.3
New data sources strength ks 0.5
Common component in factor loadings B 0.6
Individual components in factor loadings Jé; (10.3)7
Common uncertainty aversion ag, ay 1
Intensity of stochastic supply (noise trading) o? 1
Common factor mean fiq 0.2
Common factor volatility o 1
Common factor scaling factor (1/]11)h1 0.7x1
Correlation between factors Pq 0
Correlation between established signals P50 0.2
Correlation between new signals Ps1 -0.5

Correlation inc. signals and factors (diagonal matrix) diag(Rg0) (0.5 0.25)"
Correlation new signals and factors (diagonal matrix) diag(Rya) (0.250.5)7
Correlation inc. signals and new (independent) R, 01
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Table 2: Baseline factor structure.

Notation Value
Factor mean outer product uqug (88; 88;)
Factor covariance X (065 0(_)5)
Cond. exp. of factors
Est. signals covariance term X0 (_00131 _()0()031)
Unscaled new signals cov. term S (881 8(1);1)
Second moments Q¢ = pgpty + Beo + ksS (8(1)?7, 8(1)2)

Table 3: Baseline moments.

Notation Value +3 Value —3

Variance of pay-off Var[y] 0.20 0.20
Cost of complexity X 0.02 0.02
Cond. var. of pay-off true model  Var[y|B, s;] 0.14 0.14
Mean squared error informed El(y — 91)% 0.15 0.15
Mean squared error uninformed El(ly — 9v)% 0.17 0.16
Var. informed predictor Var[y;] 0.04 0.11
Expectation of inf. pred. Elyi] 0.07 -0.15
Expectation of pay-off true Ely|B] 0.11 -0.11
Var. inf. pred. true model Var|E[y|3, s1]] 0.06 0.06
Cov. inf. predictor and pay-off

Contemporary measure Covly, yr|c*] 0.03 0.10
Objective measure Covly, y1] 0.04 0.08

Table 4: Baseline market structure.

Notation Value —i—B Value —B

Informed position scaling factor Uy 6.6 6.6
Uninformed position scaling factor Yy 6.0 6.3
Uninformed responsiveness to price-signal AU 0.64 0.82
Price responsiveness to shocks Ap 0.82 0.91
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Table 5: Predictive variables. In depth variable descriptions can be found in Welch and
Goyal (2008).

Name Notation
Dividend price ratio dp
Earnings price ratio ep
Stock variance svar
Book to market value bm
Corporate Issuing Activity ntis
Treasury bills tbl
Long term yield Ity
Default yield spread dfy
Default return spread dfr
Inflation infl

Table 6: Parameters of the calibration (see Section 5.1.1) excluding predictive variables
correlation parameters (see Figure 14).

Name Notation Value
Weight in full sample average expected coefficients w 0.64
Common factor mean flg 0.2
Common factor volatility 04 0.8
Difficulty of estimation problem koo 0.3
Investors’ estimation technology level period 1 keni -0.3
Investors’ estimation technology level period 2 kero -1.0
Correlation between investors’ signal group and factor 1 Pasi1 0.3
Correlation between investors’ signal group and factor 2 Pysr2 -0.21
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Fig. 1. Bias 3 and volatility o3. Panel 1(d) shows cost of complexity y and the left hand
side of the inequality of Proposition 3 as t = Var[y|3, s7] + (eguq)Q.
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Fig. 2. Mean squared error of the informed predictor E[(y — ¢7)?], cost of complexity x, and
conditional variance of the pay-off under the true model Var[y|s;, 3]. Stronger new source
of data (higher kg) can lead to higher or lower mean squared error. Given the baseline
parametrization the two scenarios are captured by high or low estimation difficulty k.
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(b) Harder estimation (baseline) k,o = 0.6
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Fig. 3. Easier estimation problem (k,o = 0.3) means that informed investors uses all infor-
mation. The microstructure fundamental of trading noise mainly shifts coefficient curves to
larger absolute values. Price responsiveness A, is respectively ~ 0.92 and ~ 0.87.
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Fig. 4. Harder estimation problem (k,o = 0.6) means that the information set of informed
investors and econometricians eventually differs. Noise trading is at the baseline level o2 = 1.
Information differences demonstrates a notable break. Signals s; and s. are independent,
but their coefficients are connected through econometricians’ bias.
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Fig. 5. The bias in the constant term of the projection of price changes r onto signals is
increasing in the gap between investors’ and econometricians’ bias as the latter a decreases
toward zero (see Figure 4).

(a) Easier estimation k,o = 0.3 (b) Harder estimation k,o = 0.6
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Fig. 6. Mean squared error of prediction based on price contrasting optimal choice of es-
timator made by the informed investors (private) and a social planner optimizing for price
informativeness. All plots under the hard estimation scenario (baseline) k,o = 0.6. Easy es-
timation scenario is similar in most cases, except for the contrast between same and opposite
sign true factor loadings, +3 and — /3 respectively, when varying the new data parameter kg,
which is less pronounced with both graphs looking more like the plot in column 6(b).
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Fig. 7. Variance of price and reversals coefficients with respect to trading noise ¢, and
estimation noise driven by estimation difficulty k,o. Price variance increasing in trading noise
also holds at lower levels of estimation technology parameter k2, as well as for same sign bias
and true factor loadings (+/3). Meanwhile price variance decreasing in estimation difficulty
k.o is reversed at lower levels. Overall the tendency for opposite trends in coefficients is
found at different levels of technological sophistication in parameter regions allowed by the
constraint of Proposition 3 (informed predictions outperform).
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Fig. 8. Variance and covariance of informed predictor and pay-off under contemporary
measure ¢* and objective measure. Both the shape of the curves as well as the ordering of
the covariances is determined by the sign of the sign of true factor loadings parametrized by

B. The variation across estimation difficulty is included for comparability with Figure 9.

(a) Easier estimation k,q = 0.3, negative 3 (b) Harder estimation k,o = 0.6, positive /3
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Fig. 9. Fund performance under the contemporary measure and objective measure. The
ordering of the corresponding covariances determine whether average expected profit or
average realized profit is higher. The baseline difficulty influences the trend of the two
other parameters, most notably new data kg, which increases profits in the hard estimation
scenario.

