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Abstract

This paper studies the feedback between stock market fluctuations and wealth inequality dynamics.
We do so by means of a dynamic consumption-based general equilibrium model with endogenous
asset returns and a non-degenerate wealth distribution for a continuum of households. Households
are heterogeneous in risk aversion and thus choose different expected portfolio returns and portfo-
lio return volatilities, generating time-varying wealth inequality. We show how to solve the model
analytically in terms of a cumulant generating function, which encodes information about all the
moments of the distribution of risk aversion. With this result, we recover the unobservable distri-
bution of risk aversion using time variation in the slope of the observable equity term structure.
We also confront the model with US data on the wealth distribution to recover a second estimate
of the distribution of risk aversion. By comparing the two estimates, we show quantitatively that
there is significant feedback between stock price dynamics and wealth distribution dynamics.

Keywords: wealth inequality, aggregate risk, equity term structure.
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1 Introduction

The wealth distribution changes over time and impacts asset price dynamics through the stochastic
discount factor. Moreover, the dynamic consumption-portfolio choices made by households based
on asset prices impact the dynamics of the wealth distribution. In short, there is a natural feed-
back between wealth inequality and asset prices. Recent work in macroeconomics (see Benhabib
and Bisin, 2018, Fagereng, Holm, et al., 2019, Gabaix et al., 2016, Hubmer et al., 2021, Xavier,
2020) emphasizes the necessity of heterogeneity in rates of return for explaining wealth inequality
dynamics. However, none of these papers endogenizes rates of return, making it impossible to
study the two way feedback between wealth inequality and asset prices. The asset pricing litera-
ture (see e.g. Dumas, 1989, Chan and Kogan, 2002, Bhamra and Uppal, 2009, Bhamra and Uppal,
2014, Garleanu and Panageas, 2015) has studied theoretically the importance of heterogeneity in
individual’s risky portfolio returns for aggregate stock return dynamics, but rarely considers the

implications for wealth inequality.

In this paper, we develop a theoretical framework to understand the feedback between endoge-
nous stock market fluctuations and the endogenous dynamics of the wealth distribution. Central
to our model is heterogeneity in exposure to aggregate consumption risk driven by heterogeneity
in risk aversion for a continuum of households in a dynamic setting.! Consequently, households
have different expected portfolio returns and portfolio return volatilities, leading to time-varying
wealth inequality. Empirical work by Bach et al. (2020) stresses the relevance of this channel for
generating dispersion in wealth across households. The distribution of risk aversion across agents
drives their distribution of exposure to aggregate consumption risk and hence both the dynamics of
asset prices and wealth inequality. We solve the model analytically for an arbitrary distribution of
risk aversion by obtaining the distribution of consumption across households in terms of a cumulant

generating function.

"We differ from Gollier (2001), who uses a static two-date framework, where individuals have different wealth levels,
but identical risk preferences. Gomez (2016) studies wealth inequality in a dynamic model, but with two types of
agent who differ in risk aversion; in our model risk aversion varies smoothly across a continuum of agents, giving
rise to a continuous distribution.



Previous research in finance documents significant time variation in the slope of the dividend-
yield term structure.” We show that the correlation of this slope with the growth rate of the stock
holdings of the top 1% of individual investors in the US is 34% (see Figure 1). Using dividend yield
data from Giglio et al. (2021) and the closed-form expression for the dividend yield slope from
our model, we recover the distribution of risk aversion and the wealth distribution.® In contrast
with expected risk premia, which are estimated with considerable error, dividend yields can be
observed. We also use the individual US wealth series from Saez and Zucman (2016) to build
empirical estimates of the distribution of financial wealth and the share of wealth invested in risky
assets to recover the risk aversion distribution from wealth dynamics. The estimates of the risk
aversion distribution based on wealth dynamics overlap considerably with the estimate from asset
price dynamics. Our results thus provide evidence for significant feedback between asset price

dynamics and wealth distribution dynamics.

The model we use to confront the data is a consumption-based asset pricing model with a
continuum of households and dynamically complete financial markets. Individual households have
power utility which loads multiplicatively on the standard of living and depends exogenously on
the time-weighted history of aggregate consumption.? Households are heterogeneous with respect
to their risk aversion and their sensitivity to the standard of living index, but have identical rates
of time preference. The key determinants of both the dynamics of stock prices and the wealth
distribution are the risk aversion distribution summarized by the social planner’s Pareto weights
together with the model’s state variable: the difference between log aggregate consumption and its
history, which we refer to as the consumption surplus. By assuming that aggregate consumption
is log-normal, we use consumption data to extract the history of consumption shocks, which deter-

mines the path of the consumption surplus. We lack data on individual household consumption,

*Van Binsbergen, Brandt, et al. (2012) are the first to use dividend strips to study the term structure of equity and
Van Binsbergen, Hueskes, et al. (2013) use dividend strips to study the term structure of expected dividend growth
and the dividend yield slope. Gormsen (2021) and Bansal et al. (2021) have recently shown that this slope varies
across time.

3The prior literature has not shown how to recover the wealth distribution solely from asset prices. There is a literature
focusing on recovering the physical distribution of market returns from derivative prices without using a specific
model, initiated by Ross (2015) and developed further by Borovicka et al. (2016), Schneider and Trojani (2019).
Our approach uses a specific model to recover the wealth distribution from time variation in the dividend-yield term
structure.

4The individual household utility specification is a generalization of Chan and Kogan (2002) developed in Muraviev
(2013).



so we cannot use it to determine the density for the social planner’s Pareto weights. Instead, we

recover the density in two distinct ways: (i) by using times series data for the dividend-yield term

structure, and (ii) using household wealth shares.

GROWTH RATE OF STOCK HOLDINGS OF TOP 1% AND
SLOPE OF DIVIDEND YIELD TERM STRUCTURE
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Figure 1: Growth rate of stock holdings of top 1% and slope of dividend yield term
structure

Notes: This figure shows the relationship between the growth rate of stock holdings of the top 1% in the US and
the slope of the dividend-yield term structure of the S&P 500 over the period 1974-2019. The annual growth
rate of stock holdings of the top 1% has been calculated using the microfiles of Saez and Zucman (2016) (https:
//gabriel-zucman.eu/usdina/) and ranking the US population by their level of stock holdings. The slope of the
dividend yield term structure data has been computed taking the annual average of the monthly series of dividend
yields (https://www.serhiykozak.com/data) estimated by Giglio et al. (2021). The slope is the difference between
the 15 year dividend strip’s annualized yield and the 1 year dividend strip’s annualized yield for the “sizeS” cross-

sectional portfolio, which corresponds closely to the S&P 500. Both series are shown in units of percentages per
annum. The correlation coefficient between these two series is 34%.