(a) Easier estimation k,q = 0.3, negative 3 (b) Harder estimation ko = 0.6, positive 3
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Fig. 10. Expanding and contracting windows adjusted in-sample R-squared. Adj R? =
1+ Z—J_“;(R2 — 1) where n is number of observations and p is number of parameters.
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Fig. 11. Rolling windows adjusted in-sample R-squared. Adj R? = 1+ Z—J_’;(RQ —1) where n
is number of observations and p is number of parameters. Each curve represent the adjusted
R-squared of a model estimated over the number of years shown in the legend. Plots are
smoothened by plotting 10 years rolling averages of the adjusted R-squared.
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Fig. 12. Predictive performance compared to historical mean of different methods over rolling
windows of 20 and 30 years and with and without the Campbell and Thompson (2008) zero
floor that floors predictions at zero denoted CT. Except for 30 years with CT, OLS is a
clear under-performer. All plots present deteriorating performance in the second sub-period
(starting around 1991) and all expect 20 years OLS without CT present out-performance in

the first.
(a) 20 years, no CT (b) 20 years, CT
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Fig. 13. Predictive performance compared to historical mean of expected coefficient targets
for estimation.

(a) Expected coefficients of sub-periods (b) Expected coefficients full period
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Fig. 14. Predictive variable correlation parameters estimated in calibration. Description of
variables in Table 5.
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Appendix A. Inference problem

A.1. Variance of dot-product of independent random vectors

For random vectors v and w with mean and variance p,, ¥, Vo € {v, w} using the trace

operator tr

Var v w = [(va } E [va])z =F ['UTwav} — (E [’U]T E[w]>2
= [tr ('v'v ww )} — (ujp,w)z =tr (E [’U’UT] E [wa}) — (MI[,LM)Q
= tr ({porey + o} {popl +2u}) = (1l p,)”

— tr (] proped) + tr (pop] ) + tr (Soppl) + tr(S,2,) — (0] p)”
= ()"t (o pl )+t (Supp]) +tr (B0 ) — (] py)’
= Ky Ewl“l’v + /‘l’wzﬂy’w +tr (E X )

Using the Hadamard product identities v (A ® B)w = tr (DUADwBT) and DIADw =
wv' ® A, the covariance matrix identity ¥, = D, A R,D,,, and the interchangability of
vectors in vector-diagonal matrix products p, D,, = o} D, , the variance can be written

as

Var [v'w| =o,D, R,D, 0, + p,Sp, +0,(R, © )0,
=0, (Ry O pytty 0w + 0 (Ry © B,)0 + py B py,
=0 (R QQ )Jw+y’w2v’l’w7

where Q, = p,u, +3,.

A.2.  Bias-variance trade-off solution
A.2.1. Linear-affine case

Substituting vectors of bias and volatility as functions of controls ¢ given by Assumption 5

into the objective in (2) yields

© = kZc'Qcc+ k2e" Do.c + 2kook, 1T Dg.c + kZy1T Do, 1
= kZe' (k;°Q¢ + Dg,)c + 2kyok,1" Do c + k2g1" Dg, 1.
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Hessian matrix is positive definite due to the full rank assumption Section ?? and given by

00
@ — kgﬂc —I— kﬁDQg‘

Optimal controls from first order condition are

90 -
0=—== 2k2e' (k. Q¢ + Dq,) + 2kgok,1" D,

= ¢ = —k;kpo (k;2Qc + Do) D1,
and substituting back into the objective it simplifies to

X = Oleeer = K21 Do, (kQ + Do)~ (k;2Q¢ + Da,) (k;2Qc + Dg,) ' Do, 1
—2k2,1" Do, (k7?Q¢ + Do.)” Do, 1+ k21" Do 1
= k21" D, (k7 + Do,) ™ Do, 1+ k21" Do, 1

= ;217 {DQC - (kfagl + Dgg)l} 1+ k2,1 Do, 1
— 12,17 {kgﬂgl + Dgg}_l 1.
Letting X := kfﬂc_l + Dgcl, optimal controls and cost of complexity are
¢ = —k ko {I - D@CIX‘I} 1, =0l = k217X 1,

and bias and volatility

Sy (—k;lkog {I - Dagx—l} 1)

O slome = k! <—k;1kgo {I . Dggx—l} 1) + kool = kpoDg! X711

ko {I - DS;;X‘I} 1,

A.2.2.  Feasibility condition simplification and positive optimal bias

Intermediary steps for the condition in Assumption 6. Notice that k,y > 0 and by the
Woodbury matrix identity

X' =Dq, — Do (k7*Q¢ + Dq,) "' Do, = Do/ X' =1 — (k;?Q¢ + Dq,) "' Da,.
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The non-zero condition on the vector of volatilities of the estimator ,@ at the optimum c*

can be rewritten as

O5le—cr = kooDg' X1 >0 <= {I—(k;’Q+ Dgo.) 'Dg.}1>0
— (k;’Q+ Dg)1> Dol < Q1> 0.