We can obtain an estimate for the social planner’s Pareto-weights using dividend yield data

by using two theoretical results. First, we show how the functional dependence of aggregate risk


https://gabriel-zucman.eu/usdina/
https://gabriel-zucman.eu/usdina/
https://www.serhiykozak.com/data

aversion on the consumption surplus pins down the cumulant generating function of a transforma-
tion of the density function of the Pareto weights. Second, we exploit techniques from operator
theory (see e.g. Hansen and Scheinkman, 2008 and Hansen, 2012) to show that the slope of the
dividend yield is directly proportional to the consumption-share weighted aggregate risk aversion
in the economy. By using time series data on the dividend-yield term structure, we can estimate
the functional dependence of aggregate risk aversion on the consumption surplus. We can therefore
identify the cumulant generating function of a transformation of the density function of the Pareto
weights. We turn the empirically estimated cumulant generating function into a moment generating
function and hence use an inverse Laplace transform to recover the density function for the social

planner’s Pareto-weights in closed form.”

A second set of estimates for the density function for the social planner’s Pareto-weights come
from matching the model-implied wealth distribution to the empirical one. When we compare the
dividend-yield implied density function with the wealth-share implied density functions, we find

considerable overlap and quantify its extent via their relative entropy.

This paper is related to a growing theoretical and empirical literature examining the impact of
wealth inequality on asset prices. Gollier (2001) examines how wealth inequality affects the equilib-
rium level of the equity premium and the risk-free rate. Gomez (2016) studies the interplay between
wealth inequality and asset prices both empirically and theoretically using the series of top wealth
shares from Kopczuk and Saez (2004). Eisfeldt et al. (2013) examine the joint relation between
the wealth distribution and asset prices across markets with different expertise and Kacperczyk
et al. (2019) also study the role of investor sophistication in explaining the recent rise in capital
income inequality. Recent theoretical studies emphasize the need of heterogeneity in rates of return
for explaining wealth inequality dynamics (see Benhabib and Bisin, 2018, Fagereng, Holm, et al.,
2019, Gabaix et al., 2016, Hubmer et al., 2021, Xavier, 2020) in light of the recent empirical work
showing that these are indeed features of the data (see Bach et al., 2020, Fagereng, Guiso, et al.,
2020, Kuhn et al., 2020, Martinez-Toledano, 2020). We build upon these partial equilibrium models

A similar technique is used in astrophysics to infer the density of dark matter (matter which cannot be directly
observed), see e.g. Bernardeau and Kofman (1995).



and empirical findings and develop for the first time a general equilibrium framework to study the

two-way feedback between endogenous wealth inequality and endogenous asset price dynamics.

Our work is also closely related to the asset pricing literature studying the importance of
heterogeneity in individual’s risky portfolio returns for aggregate stock return dynamics (Dumas,
1989, Chan and Kogan, 2002, Bhamra and Uppal, 2009, Bhamra and Uppal, 2014, Garleanu and
Panageas, 2015) and the literature relying on dividend yield data to better understand asset prices
(Van Binsbergen, Brandt, et al., 2012, Van Binsbergen, Brandt, et al., 2012, Giglio et al., 2021,
Gormsen, 2021, Bansal et al., 2021). A novel feature of our approach is the use of the dividend
yield to extract the dynamics of the wealth distribution. Taken together, our theoretical and
quantitative results reveal that the current macroeconomics and inequality literatures could benefit

by incorporating insights from asset pricing.

2 Model

We work in an infinite horizon, continuous-time, dynamic general equilibrium economy with ag-
gregate risk and heterogeneous agents. We now describe how we model the dynamics of aggregate

consumption risk and the heterogeneous exposure of agents to this risk.

2.1 The Dynamics of Aggregate Consumption Risk

We assume aggregate consumption flow is exogenous and stochastic. The aggregate consumption
flow at time-t is denoted by Y; and we assume that

dY;
?: = pydt + odZ, (1)

where Z = (Zi)e0,) 18 @ standard Brownian motion under the physical probability measure P.
The time-t expected consumption growth rate is denoted by py and is constant. The volatility of

consumption growth is denoted by ¢ and is constant.

The standard of living index at time-t is denoted by X;, where x; = In X; is the mean of past

realizations of the logarithm of the aggregate consumption process, weighted exponentially, so that



more recent realizations have a greater impact on the current standard of living, i.e.
t
zp = zoe M+ )\/ eiA(t*U)yu du, (2)
0

where A > 0.

We define the logarithm of the ratio of current aggregate consumption to the standard of living

index as the consumption surplus

Wt =Yt — Tt

A positive consumption surplus reflects an improvement in current economic conditions relative to
the past and increases the standard of living index — observe that (2) implies dz; = A(y; — x¢)dt, so
that dzy > 0 when w; > 0. The consumption surplus is mean-reverting and its dynamics are given
by

dwy = X (A py — wy) dt + 0dZy, (3)

where p, = py — %052/ and the long-run mean of the surplus is @ = p,/A. To understand the role

played by the mean-reversion parameter A, we observe that

m t+u
Wity = e My + (1- e_)\u)jy + U/ G_A(S_t)dZ&
t

—Au

which makes is clear that e is the persistence of w over a time period of length u (measured

in units of years) and lim, oo Ftwity] = By _)\%02 is the long-run mean of w. The half-life of w is
given by 15 = In2/\ Increasing A decreases both the persistence of w and its long-run mean. For
example, with a value of A equal to 1.29 (per annum), the annualized persistence of w is 0.28, the
half life is 0.54 years, and with p, = 3.11% per annum the long-run mean is p,,/1.29 = .024. Figure
2.1 shows the time series for US log aggregate consumption, the implied times series for the log
standard of living index and the consumption surplus relative to its long-run mean. From Panel B,
we can see that the consumption surplus tends to fall below its long-run mean around and during

NBER recessions.



Panel A: Log Aggregate Consumption and the Log Standard of Living Index
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Figure 2: Aggregate Consumption, Standard of Living Index, and Consumption Sur-
plus.

Notes: This figure shows the key aggregate macroeconomic time series used in the model from 1st May 1974 to 1st
March 2020 with NBER recessions as grey bars. Panel A shows log aggregate consumption, y, and the implied log
standard of living index, x. Panel B displays the implied time series of the consumption surplus relative to its long-run
mean, w — w. The times series is shown in blue when w —w > 0 and red when w —w < 0. We construct aggregate
consumption from observations of (Y;41,12—Y%)/Y:, which is the seasonally adjusted monthly percentage change in US
Real Personal Consumption Expenditures available at https://fred.stlouisfed.org/series/DPCERAMIM225NBEA.
Our estimates puy = 3.15% per annum and o = 2.92% per annum are based on the full times series which runs from
1st Jan 1959 to 1st Feb 2021 and we set A = 1.29 per annum.


https://fred.stlouisfed.org/series/DPCERAM1M225NBEA

2.2 Heterogeneous Agents and Aggregate Consumption Risk

There is a continuum of heterogeneous agents, who are consumers whose utility is influenced by the
standard of living index. They are all infinitely lived, have identical information, the same rate of
time preference, §, but differ with respect to a single parameter, =y, which determines both relative

risk aversion and an agent’s sensitivity to the standard of living index.