For the bias, notice —k, k.o > 0 so

E5locer = {I . DgiX‘l} 1>0 < 1>Dy!X'1 & XDg1>1
= (KO + D! )Do1>1 <= kX' Do 1+12>1
— Do 1+k*Q1 >k ’Q1 <= Dg1>0,

and the bias is always positive.

A.2.3.  Affine-affine case

Relax Assumptlon 5 to allow bias to have intercept k.o, let ko = koo/keo, QC =
DQc QCDQC 94*1 = QC + kekeol, Qg*o = QC + k%I, then optimal control and objec-

tive at solution are given by

* ks —1=-1= 1 1 (=~ ~ ~ —1 ~ 1
c = _k_ODQQQC* QeaDyl, x =Fk41'Dg {94*0 — Qa2 QC*l} D31,

£

based on derivations analogous to Appendix A.2.1. Notice that substituting optimal control

into the objective the expression for y follows from

k2 S e P 1 k2
X = 1T{k:2 kEQOD2QC*OQC*lﬂCQC*l(ZC*ODé + k2 kE;DQQC*OQ 10 00D}

ke Lo =-1~ 1 k€ 1~ 1~ 1
_ QkEksok—ODéﬂgﬂ .0 DZ - kgkaok—ODéIQC*lﬂC*oDé

2D DY+ T DQ}L

792 MNo0
ksO

by collecting terms in the first and second line.

A.3.  Recursive formulation of T, single signal

For every entry I'; jn, = Yijn, = Pgsn.Bsn,Pq;sm,, denoting the vector of correlations

between s, and other informed signals by p,,, = Corr(s,,_1,s,,), and the correlation cor-
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rection pg,,jn,—1 = 1 — p ngRs ne—1Psn,» block matrix inversion provides the decomposition

RSN— s,n
Rs,nsz< " 1 P,s>
Ps.n, 1

— R 1 — ;ns 1 0 + 1 Rsn lpsnsps_’r;sRsn 1 ‘Rsibs—lps,nS )
Psnslns—1 _ps,nSRs,nsfl 1

The vector of correlations between a factor and all signals can be split into p;sms =

A T -1 .
<inS,ns—1 pqisns>7 let (bi,ns T pqis,nflRS,nsflps,ns - insnS and the quadratlc fOI'Hl ’yij,ns

can be rewritten as

1 1

ryij,” - pqis,nsflRs,nsflqus,ns—l + {pqzsn 1Rsn 1ps nPs nRs Mg — lqus ns—1 + p(hsnqusn

¢i,ns ¢jvns

Psnsns—1

Psnsins—1

T -1 _
~ Mgjsn i S,"— S,n— s,n qisnFsn*%sn— s,n— — ligns—
Pa;50Passn—1Bsn1Psn — P pi R, 1Py, 1} v 1+

Since the correlation correction pgn |n,—1 is the same across entries, defining the vector

¢I — <¢1,ns Gomg - -- (bnq,m), the full matrix can be written recursively as

1
s I‘nsfl _'_ —¢?’LS¢TTLS

Psngns—1

r,

The diagonal elements of I';,, is weakly increasing in ng as

2
%,Ms

Yiins = Viine—1 T 2 Yiing—1,

ps,ns\ns—l
and the sum over all entries is as well, since the outer product ¢,, qb is positive semi-definite,

formally

1

ps,n3|ns—1

1" (T, —T,_1)1= 17¢, ¢, 1>0.

A.4.  Cost and benefit of complexity single signal

The impact of adding another signal is always to weakly increase x as can be demon-

strated by the positive semi-definiteness of the difference X * — X', By properties of

n—1-

symmetric positive definite matrices,!” the difference is semi-positive definite if the differ-

1"For symmetric positive definite matrices A and B with the same dimensions it is the case that

v (A-Bw>0 = v (B™' -~ A v >0V,
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ence X,,_1 — X, is. Let Dy, = ps_}ls‘ns_l diag (¢n5 d);), then explicit calculation using the
Sherman-Morrison formula for the inverse of the sum of a positive definite matrix and the

outer product of vectors of the difference yields

X1 —X,=
20—1 —1 20—1 —1 2 —1 —1 —1 -1
chC,ns—l + DQg,nsfl - chC,ns - ‘DQC,nS = kc (Qg,ns—l - Q(,ns) + DQg,nsfl - DQC,nS
—1 -1 T -1
. kQ Q—l Q—l psvnslnsflﬂ<7ns_1Daq ¢n5 ¢nsDaq Q<7ns_1
— C7n371 - C:nsfl B —1 T Q_l
1+ ps,n\nfl (O'q © ¢ns) ¢ns—1 (O'q © ¢ns)

C

—1
—1 -1 —19y—-1 —
+ DQc,ns—l - |:DQ(7TL5—1 - <DQ(’7LS + DngnsDO'q Dd),ns DUqngyn) :|
—1 -1 T -1
_ k'Q p37n5|ns_lﬂ<7ns_1DUq¢ns ¢n.sDUqQ<7ns—1
oe -1 Tt
1 + ps,ns|nsfl (Uq © ¢ns) ¢ns—1 (Uq © ¢ns)

-1
—1py-1 -1
+ (Do, + Do D, D4 Dy Do)

which, as a sum of (semi-)positive definite matrices, is semi-positive definite.