The consumption rate of an agent with relative risk aversion 7 at instant u is denoted by
C, ., and the instantaneous utility from consumption is given by the following power function that
depends on consumption relative to an agent-specific tracker for the importance of the standard of
living index, H :

1

Uy(Cryy Hy ) = €708 —— Cru ) (4)
¥ Y,us tLy,u) — 1_7 H'y,u )

where § is the constant subjective discount rate (that is, the rate of time preference), and + is the

degree of relative-risk aversion.’

The quantity H., , in (4) is defined by
H’Y,u == X’I}ALW == h»yCCu7

where h., is the agent’s sensitivity to the standard of living index, as modeled in Muraviev (2013),
which generalizes the specification in Chan and Kogan (2002) to allow for heterogeneity in the
sensitivity parameter h,. If h, = 1, this reduces to the specification in Chan and Kogan (2002),
and if A, = 0, one gets the standard isoelastic utility function without any dependence on the

standard of living index.

We parameterize h, as follows

5See Chan and Kogan (2002) for a discussion of this specification for the utility function, and why it is still appropriate
to interpret  as the coefficient of relative-risk aversion. For papers in the literature that study the effect of habit
on asset prices in representative-agent models, see Abel (1990) and Abel (1999) and Constantinides (1990).



where v € [0, 00) differs across agents, but ¢ does not. We can interpret i as the sensitivity of the

risk-free rate to the growth rate of aggregate consumption in the steady state when all agents are

identical in the economy without risk.”

We assume markets are dynamically complete. The competitive equilibrium is therefore Pareto
optimal and we can characterize the consumption-sharing rule via three standard steps. First, we
analyze the social planner’s problem. Then we construct an Arrow-Debreu economy to support
the optimal allocation found in the planner’s problem. Finally, we implement the Arrow- Debreu
equilibrium as a sequential-trade economy. We can then determine equilibrium asset prices and the

wealth distribution. In this section, we restrict ourselves to stating the social planner’s problem,

= Gyt
/0 f(v)u, ( Hw) dry,

which is to maximize

subject to the constraint
oo
| v = (5)
0

where f(7) defined in v € [0,00) is the density function for the social planner’s Pareto-Negishi

weights, which we refer to as the Pareto-Negishi density.

The Pareto-Negishi density f(7) is a key determinant of both aggregate asset prices and the
wealth distribution. The existing literature on heterogeneous agents assumes a specific functional
form for the Pareto-Negishi density and then proceeds to solve for equilibrium. We show how to

solve for equilibrium without making parametric assumptions about the Pareto-Negishi density.

"We start by considering the marginal utility (MU) of consumption at date ¢ for agent, which is given by
MU%t = 6_6tH77t'y_lc_’Y

vt

When all agents are identical, Cy =Y, and so marginal utility can be written as:

_ —(~—1 _1
MU.,,tze 6te ("/ w)wt’e wyt.

Thus, the instantaneous interest rate in the deterministic version of the economy is r» = —InMU; = § +
vy — i % + i% From (3), we can see that in the deterministic version of the economy, w possesses a steady

state. At the steady state, % =0, so

0 Tt | %:O _ l
— =
o(d) v
One might be tempted to think of i as the elasticity of intertemporal substitution, but this interpretation would be
accurate only in a model with internal habit.



By using the converse of this result, we make it possible to recover the Pareto-Negishi density from

equilibrium variables.

3 Distributional Dynamics and the Distribution of Agents

In this section, we show how the Pareto-Negishi density can be recovered from the distributional
dynamics of consumption simply by inverting a cumulant generating function. This result forms the
basis for our methodology for recovering the Pareto-Negishi density from (i) the term structure of
dividend yields and (ii) the wealth distribution. The asset-pricing implied density and the wealth-
distribution implied density will not be identical, but ought to be so if aggregate asset prices and
the wealth distribution are driven by a common set of state variables. Using US data on dividend
yields from Giglio et al. (2021) and on the wealth distribution from Saez and Zucman (2016), we
show that the slope of the dividend yield and the growth in stock holdings of the top 1% individual

equity holders in the US are indeed correlated (see Figure 1).

It is important to understand that in contrast to an economy with a finite number of house-
holds, our model features a continuum of heterogeneous households. The consumption flow of an
individual atomistic household is negligible. Instead of examining the consumption flows of indi-
vidual households, we must therefore look at the cross-sectional consumption flow density, denoted
by C . To understand the role of this density function, observe that the date-t consumption flow

of agents with relative risk aversion within the range (’y — %6, v+ %6) is given by

TH3e
/ CLtdCE.
g€

Naturally, if we compute the date-t consumption flow of all agents, fooo C,,+dvy, market clearing in
the consumption good market implies this must equal aggregate output flow, i.e. (5). The density
function for the consumption share of agents with relative risk aversion parameter v is defined by

C%t
7

Uyt =

We now present a solution to the social planner’s problem for a general Pareto-Negishi density.

This result is novel, because it expresses the optimal consumption sharing rule, v, 4, in terms of the

10



inverse of a cumulant generating function, which summarizes the distribution of the Pareto-Negishi

weights.

Proposition 1 The cross-sectional consumption share density is given by

3 w2 n(w)

vylwi) = f(7) e ,

where the function n(wy) is independent of any particular value of v and defined by

n(we) = —m " (wy),

where m(-) is the following cumulant generating function

m(z) = In ( /0 b j(u)ez“du) ,

and the density function, j(-), is a transformation of the Pareto-Negishi density, given by

jlu) = u? [f(u_l)]u, u € [0, 00).

Proposition 1 starts by giving the cross-sectional consumption share density in terms of an
unknown function of n(w;) and then shows how to obtain 7(w;) in terms of the Pareto-Negishi
density. The function n(w;) captures how aggregate shocks impact the cross-sectional consumption

share density.

The converse of the above Proposition 1 will provide us with a recovery theorem, making it
possible to extract the Pareto-Negishi density, given a cross-sectional consumption share density.
To understand the statement of the theorem it will be useful to recall the definition of the Laplace

transform and its inverse.

Definition 1 The Laplace transform of a function h(t), defined for all real numbers t > 0, is the
function H(s), defined by

H(s) = L{h}(s) = /0 T (et dt,

where s € C. We denote the inverse Laplace transform by £, which is given by the Bromwich

integral
1 e+iT
h(t) = LY H}(t) = =— lim eS H(s) ds,

27TZ T—o0 e—iT

11



where € is a real number so that the contour path of integration is in the region of convergence of

H(s).
We are now ready to state the recovery theorem for the Pareto-Negishi density.

Theorem 1 Suppose we have a consumption sharing rule

1

) = F(3) e, (6)
where the function n(wy) is known. The Pareto-Negishi density f(v) is given by
fon =007,
where the density j(u) is the inverse Laplace transform of exp(n=1(x)), i.e.

j(u) = L7 Hexp(n ™)} (w).

The above theorem comes with a caveat grounded in practical considerations. To apply the theorem,
the cross-sectional consumption share density must be observable as function of w. In other words,
we would need to observe the time series of the cross-sectional consumption share density with
enough variation in the consumption surplus, w. Of course, this appears impossible to achieve in

practice.

Fortunately, asset prices and empiricists come to our rescue. Asset prices are observable — if
we can find asset prices that reveal the form of the function 7(w;), we can then use Theorem 1 to
recover the Pareto-Negishi density. Recent empirical work by Saez and Zucman (2016) has made

the wealth distribution observable, which provides us with a second path to recovery.

4 Recovering the Pareto-Negishi Density from the Term Struc-
ture of Dividend Yields

In this section, we use time series data on the slope of the term structure of dividend yields to

recover the Pareto-Negishi density.

12



4.1 Pricing Dividend Strips

We price dividend strips using the equilibrium stochastic discount factor for our model and show

how the dividend yield slope is related to aggregate risk aversion.

We start by assuming that dividends are log normally distributed as follows

Dy = AYY, (7)

where

dA
— = puadt + oAdZ Ay,
Ay

and

Ey[dZ4,4dZ;) = pdt.

The constant a > 1 provides a reduced form way to model leverage as in Abel (1999). The stochastic
process A introduces another shock, so that aggregate dividends and consumption flows are not

perfectly correlated.

Our model provides an equilibrium stochastic discount factor (SDF), A, which we use to price
dividend strips and hence compute dividend yields. In the first proposition of this Section, we show
that the volatility of the SDF depends on the aggregate risk aversion in the economy, which is
the negative of the derivative of the function n(w;), the function which governs how aggregate risk
impacts the consumption distribution. We shall use the following consumption-based definition of

aggregate risk aversion.

Definition 2 The aggregate risk aversion in the economy at time-t is defined to be

1

We can see that R(w;) is the weighted harmonic mean of the consumers’ relative risk aversions,
where the weighting function is the consumption-share density. Aggregate risk aversion depends

on the aggregate state of the economy via wy.

13



Proposition 2 The equilibrium stochastic discount factor is given by A, where

A
& = —T’tdt - @tdZt, (9)
Ay

and

where

R(wt) = = (wy),

and V (wy) is the consumption-weighted variance of relative risk aversion, defined by

_ _ 2
Viwr) = / ;th)dv ( / W%wm) ,
0 s

and given in terms of n(w) by

Vi(we) = Rlwr) 0" (wr).

We can see that negative shocks to current consumption growth decrease the consumption
surplus w; and lead to a greater demand for risk-free bonds which decreases the real risk-free rate,
if aggregate risk aversion is higher than 1/¢. When the consumption surplus w is at it’s long run

mean, w, the risk-free rate is given by

1 1
Ttlw=w = 6 + @My - QR(E)(P@) —1)o”.

We can now see that when the wy = @, the sensitivity of the risk-free rate to changes in the growth
of log consumption is given by 1/1. The price of risk, Oy, increases when there are negative shocks
to current consumption growth, because there is a transfer of wealth from the less risk averse to

the more risk averse, leading to an increase in aggregate risk aversion.

A dividend strip is a security which pays the cashflow D7 at time T'. The time-t price of this

dividend strip is Dypp 7—¢(w:), where

ArD
pD,Tft(Wt) = Fy [ Aj;Dj} ,

14



from which we can obtain the date-t yield, yp 7—¢(w;), via

pp.1—t(w) = e~ YD 7—t(we)(T—t)

We therefore have

yp1—t(w) = — Inpp r—¢(w).

T—1

Similarly, we can define the time-t yield-to-maturity for a real zero coupon bond, paying off 1 unit

of consumption at time 7"

1 A
?/B,T—t(wt) = —m In B [Ajj .

The following proposition gives closed form expressions for the short-term and long-term divi-

dend yields.

Proposition 3 The short-term dividend yield is given by

dD; dC
ki = ypo(wt) = 7(wi) + R(wi)Covy < L t) — KD

D, Cy
and the long-term dividend yield by the constant

N ! dD, dC
k= lim ypr(w) =7 + 5 Cou (Dtt C:) — up,

where T is the long-term risk-free rate, given by

and the covariance between shocks to dividend growth and consumption growth given by

Cov, <dDDtt, dC(j:t) =o(poa+ ao),

and

1 dDy
= —F|—.
KD dr -t [ D, ]

Aggregate risk aversion is directly proportional the dividend yield slope, k— ki, as shown below

1 —(k—k) +7—r

o dD, dC
7’/) COUt (T;’ T;)

R(w) =

(10)

15



Fluctuations in aggregate risk aversion are driven by fluctuations in the slope of the dividend
yield term structure. This result will allow us to estimate R(w;) as function of w;, which gives n(w;)

and hence the Pareto-Negishi density via Theorem 1.

4.2 Asset-Pricing Implied Pareto-Negishi Density

Data for aggregate dividends is obtained from Robert Shiller’s website (http://www.econ.yale.
edu/~shiller/data.htm). The monthly times series data we use for the dividend yield slope is
from Giglio et al. (2021), who estimate the dividend yield based on the universe of stocks from
CRSP and COMPUSTAT and covers the period from September 1974 to August 2020. Our times
series for real bond yields are based on quarterly data from Chernov and Philippe (2012), which
runs from the third quarter of 1971 to the fourth quarter of 2002. For the period from 2002 onwards,
we use daily data from Giirkaynak et al. (2010). In both cases, we convert the real yield data to

monthly frequency. For 7 we used ten year real yields and for r; two year real yields.

Table 4.2 shows the values of the different parameters that we use in the model. We obtain the
log-consumption volatility o and the log-consumption drift u, by fitting a monthly discretization

of the following equation

dy; = pydt + odZy,

to the logarithm of the consumption time series. We then choose 1) to ensure that the right-hand
side of (10) is positive. We estimate the covariance between dividend growth and consumption
growth to be 0.0049 in annualized units. Finally, A is chosen to maximize the correlation between

recessions and negative shocks to wy.