A.5.  Recursive formulation of T'),, multiple signals

_ _ -1 7 - ~ :
For every entry I'ijn, = Yijn. = Pgsm.Bsn,Pq;sn,» denoting the matrix of correlations

between s, and other informed signals by R,,, .+ = Corr(sy,,, Sn,+), and the correlation

correction R, yjp,— = Rypnq — RYTLanS +R;iars,ns+, block matrix inversion provides the
decomposition
R _ Rs,ns— Rns—ns+
S,Ms T
Rns—ns—l- R57ns+

R! 0
— R—l _ S,Ms—
it ( o' OOT)

—1 -1 T -1 -1 -1
<R Rnsfns‘FRnS—f—lns—Rns —ns+R3,nS_ _Rs7nS_RnSn5+Rns+|nS_>

87”8__R—1 RT R—l 1

nS—Hns— ns—ns+ §,Ms— ns-"_lns_

The vector of correlations between a factor and all signals can be split into p;s,ns =

T T T _ T -1 T ~
<pqis,nsf pqi&nﬁ), let ;.. = Pysn.—Bsn,—Bn.—n.t — Pysn,+ and the quadratic form

i.e. if the difference A — B is positive semi-definite, the difference B~ — A™! is positive semi-definite.
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Yijn, Can be rewritten as

T —1
ﬁyl']',n - pqis,nszs Neg— 1qus,ng

+p;s,ns R : Rns ns+R

B R’ R}

N +\n — Tt "ng—ns+TVsns— pqlsns
T -1
- pqis,ns—Rsms—Rns—”s-*-Rnans—pqzs ns+

T -1 T -
_pq¢S,ns+Rns+\ns—Rns ns+Rsns pqz'sms—

T —1
+ inS ns+Rns+\ns—p(h‘5:ns+

= Yijns—1 + d)z Ms sns+\ns ¢j7ns'

Since the correlation correction matrix R ' is the same across entries, defining the

ns+|ns—

matrix ®,,, = Rqs,ns_Rs ne— A, —n+ — Ry pn 4, where the rows are ¢, , the full matrix can

Z?’L7

be written recursively as

d' .

sns+|ns— = Ms

r, =T._+®, R}

The diagonal elements of T',,_ are weakly increasing in n, as R is positive semi-definite

$,Ms+|ns—
SO
g T >
Viins = Viins— T @i s snerIns q,)i,ns Z Yiins—>
and the sum over all entries is as well, since I',,, — I',,, <I>nSR P s positive
s,ns+|ns N

semi-definite.

A.6. Cost and benefit of complexity multiple signals

The impact of adding another group of signal is always to weakly increase x as can be
demonstrated by the positive semi-definiteness of the difference X ;Sl =X ;Sl_. By proper-
ties of symmetric positive definite matrices,'® the difference is semi-positive definite if the
difference X, — X,,.+ is. Explicit calculation using the Sherman-Morrison formula for

the inverse of the sum of a positive definite matrix and the outer product of vectors of the

18For symmetric positive definite matrices A and B with the same dimensions it is the case that
TA-Bw>0 = v'(B™'-A " Yv >0V,

i.e. if the difference A — B is positive semi-definite, the difference B~ — A™! is positive semi-definite.
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difference yields

anf - an+ =
ke, -+ Dol =k, — Dol =k (- — Q) + Dyl - — Dgl,
=k [Q, = (- — Q0 @ (Renipn, + 0190 ®0,) @, Q) )]
+ Déins_ - [Dﬁi,ns— — (Dgcyns + DQOHSD;;D;;SD;;DQW) —1]

=k @) (Rypipn,— +®, QL _@,) @) Q)

C’nS— Ns §7n8_ Cvns—

-1
—1y-1 -1
+ (Do, + Do D, Dy, D' Do)

which, as a sum of (semi-)positive definite matrices, is semi-positive definite.

A. 7. Impact on including signals of improving technology
The matrix derivative
0X,5 = X,

aXTLs'F -1 X”s_

=-X;! XL+ X D,
Ok? A B T R
==X, Qe X + X Qe X

is positive semi-definite if the matrix difference

Xn.9+Q<7ns+Xn.s+ - an_QC:ns_an_
4 —1 -1 —1 —1 —1 —1
= kc {Q(,ns-‘r - QC,nS—} + {DQC,ns—FQCﬂs‘FDQC,nS—i— - DQC,nS—QC,ns—DQ(,nS—}
2 —1 —1 —1 -1
+ kc {QCTLSJFDQC,TLS-&- + DQC,nS+QC:ns+ - QC,nS*DQC,nS— - DQC,TLS—QC:”S*}

is positive definite. This is always eventually true as k* — oo and only the first term remains

since Q¢ .- — Q¢ 4 is positive definite.

A.8.  Objective measure is the limiting measure

This is true as the cost of complexity is reduced to zero as estimation technology param-
eter goes to infinity k2 — oo (k. is the ratio of slope parameters in the bias variance trade-off
minimization, see Section 2.3). This can seen by taking the limit of a slightly rearranged

cost of complexity y
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-1
lim x = hmk 2p21" {Q + k2D, } 1=0xk2,1"Q:1=0.

k2—
Appendix B. Heterogeneous agents

B.1.  Profit function from budget constraint

Normalize the price and pay-off of the risk free asset to one (equivalent to a risk free
rate of zero). The value of the position in the risk free asset is its size, denote it by B;.
With the initial value of position in the risky asset given by position times price d;p, the
budget constraint that the total value of investments cannot exceed initial wealth wy; is
wo; > B; + 0;p. For a utility function increasing in wealth the budget constraint binds, and

it follows that B; = wq; — d;p. Therefore, after-trade wealth is
wy; = By + 6y = wo; — 6;p + 6y = woi + 0;(y — p).