) w g My COUt (d_Dt/_Dt, dCt/Ct) A
0.03 0.0204 0.0292 0.0311 0.0049 1.29

Table 1: Parameter values

Notes: We obtain the log-consumption volatility o and the log-consumption drift p, by fitting a monthly discretization
of Equation (1) to the logarithm of the consumption time series. We then choose ¥ to ensure that the right-hand
side of (10) is positive. Finally, A is chosen to maximize the correlation between recessions and negative shocks to

w¢. The parameters o, py, and A are given in per annum units.
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We then run a regression of the empirical times series for In | & +

v against the

model-implied times series for surplus consumption as shown in Figure 4.2 below.

Implied In R(w) vs w pre COVID

5
X X
O L —
3
[a
=
X Data
Fit
S Confidence bounds | |
x
10 | | | | | | |
-0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05 0.06

w

Figure 3: Log Aggregate Risk Aversion and the Consumption Surplus

Notes: We show a scatterplot of In (i + %) versus w from September 1974 to February 2020 (just prior
A ey

to the COVID-19 shock). The plot shows the results of a linear regression of In i + %) versus w. The
t t

blue crosses denote the data points to be fitted, the red line is the fitted linear model, and the dotted lines are the
95% confidence bounds. We estimate that In R(w¢) = bo — biw: where by = 3.7 and b1 = 8.9.
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Coefficients Estimate Standard Error t-stat p-value
bo 3.7 0.07 53.6 8 x 107218
b1 8.9 2.7 3.4 0.001

Table 2: Regression Results: Log Risk Aversion and the Consumption surplus

Notes: We run a linear regression of In (i + %) versus w using data from September 1974 to February

t\Dy Oy
2020 (just prior to the COVID-19 shock).
This allows us to estimate the log of aggregate risk aversion as a linear function of w. We find

that a log linear specification for aggregate risk aversion works well and adding higher order terms

does not significantly improve the fit. We therefore assume that

In R(wt) = by — biwy.

The results of our regression are summarized in Table 4.2. We find that by = 3.7 and b, = 8.9. We
can see from Figure 4.2 that a log-linear functional form for aggregate risk aversion in terms of w
offers a good fit of the data. Using this estimated functional form, we can apply Theorem 1 and

obtain the asset-pricing implied Pareto-Negishi density in closed form, as shown below.

Proposition 4 If

In R(wt) = by — biwy, by > 0, (11)

then the asset-pricing implied Pareto-Negishi density is given (up to an arbitrary constant) by

faly) =P, (12)
with

1+1
a= —,
b1

by — L
B=1In (ebi’bl "T(bﬁ)) ,

where T'(+) is the Gamma function.

The asset-pricing implied consumption sharing rule is given by

b_% *bi*lR( )l% *%
1 wr)b1e 1Y
vy (wy) = L7 d . (13)

r(5)
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To visualize the above proposition, we start by showing a plot of the asset-pricing implied
Pareto-Negishi density normalized to integrate to one in Figure 4.2. The distribution is positively
skewed with a mean relative risk aversion of 1.5, standard deviation of 0.9, as shown in Table 4.2.

fa (v)
5t (@dz

Figure 4: Asset-pricing implied Pareto-Negishi Density

Notes: This figure shows the asset-pricing implied Pareto-Negishi density normalized to integrate to one, i.e.

fa()/ J;° fa(z)dz as a function of relative risk aversion .
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Panel A: Raw moments Panel B: Standardized moments

1st moment 1.8 mean 1.8
2nd moment 4.2 standard deviation 1.1
3rd moment 12.3 skewness 0.8
4th moment 42.1 kurtosis 3.6

Table 3: Moments of the Asset-pricing implied Pareto-Negishi Density.

Notes: Panel A shows the raw moments of the normalized asset-pricing implied Pareto-Negishi density and Panel B

shows the standardized moments as described.
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5 Recovering the Pareto-Negishi Density from the Dynamics of
the Wealth Distribution

In this section, we show how to derive the dynamics of the theoretical wealth distribution implied
by our model for a general Pareto-Negishi density. We then use cross-sectional data on the US

wealth distribution to estimate the Pareto-Negishi density.

5.1 Wealth Distribution Dynamics

We derive the cross-sectional density function for the wealth share, ¢, (w;), which gives the fraction
of aggregate wealth owned by agents with relative risk aversion equal to v. We first consider the

amount of wealth held by agents with risk aversion equal to v, i.e. W, ;, where

A
W, = E; [ Aul/%uYudu]
t t
A Y,
=t | [
77

We define the cross-sectional density for the wealth-consumption ratio

“hunatiy)

hv(%) = [ t /Tt UV~ ng

Hence, we can write the wealth density function as

Wt = vy (wp) by (wr).

The cross-sectional density function for the wealth share is given by (,(w;), where

W

Q,(wt) = W-

The following proposition characterizes the cross-sectional density function for the wealth share in
terms of the cross-sectional density for the consumption share, v, (w;), the cross-sectional density for

the wealth-consumption ratio, h(w;), and the wealth-consumption ratio for the aggregate economy,

po(we) = [3° Wady/ Y.

Proposition 5 The cross-sectional density function for the wealth share is given by

_ vy(wi)hy(wr)
Gler) = pe(wy) 14
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and the dynamics of the wealth density are given by

A1 G,(w) — Bldn G, ()] = (6 (w) — Dor(wi)dZ.

where ¢(w) is the fraction of personal financial wealth invested in risky assets for agents with

relative risk aversion equal to v and is given in equilibrium by

Py (w) = o) (15)

We can see immediately from the above proposition that the impact of shocks to the aggregate
state of the economy on the fraction of aggregate wealth held by households is amplified, because

the volatility of stock returns is larger than the volatility of aggregate consumption growth.

We can also see that the fraction of aggregate wealth held by households with levered positions in
risky assets, i.e. the risky share, increases when there is a positive aggregate shock. The risky share
is important along two dimensions. Agents with lower risk aversion will have a higher risky share,
giving them larger exposure to aggregate risk. This generates heterogeneity in portfolio returns,
where less risk averse agents have a greater expected portfolio return, but also more volatile returns.
Over time, if there are more positive aggregate shocks than negative, as is the case empirically, less
risk averse agents will accumulate more wealth, creating positive skewness in the wealth density

(y(w) as a function of relative risk aversion, 7.

Furthermore, time variation in the risky share governs the dynamics of the wealth distribution
in the following way. An increase in financial leverage at a particular point in the distribution will

mean that part of the distribution will change more as aggregate shocks arrive.

5.2 Empirical Evidence: The Wealth Distribution and the Pareto-Negishi Den-
sity

In this section, we build empirical estimates of the wealth distribution and the Pareto-Negishi
Density implied by the wealth data. We focus on the US and rely on three main data sources:
the updated individual wealth data series from Saez and Zucman (2016), the implied equity risk
premium from Damodaran (2020) and the return volatility of S&P 500 from Bloomberg Finance.

All three data sources are available for the period 1968-2019.
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Given that the aim of the paper is to understand the feedback between stock market fluctuations
and the dynamics of wealth inequality, we restrict our empirical analysis to the distribution of
financial wealth. Financial wealth is the sum of equities, fixed-income assets and funded pension
wealth. Since we have the implied equity risk premium, the return volatility and we can calculate
the share of financial wealth in risky assets using the wealth series, we can derive the coefficient
of relative risk aversion for every individual and year in the wealth distribution following Merton

(1969) and inverting the expression for the risky share, given by

Clpaw) —rw) MW o
Ty w2

Py (W)

where the first term is myopic demand and the second term is hedging demand and O'RO(-UJ) is the

covariance between shocks to the risky return and shocks to the consumption surplus ratio.

Figure 5 shows the evolution of the three series used to derive the coefficient of relative risk

aversion: the equity risk premium, the return volatility of the S&P 500 and the share in risky
assets in the US over the period 1968-2019. The equity risk premium has fluctuated between 2%
and 7% over the whole period. In 2019 it reached 4.7% compared to 2.9% in 1968. The return
volatility of S&P 500 has fluctuated from 8% to 50% over the whole period. In 2019 it reached
14.9%, compared to 8.7% in 1968. Finally, the risky share followed a U-shape pattern over the
whole period. In the late 1960s it was more than 40%, it steadily declined during the 1970s and
1980s and it started to increase since 1990s, slightly declined during the early 2000s and the global

financial crisis, reaching 27% in 2019.

Figure 6 shows the evolution of the share of total financial wealth by level of relative risk
aversion in the US in every ten years between 1979 and 2019. In 2019, the share of wealth is highly
concentrated around individuals with a low level of risk aversion (between 2 and 3). The density
varies across time, as the results are based on a cross-section sample of individuals (individuals
leave and enter the sample every year). In 1999 and 2009, the share of financial wealth was more
concentrated at lower levels of risk aversion, as these dates were the ends of economic expansions —
less risk averse individuals would have benefited more from the series of positive aggregate shocks,

leaving them with a greater share of aggregate wealth.
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RISK PREMIUM, RETURN VOLATILITY AND RISKY SHARE IN THE US, 1968-2019

3
1

O_

| | | | | | | | |
1968 1974 1980 1986 1992 1998 2004 2010 2016
Year

Equity risk premium
Return volatility of S&P 500
Share in risky assets

Figure 5: Risk Premium, Return Volatility and Risky Share in the US, 1968-2019

Notes: This figure depicts the equity risk premium, the return volatility and the share in risky assets that we use to
back out the distribution of risk aversion over the period 1968-2019. We rely on the equity risk premium estimates
of Damodaran (2020) and the return volatility of S&P 500 from Bloomberg. To derive the risky share, we use the
microfiles of Saez and Zucman (2016) (https://gabriel-zucman.eu/usdina/). We rank the US population by their
level of financial wealth (deposits, fixed-income securities, stocks and pension funds) and consider as risky asset the
stock holdings. The equity risk premium is depicted in per-annum units and so is the return volatility. The risky

share is graphed as a fraction.
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SHARE OF FINANCIAL WEALTH BY LEVEL OF RISK AVERSION IN THE US, 2019

a0 12 14
|

Share of total financial wealth
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|
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Coefficient of relative risk aversion

1979 —— 1989 — 1999
— 2009 2019

Figure 6: Share of Financial Wealth by Level of Risk Aversion in the US, 1979-2019

Notes: This figure depicts the share of total financial wealth by the level of risk aversion for different years between
1979 and 2019. We have backed out the coefficient of relative risk aversion using Merton (1969)’s formula above by
relying on data for the equity risk premium, the return volatility and the share in risky assets depicted in Figure 5.
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We now show how our model matches the quantiles of the cross-sectional empirical density
function for the wealth share (,(w;). We define the following wealth-weighted measure of aggregate

risk aversion:

Ryealtn (wi) = (/OOO iny(wt)(h) _1- (16)

We note that Ryeaitn(w:) is the harmonic mean of relative risk aversion, but weighted via the
wealth-share density ¢,(w;), as opposed to the consumption-share density used in (8). The p’th

quantile of the wealth-share density, (y(w;), is denoted by 7,(w;) and defined by the integral

e dy = L 1,100
|7 ey =g e 1o

We parametrize the underlying Pareto-Negishi density using Equation (12), leaving the coeffi-

cients by and by free to be identified from the wealth data.®

We compute the empirical quantiles of the wealth-share density for every year in our sample
period. We then average these quantiles across time to obtain a measure of the average quantiles

of the wealth share density function. These quantities are shown in Table 4.

Table 4: Average Empirical Quantiles of the Empirical Wealth-Share Density

Percentile ‘ 70 65 64 63 60 50 40 35 30 10 1
Time Series Meanof’yp(wt)‘43.3 36 34.7 335 30.3 21.7 154 129 10.7 453 3

Notes: This table shows the quantiles of the empirical wealth share density.

Furthermore, using Equation (16), we compute the average empirical aggregate risk aversion
obtaining a value of 12.08. We then want to find values for the parameters by and b; that define
the wealth-share density function in our model to match the empirical quantiles and empirical
aggregate risk aversion of 12.08. To do so, we proceed as follows: using Equation (14), we compute
the wealth-share density in our model as a function of by and by; for every empirical quantile, we
then pick by and by so that we best approximate the empirical quantile and the empirical aggregate

risk aversion with the corresponding model-implied values. The exact criterion we minimize is the

8We explored using alternative functional forms for the density, but doing so made little difference to our quantitative
results.
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root mean squared error, defined by

f(p) = \/(’Yp(d))‘model - ’Yp‘data)Q + (Rwealth (®)|m0del - Rwealth(d})‘data>27 (17)

where @ is the time series mean of w for our sample. Table 5 shows for selected quantiles p, which

values of by and b; minimize the error, ¢(p).

Table 5: Parameter Estimates for Wealth-Distribution implied Pareto-Negishi Density

Percentile, p | bg by
65| 2.6 4.7
64 | 2.7 9.3
63 | 2.8 138
60 | 2.8 14.2
50 | 3.0 228
35 (3.0 230
30 | 3.0 23.0
10 | 3.0 22.8
1130 228

Notes: Using the parametric form for the Pareto-Negishi Density given in Proposition 4, we estimate by and b1 to
minimize €(p), defined in (17) for the percentiles, p € {65, 64, 63, 60, 50, 35, 30,10, 1}.