It can be shown that in determining position ¢;, for an investor with CARA utility of after-
trade wealth, initial wealth (endowment) can be normalized to one without loss of generality,
see Breon-Drish (2015). This holds as well for an investor maximizing a mean-variance
criterion as initial wealth drops out of the first order condition because it enters wealth
additively, which extends to the mean-mean squared error criterion described in the main
text. In all three cases optimizing the profit function 7; = §;(y—p) is equivalent to optimizing

after-trade wealth.

B.2.  Predicting prediction

To see that Ely|sy, 3] = E[yr|su, 3], notice that for known 3

Covly, sy|8] = Covly, §:18] = BT Covlq, u]B = B' Covlq, s/|E;'E. 8 = 872, 2'2) 8
=B'S, 2B 2% 8= 8T8, War[s)|Z; 'S8 = Var[j| 8],

and

Ely|B] = B 1y = B {p, + B2 (Els1] — 1)} = El4118] = E[su]8),
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SO

Blylsv. Bl = Eljl] + 3o 2 (s~ Els|gl) = Elinlsv, ),

B.3.  Demand: robust profit mazximization objective

I assume that investors optimize an extended mean-variance objective that consist of the
expectation of the scaled profit function 7;(y) := d;a;(y — p) applied to the prediction g;
and an uncertainty-adjustment for the fact that investors optimize estimated rather than
true profits extended from unconditional variance to unconditional mean squared error. In
this two period model, optimizing over profits corresponds to optimizing over second pe-
riod wealth (see Appendix B.1). The specification reflects the fact that investors ultimately
care about true profits but are averse to the risk in the pay-off as well as the model uncer-
tainty. To account for both sources of randomness, the uncertainty-adjustment is based on
the unconditional mean squared error, and, for consistency with the problem faced by in-
vestors with CARA-utility facing a Gaussian gamble, it is half, i.e. 2062E [(7;(y) — ﬁ,(g)))ﬂ =
10?E [(y — QZ)Q] Formally, demand from optimizing the objective function yields
0; = argmax 7;(f;) — %E [(Fily) = 7:(9)*] = ¥ (5 — p), where o = {&FE [(y — §)"] }_1 :
where the expression follows from a reorganization of the first-order condition analogous to
a classic mean-variance optimization and the second-order condition is satisfied due to the
positivity of the mean squared error. If investors know the true model they act as mean-
variance optimizers since the covariance between the pay-off and the predictor is the variance
of the predictor Covly, ;] = Var[y;] and the predictor is unbiased, E[y] — E[y;], so the mean
squared of the predictor equals the conditional variance of the pay-off given the predictor,

E [(y—9:)°] = Varly] - Var[g] = Varly|gi).

Without the noisy estimation introduced in Section 2.1, my specification of demand is, as
was the case for uninformed inference in Section 3.1, simply a re-formulation of the baseline
model provided by Grossman and Stiglitz (1980), the classic mean-variance criterion for

utility optimization.
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B.4. Demand: CARA-utility with ambiguity aversion

For the informed investors I in Section 3.1, their linear demand function is the demand of
investors with CARA-utility and risk tolerance a;, who performs a maximization of utility of
final wealth wq; over demand d; given price p that is robust to miscalculated risk. Conditional
on the estimate ,C:], the pay-off y is normally distributed, which extends to final wealth wp;.
Utility of final wealth is log-normal and expected utility is

U = -] = bt
Maximizing the negative exponential is equivalent to minimizing its exponent, which again
can be turned into a maximization by swapping the sign on the objective. Starting wealth
can be normalized to zero without loss of generality, so final wealth is wi; = d§;(y — p),
see Appendix B.1. As in the main text, the conditional expectation of the pay-off is the
predictor g;. Denote the conditional variance of the pay-off by 051 € [gg I,E; 1}7 where the

interval is the set of multiple priors of a maxmin expected utility model in the tradition of
Gilboa and Schmeidler (1989).

1
N 7 2l 2 o 2 2 —2
max min o (51(y1—p)—515a1 oo, st on € oo, Ty
ol

The first order condition of the minimization is the expression —&%a;?/2, which is always
negative, meaning that the unconstrained solution would be positive infinity and the con-
strained solution is the upper bound. Substituting the upper bound into the objective,
differentiating, and solving for the optimal position in the risky asset yields a result with a
familiar form 07 = aIEyTIZ(yjI — p). However, rather than being scaled by the inverse condi-
tional variance, the position is scaled by the inverse worst-outcome variance. The product of
ambiguity and ambiguity aversion, effective ambiguity, is pinned down by defining the upper
bound of the multiple priors set. Setting it equal to the unconditional mean squared error,
i.e. To; = E[(y — 9r)?], yields the demand function in the main text.

The assumption that the uninformed predictor is the best linear approximation of the
the informed prediction g; can be tightened to the uninformed investors approximating
the distribution of y; by a normal distribution. This stronger assumption also makes ¢
the projection presented in the main text. Additionally, following the steps outlined for
the informed investors, uninformed investors’ demand function in Section 3.1 corresponds to

CARA-utility with risk tolerance «yy optimizing over profit dy (g7 —p) robust to miscalculation

60



of risk. Formally, expected utility is

T B e R L R L

With predictor j = E [§j;|su, p] and conditional variance Var [j;|sy, p] = o2 € a2y, 700 ]

the robust optimization is

1
R 21 2 9 2 2 =2
max min oy ov(gu —p) — 5U§aU ooy, st ooy € [ohy, ooy -
U

Setting the upper limit equal to the unconditional mean squared error, i.e. EEU = El(y —

9r)?], yield the demand function in the main text.