The dynamics of the wealth-share density are governed by the dependence on by, while the
average form of the density is determined by bg. Both the dividend-yield data and wealth data give
very similar estimates for by and hence the average form of the wealth share density. When it comes
to dynamics, the qualitative variations in wealth-share density implied by two approaches are also
very similar —we see that b; is always positive. The wealth data provides a range of estimates for
the size of the swings in the density, which are centered around the estimate we obtain from the
dividend-yield data. We interpret these results are showing that is strong feedback between the
dynamics of the wealth distribution and asset price dynamics. However, some of the variation must
be driven by factors outside our model and unrelated to the consumption surplus. Measures of
uncertainty and changes in expecations are natural candidates for seeking to further explain the

joint variation in wealth and asset price dynamics.

To more precisely quantity the differences between the asset-price implied Pareto-Negishi den-
sity and the wealth distribution implied densities, we compute the relative entropy of the wealth
distribution density from the asset-price implied density for each percentile we have tried to match.

The relative entropy of the wealth distribution density from the asset-price implied density is given
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fA(x) dx
fw ()

I

KL[AW] = /OOO fa(z)n

where the hat symbol "~ denotes a density that has been normalized so it integrates to one. Table
6 shows our results. We see that for the 64th percentile the relative entropy is particularly small.
Our results suggest that the sensitivity of the wealth-share density to changes in the consumption
surplus ratio is on average very similar, regardless of whether we use dividend yield data or wealth
data. However, the sensitivity of the wealth-share density based on the wealth data to changes
in the consumption surplus ratio varies across risk aversion in way which is not seen when we use
asset prices to recover the wealth-share density. In particular agents holding a share of aggregate
wealth are highly sensitive to aggregate shocks, suggesting that richer households find it easier to
rebalance their portfolios.

Table 6: The Relative Entropy of the Wealth Distribution implied Density from the
Asset-Price implied Density

Percentile, p | KL[A|W]

65 | 0.6898
64 | 0.0050
63 | 0.2283
60 | 0.2705
50 | 1.7164
35 | 1.7577
30 | 1.7577
10 | 1.7164

1] 1.7164

Notes: This table shows the relative entropy of the wealth distribution implied density from the asset-price implied
density for each percentile we have tried to match for the percentiles, p € {65, 64,63, 60, 50, 35, 30, 10, 1}.

6 Conclusion

This paper examines the feedback between asset prices and wealth inequality dynamics. First,
we build a dynamic, consumption-based equilibrium model in which heterogeneity in risk aversion
for a continuum of households translates into different exposures to aggregate consumption risk
and this in turn drives the dynamics of both endogenous asset prices and wealth inequality. We

then solve the model analytically for the distribution of consumption across households in terms of
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the social planner’s Pareto weights and the difference between log aggregate consumption and its
history. Finally, we take our model to the data and obtain estimates for the social planner’s Pareto
weights using both data for the US on asset prices (i.e., the dividend yield slope) and individuals’
household wealth from Saez and Zucman (2016). The estimates of the risk aversion distribution
based on asset prices and wealth dynamics considerably overlap. Our results thus provide evidence

for significant feedback between asset price dynamics and wealth distribution dynamics.

The literatures on asset pricing and inequality have remained separate, despite the importance
of the stock market for differences in rates of wealth accumulation and the role of portfolio hetero-
geneity in determining stock prices. This study is a step forward in developing a unified framework
aimed at understanding from a theoretical and quantitative standpoint the interactions between
wealth inequality and asset prices. Central to our paper is the role of heterogeneity in risk exposure
in generating wealth disparities along the business cycle. We hope these findings will open up new
avenues for future empirical and theoretical research on the interactions between wealth inequality

and asset price dynamics.
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A Proofs

Proof of Proposition 1

In this section, we derive consumption-share density, i.e. the density function for the consumption
share of agents with relative risk aversion parameter -, i.e.

Cyt
}/t )

Vyt =

where C,, ; is the consumption density function. Observe that the date-t consumption flow of agents

with relative risk aversion within the range ('y — %e, v+ %e) is given by

T+ge
/ Cxﬂgdx.
=€

2

Markets are dynamically complete, so given aggregate output flow, we can use a social planner

to derive optimal allocations. The social planner’s objective function is to maximize

7 ~(1-7)
/ (Vs (Co) H iy,
b

subject to the constraint

7
| Coadr =1
8i

where v = 0 and we shall let 7 — oco.

Defining consumption shares

the social planner’s problem becomes

subject to the constraint

2
/ vy pdy = 1. (A1)
-
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The Lagrangian for this problem is

Y 7y 1 =1 . . 5
L= / f H»;g _’Y)dfy + U, (1 —/ V%td’y> s
2l

where the Lagrange multiplier ¥, is independent of individual agent type.
The FOC’s are
FOYTVIHTY = € )
We now simplify the above FOC’s to obtain
FOY XYY =,y € 1,7,
and hence

el 8 s  _ g, o e ).

Solving for the consumption shares, we obtain

vor = F (1)) eﬂ“i)yt—%(v—i)wt@t—%.

The Lagrange multiplier ¥, is determined by the constraint (A1), so we obtain
Therefore

(- x 1,04
We see that ¥, = ¢ [<1 wi)yt+¢z’ wt] U, is independent of agent-type. Hence,
¥, 1
/ ) ¥, Tdy = e
s

Defining

we obtain

7 1 1
/ Fn)Te 3y = e, (A2)
:
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and

1

vy(wi) = f(’)’)qe_wt_%n(w)'

From the above integral equation (A2), we can see that 7, is a function of wy, i.e. n; = n(wy),
and so

7
/ fly)re e
i

dy = e*t. (A3)
We define

v
and so

Simplifying further, we obtain

QH’—‘\
[~
:\
no
S
&
-
—~
Q‘
_
=
IS
i‘b‘
IS
=
3
S
S
I
)
&

Define the density function

ju) =u? [f™H]", ue [1/7,1/4].

Observe that j(u) is not a probability density function, because it does not integrate to one. It
follows that

M(_”(Wt)) = 60%7
where

M(z) = / " e

5

is the moment generating function of for the density function j(-).

The corresponding cumulant generating function is defined by

m(z) =In M(x),
and so

m(—n(wt)) = wt.
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Inverting the cumulant generating function, we obtain

n(we) = —m ™ (wy).
Proof of Theorem 1

Proposition A1 The function n(w;) is given explicitly in terms of wy by

(ewt _ IO)n
n!

nwn) = = 3 gt
n=0

where
1
J=—
1 T
1 n—1
Jn - ﬁ Z(_)kn(k)anl,k (Ila 7In7k)
L g=1
7, — I 11
(k+ 1)1
and
i
I, = / jw)u"du, n € {0,1,2,...},
1
i
and By, (21,2, ..., Tp_kt1) 15 the exponential Bell polynomial defined as follows
n! T1\J1 [ x9\ T2 Tp—k+1 In—k+1
B ) R — = T - 3 (7) <7) e | Y/ R A4
(@1, Tnorn) = 3 Al et V11 2 (n—k+1)! (A4)
where where the sum is taken over all sequences j1,j2, 73, .- ., jn—k+1 Of non-negative integers such

that these two conditions are satisfied: j1+ jo + -+ + Jn—k+1 = k.Jj1 + 2+ - + Jn-k+1 = k, and
1+242+3j3+--+nn—k+1)jptsr1 =n.