B.5.  Uninformed mean squared error
The mean squared error of the predictor of the uninformed
Elly — gv)?] = Varly] + Var[jy] — 2Covly, ju] + (Ely] — Eljv])?

= Varly] + X {Var(gr] + v; 02} — 2\pCovly, ii]
+[(B = {1 = A)ps + Aopgd) " ug)?

= Varly] + \v(Var[g] — 2Covly, §1]) + (eguq)2

= Varly] + Av(x — B'ZcB) + (e p,)’

= (1= Xv) {Varly] + (ejm,)*} + A\vE[(y — 41)°]

so a necessary and sufficient condition for higher lower squared error of informed vs unin-

formed is

El(y —9v)’] > Elly — 91)%] <= {Varly| + (esn,)?} > Elly — 91)7]
= X< B'EB+ (e5m,)” =Var[E[yB, si]] + (ejm,)>.

B.6.  Variable share of informed investors

Market clearing ¢;6;(p) + (1 — £;)dy(p) = =z so

su=p— U (1 —0)6u(p) = g1 — 7T 2
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and

Ui+ (A= )pugo — 2 {r+ (1= ) Advdbu} sy + (1 =€) (1 = A)du Elyle’]
Crbr + (1 = €)Yy b+ (1 = L)y

/ 1—4pA
= (1= N)Ele]+ Apsu “-&F:ﬁZiU—Zﬁ?

so the changes to equilibrium outcomes are captured by price responsiveness \,, uninformed

responsiveness Ay, and uninformed signal sy .

Appendix C. Predictions

C.1. Short-term price reversals

Price and stochastic supply. Moments: variance

1 9\ !
Varlp] — =Apt; 0z>

-1 2 2
=\ o o

Varlp,z]™' = (

B 1 03 /\pz/zl_laz
NVarl[grlo2 \ \y; o2 Var[p)

z

and covariance
Cooly=p. (v =)] = (Covly.pl = Varlp] Aui'o?)

Coefficient on price

(Covly, p] — Varlp))o? + N2 >0 Eiol) — Covly, p] — X2Var[j] — Nap; 02 + A2y 20 5
o A Covly, 1] B Covly, 1] — A\ Var|y] B
- (M =1 (- i) = S

and on stochastic supply/negative liquidity demand
Ay Lo Covly,p]
—————=_{Covly,p| — Varlp| + Var 7= ——""" —z
)\Zgjvar[yl]o_g { [y p] [p] [p]} )\pVaT[yf] I ( )

in baseline model Covly, ;] = Var[y], so Covly, y1] — A\, Var[yr] = (1 — A\,)Var(y].
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C.1.1. Noisy factor loadings

Including noisy factor loadings. Let Var[p, z] = £, and
Aptty D3 —2 2
zpzmzzpz_( 7% ) D;; (\D2,u, 0)
Aot D2 D2 Xp!D? 0
=Xy — < oHa OTUﬁ 06) </\pD§a“q 0) = Xp. — ( phtg Zastle

0 0
_ <Va7“[p} ST DR TRED Wil 103)

—/\plﬂflaf U,g
SO
12,5l = (Varlp] = Xy D2 i, )o? — N %)
RV arlilo? + 0! — Nl DY gago? — Nt !
= X (Var(jr] — p, D p,)0?
and

2_1 B 1 O'z )\pwflgg
I8 N2 (Var[jy] — p,qTD?,ﬂ/J,q)ag Mrte? Varlp) — )\iunDiﬂuq.

z

Notice that

_271 Apl‘l’t—]rDig D72 _ E -1 0-3 )\Pd)f_lo-z Apl“l’t—]rDCQTg D72
pz|B o’ o8 | p2\5| Navlo? Vv 2T D2 o7 os
pwl 9 CLT[p] - p/"l’q og l’l’q

z

_’2 A|71 O-g )\ HT
pz|B >\p¢1_10§ pHq >

and

_D? ()\ D2 u 0) >l =2 .|7'D;? ()\ D2 p 0) % Ay o?
TP est Pzl pelP o \TETest prl_lag Var[p]_)‘zz)“qTD?fﬂ“’q

= _|2pz|3|_1)\pl‘l'q (0-3 )‘pw;105> )
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as well as
2

-1 P T 1
122,51 <>‘P”’q 0) <)\ 77/}—102> S T Apbiqhy 0.
p¥r

z

Moments: variance

-1
-1 by )\puTDQ
Var [p,z,,@] = ? 0"
2 2
(\WD2u, 0) D
adj 03 T
. 0I2x2 O0Izxy > A|_1 Epz\g —Ap A7 1o Fq
= OIHX2 D_2 pz|B I z
7 —Apkty (Ug Ap@b;le) )‘Q'u’q/"’q z
covariance

Covlr,(p = B)] = (Cov[r(p 2)| —\mD2)

(Ap(C’ov[y,y[] — M Var[sy]) My to? —/\pu,TD2 ) _

Coeflicients

Cov [r, (p z B)] Var [p, Z,Bi|_1
=07 )

+ |2pz|é‘_l( Cov [7“7 (p z)} E:jfé + )\iugDiﬁuq (03 pr;lag)

— ApCov [r, (p z)] ( p;; 2) )\ TD2 l'l‘ql‘l’q z)
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where

|Epz|B|_1 (Cov [r, <p z)] EZ(:?B + A;M;Diﬁﬁ"q (‘73 prfla,g)) (p —ZE[P]>
2

—12
“Vz%wé|1< (Ap(Chnﬂy,gf]—»Apvzn{sUD Aﬁ¢;1gg) ( 7z p¢q : )

¢I ! 3 Va/r[p] T‘D2 I‘l’q
_ p— Elp]
+ A?’“;Diﬁﬂq (03 Ay 103) > ( . )

- Covly, 91| — Ap(Var[gr] + Urta?) + )‘p¢1 2+ )‘pl-LTD2 By oo,

_ N Varlis] — ] D2 1)? Mos(p — Elp))

N Covly, Gir] = Varp] + Varlp] = Nop] D3 p, + Nop) D2 P
N (Varlin] — ] D% pag)o?

 Covly, gi] = \(Var(gr] — pg D7 ps,)

N A(Varljl) — ] D2, p,)

+ Ap¢;1a§

Covly, 1] —1
0= B = 5 oot 5y V)

and

- ,MCouly, il = MV arlsy] + XNy %02 + Aopg D p,
O- A
N(Var[gr] — py Dy, pg)0?
_ Covly, 1]
5 Varlis] — g Do)

op q

} MqT(,é - Hﬁ)

MJ(B - M,B)-

C.2.  Trading volume
Realized trading volume v is given by
1
v =5 18] + 18] + |21}
:%{%Kl—%ﬁh—E@D—&@fﬂ+wMM—AmMﬂm}@rﬂ@&”+M}

= 1{W |(1 = N) (@1 — Elg1)) — My 2| + (1= N) |[—(r — Elgi]) — vt 2| + |Z|}

_ WU

5 { (1= 2) (@ = Eldi]) = Moy 2| + (1= ) [(01 = Elgn]) + 72| + w;llzl},

which in the third line uses the equality

U+ Ay — A (Y +du) b (1—v)vu

Yol = Av) = v Y1+ Yy B U1+ Yu

— (1= ),).
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C.3.  FExpected profit and ex-ante expected utility
C.3.1.  Expected profit

Using that

gr—p=01=X)gr — (1 = A ps ey — Moy 2 = (1= N) (Gr — Elfir)) — A7 'z
— E[]j[ — p] =0
= E[(yr — p)Q] =Varlyr—pl=(1 - )\p)2Var[g)1] + )xfﬂ/}fzaz

z

key expectations are

El(gr —p)y] = (1 = X)Covly, 51 = (1 = X,)B" Ecpy
E[(g1 — p)p] = Covlir, p] = Varlp] = NVarljr] — X {Varlg] + ¢ %02}
=M1 = A\)Varly,] — )\;¢I_ZJ2

z

and informed profit under the objective measure is

Elrg] = Y1E (91 — p)(y — p)] = Y1 {E[(§r — v)y] — E[(r — p)pl}
=y {(1 — ) (Covly, 9r] — N\, Var[yr]) + /\]2377/11—20'3} )

Under the contemporary measure E[B3|c*] = pg, covariance is the quadratic form Covly, §;|c*] =

pj B¢ pg, profits are
Elrrle’] = 1 {(1 = ) (Covly, Grle’] = N Var[gi]) + A ?ol}
and out of sample surprise is
Elri] = Elri|e’] = (1 = Ap)(Covly, §1] — Covly, g1lc™]).
Similar analysis for the uninformed profit yields

o —p= (A — A)(E1] — sv) = Elju —p] =0
— E[(ju —p)*] = (A, — Av)*Var[sy]

SO

El(gr —p)yl = —(A — Av)Covly, 91],  El(gu — p)pl = —(Np — Av) A, Var[sy]
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and expected profit under the objective measure is

Elry] = YuE [(Jv — p)(y — p)] = Yo {E[(Gv — )yl — El(Jv — p)p]}
= v {(A — Av) W Var[g] — Covly, 91]) + (A — Av)Apiby 202}

Notice that

Y1 + Avvo — v (V1 + Vo) _ (1 - )Yy

Yuldy = Av) = vu U1+ Yu U1+ Yu

= wl<1 - )‘p)
so out of sample surprise is
Elmy] = Elmy|c’] = 1(1 = Ap)(Covly, 4] — Covly, 4ir]).

C.3.2.  Difference in profit under contemporaneous measure

Expected difference in profit under the contemporaneous measure is

Elmile’) — Elmgle’) = vr {1 = Ap) (Covly, ile’] — AVarlin]) + X272}
= ur(1 = X) {3 Varln) = Couly, iule’]) + Aty *o2)
= 0y {200 Ay) (Covly, drle’] — AVarlin]) + 24, — 1] A0’

A necessary condition for the differential to be positive is that the last term in the curly

bracket, [2\, — 1] A1y %02, which require that informed investors trade more aggresively
Y1 > Yy, since

2>\p>1 < 21+ 2y > Y+ Yy = Q/J[+(2>\U—1)’QZ)U>O <~ Yr > Yy.

For symmetric uncertainty aversion, this simplifies to the informed making better prediction

(see Proposition 3).

C.3.3. Ex-post performance

Ex-post performance surprises are symmetric and only exist with non-zero bias

Elnr] = Elmr|e’] = (1 = Ap) {Covly, §] — Covly, gle™]} = ©r(1 = Ap) {€pXces — BXces},
and E[WU] — E[?TU|C*] = —¢[<1 — )\p) {8/32465 — ,32(65} .
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By algebraic manipulation
Covly, §] — Covly. gle’] = B' Bepy — py Beps = €55 ces — Bces

and

U1+ vy — A\ (Yr + Yp) _ 3 (1—Av)vu
U1+ Py g + vy

Yu(Ap — Av) = Yu =Yr(1 = Ap).
Of the two components of the cost of complexity, ex-post performance surprises are entirely
driven by the bias, and while the sign of the first term in the curly bracket could be both
negative or positive, the quadratic form is always positive due to the positive definiteness of
X, suggests that the term might be positive more often than not.

Ex-post performance surprises are a transfer between investors, and due to their symme-
try it leaves certain results from the baseline model unaltered regardless of its sign. Ex-post

performance surprises are a transfer between investors and nets out in total
Elm] — Elmi|e’] = (Elmy] — Elmy|c’]) = 0.

It follows that for matters concerning the total profits of investors the distinction between
objective measure and contemporary measure is irrelevant. The corresponding result in the
baseline model arises trivially because Var[E[y|8, s/|]] = Covly, E[y|B, s;]] so there are no
ex-post surprises. Due to the common component in expected profit, total profit of investors

simplifies to
Elr;] + Elry] = Elmi|e’] + Elnyle’] = ¢ o? = arE[(y — 41)*]o?.

This result mirrors a result in the baseline model where it holds with the modification that the
mean squared error collapses to the conditional variance under the true model. Introducing
noisy estimation does not alter the intuition of the baseline model that total profits are

increasing in the quality of predictions made by informed investors.
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Appendix D. Value of data

D.1. Rational function formulation of cost of complexity

Let the adjacency matrix of any matrix A be indicated by superscript A*¥ and the
determinant by |A[, and define

W .= k’c_zﬂc + DQC = ]{JC_QQa) + DQCO + ks(k’c_QS + DS) = WO + kSWS

such that

1'Xx'1=17 {kgﬂgl + Dgg} 1=1"Do,1—-1"Dg, {k2Qc + Do} " Dq.1
=1"Dg1-1"Do W 'Dg, = Dq.1— |W| 1" Do W*¥Dg_1
=1"Dg 1
— W {1" D, oW*¥Dq o1 + k31T DsW*Y D1 + 2ks1" Do W*VDg1} .

For a sum of matrices where one is scaled by a scalar k£ such as W, it can be shown, see
Appendix D.2, that the determinant is a polynomial in k of degree equal to the number of
rows (or columns) of the matrix, and that the sum over its adjugate matrix is a polynomial
in k of one degree less. Scaling the entries of the adjugate matrix before taking the sum, as
is done in the terms of the curly bracket above, does not change the degree of the resulting
polynomial. However, the multiplication of the second term by the square of kg, which
is the variable of the polynomial for W, yields a polynomial of a degree one higher than
the number of rows, which for W is equal to the number of factor n,. The curly bracket
divided by the determinant is therefore a rational function (ratio of polynomials) of kg. By

extension, the cost of complexity is a rational function of kg
x(ks) = k2,|W |~ 1{\W\1TDQCO1 + ks|W|1"Dg1 — 1" Dg ¢ W*¥Dg 1

24T dj T dj 2 anﬂ ack
— kil DsW*Dgl —2ks1l Do W*Dgl ; =k - :
S S S S Q(O S } o0 Zeqobeke
The degree of the polynomial in the numerator is exactly one higher than the degree of the
polynomial in the denominator and the rational function therefore has a an oblique asymp-
tote, which is linear in kg. The slope of the asymptote is the coefficient of the highest power
of the polynomial in the numerator divided by the coefficient of the highest power in the de-

nominator an,41/by,, or the limit of the derivative with respect to kg, i.e. klim Ox(ks)/0ks.
5 —00
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A special case is that of a diagonal S matrix, in which case the derivative simplifies to

k k2
lim aX( S) _ a0

= 1"Dg1
ks—o0 8k)5 1—|—ng S5

and in the even more special case where all true factor loadings are the same 3 = fJ1,
whether more data (stronger signal) is asymptotically valuable or value destroying is entirely

determined by the base-parameters k,q, k. and 3, specifically

. Ox(ks)  OVarly|B, si] T on 22
1 —1"Dg1{ L0 g2l
ket Oks T Oks sI T 7?

D.2.  Matriz inverses as rational functions

If a square matrix L = A 4+ kB is of dimensions two by two matrix, its determinant is a

polynomial in k& of the form
|Laxo| = |A| + k2fB| + k(ai1bag + agabin — aiabay — asbia).

Let M;; be the (n — 1) x (n — 1) sub-matrix of the square n x n matrix L that deletes row i
and column j, i.e. its determinant |M ;| is the ij-minor of L. By a Laplace expansion over
row 4, the determinant of L is given by |L| = 3 (—1)""1;;| M ;|, where the entries of L are
of the form l;; = a;; + kb;;. Therefore, if |[M ;| is a polynomial in k, the product [;;|M ;| is
a polynomial in k of one degree higher. Since |Loys| is a polynomial of second degree, the
determinant of L, ., is a polynomial of n’th degree. Meanwhile, the co-factor matrix of L
denoted C has entries ¢;; = (—1)""/1;;| M ;| which are polynomials in k of degree n — 1. The

sum over the adjugate matrix 1T L*¥1 = 17C "1 is, therefore, a polynomial of degree n — 1.
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