Proof of Proposition A1l

Expanding the moment generating function, we have

o] "
n=0 ’
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where

12 =

I, = / Jjw)u"du, n € {0,1,2,...}.
1

5

Hence, we have the explicit expression
oo
D In(—n(wr))" = €.
n=0
We can use (A5) to compute n(w;) explicitly. We rewrite (A5) as
o
>~ L)) = ¢ ~ I,
n=1

We can then use Lagrange’s Inversion Theorem (see Bhamra and Uppal, 2014) to show that

0 (ewt _ Io)n
—n(wr) =Y I
n=0 ’

where

1
Jl—j_—l
1 n—1
LSy ® i
T = g 2B (s T
k=1
~ Ikp
P k+ DI

and By, (x1, 22,

., Tn—k+1) is the exponential Bell polynomial defined in (A4). =

Definition A1 The aggregate prudence in the economy at time-t is defined to be

Pl = Alwr) [ Y (14w (wr)d,

(AG)
7
where w(wy) is a density function for

and




Proposition A2 The dynamics of the consumption-share density are given by
1
dvy(wi) = Eyfdvy (wy)] — (1 - ’YR(wt)> vy(wi)odZy g,

where
L[] (1 ) ]

Aggregate risk aversion is given by —n'(wi) and the dynamics of aggregate risk aversion are

given by

dR(w;) = E[dR(w;)] — R*(wi)V (wi)odZy 4 (A7)

where

is the time-t variance of risk tolerance and
Ei[dR(wi)] = —R3(wi) V (wy) By [dws] + %R”(UJt)Uth,
where
R"(wi) = R(wr) — 3R> (wr) Ma(wr) + 3R’ (we) M5 (wr) — R (wr) M (wy),
and
71

Mo(wr) = / v (wi)dv, n € ZF,
~ 7

1s the n’th moment of risk tolerance.

The following results hold

1. dvy(wi) — Eyldvy ) > 0 if and only if dZ1¢ > 0 and v < R(w) or dZyy <0 and v > R(wy)

2. dR(wi) — Ey[dR(wy)] < 0 if and only if dZy; > 0
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Proof of Proposition A2

By differentiating the integral equation (A3) implicitly with respect to w;, we obtain

i) | !

1

Fy)7e 7" dy = e, (A8)

= |~

and so

implying that

Using (2), we therefore denote —n/(w;) via R(wy), i.e.

R(we) = = (w).

Observe that

‘w - (1 - }YR(M)) vy (wr),

and vy (w;) > 0. We thus see that 8””(%) > 0 if and only if v < R(w¢). From Ito’s Lemma

dvy(wi) — Eyldvy ()] = ——=

where dv.(w;) — Ei[dvy(wy)] is the unexpected change in the consumption-share density. Hence,
for a given positive aggregate shock, dZ1+ > 0, dv(w;) — E[dvy(wy)] > 0 if and only if v < R(w).

Furthermore,

dv. (wy) Ov~(wi) 1 0%, (wy)
E Y — 0l e ANl 74 2
! [ dt ] Owy dor + 5 2 Ow? (dwr)

~ (1 2R ) vytenden + 3 |- (1= 2R ) o) = (1= 2R ) )]

1
1— —R (we ) vy (wy)dwy + 5

- (1= 2R e + (1 - iRw)Q w(wt)] o2l

— <1 — }YR’(wt)> + <1 - }yR(wQ)QI o?dt.
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We now differentiate (A8) implicitly wrt w to obtain

5 5
') [ ORIy 0 @) [ )3Ty = e
r 7 x 7
and so
1/ — 2 7 ]—
=" (wi) R(we) ™" + (R(wt)) ?V’Y(wt)d’y: ,
Y

which implies that

where

_ _ 2
Viw) = / ,;w(wt)dv—( / imwm) ,

is the variance of % weighted using the consumption-share density. Therefore,

R'(wy) = —R(w)3V (wy). (A9)

dv. (wy) 1 dwy 1

E, | — =—(1-= E|—|+=
) ] = (1 Ge) G
From the definition of aggregate prudence in (A6), it follows that

Pl = [ 14 (R(;"”)Z vy

_ <1 + iR(wt)f*’V(wt)) + <1 - iR(wt)>2] o2.
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=14 R(w;) + R(w;)?

- )
/ ﬁdeW— R(wy) ™2
Y

=1+ R(wt) + R(wt)zV(wt)

=14 R(w)(1 + R(we)V (wy)). (A10)
Therefore,
R(wy)’V(wt) = Plwr) — (14 R(wy)),
Hence,
1 doy(@)] _(_Lp I N 2 N 1 (21
Mmﬂ[ﬁ y‘@ f“@ELA+2<7 1)<ma 1= R(u) =

Applying Ito’s Lemma to R(w;) gives
1
dR(wt) = R/(wt)dwt + iR/'(wt)(dwtf

= EydR(w)] + R (wi)odZy

== Et[dR(wt)] - R3(wt)V(wt)0dZ17t,
where we have used (A9), and

Ey[dR(w)] = — B3 (wy)V (wr) Byldeor] + %R”(wt)ant.

From (A9) it follows that
R'(w) = —R3(wt) [Mg(wt) — R_Q(wt)]

— R(wr) — R(w) Ma(w),

where

Observe that




= R(w)) Mu1(wi) — My (wy).
Therefore

R"(wy) = R'(wi) = 3R> (wi) R (we) Ma(wr) — R (wi) M (wr)
= R/(wi) = 3R*(wi) R (wr) Ma(wr) — R*(we) [R(wr) M3(wr) — Ma(wr)]
= R'(wr) = 3R*(we) R (wr) Ma(wr) — R (wr) Ms(wr) + R (wr) Ma(wr)
= R(wi) — R*(wi)Ma(wi) — 3R (wi) R (W) Ma(wr) — R (wi) M (wp) + R (wi) Ma(w)
= R(wi) — 3R (wy) R (wi) Ma(wr) — R (wr) M3 (wr)
= R(wy) — 3R*(wr)[R(wr) — R (wr) Ma(wi)] Ma(wr) — R* (wi) M (wr)

= R(w;) — 3R*(w))Ma(wy) + 3R> (wi) M3 (w;) — R*(wy) Ms(wy)
Since the variance of risk tolerance is strictly positive when there is heterogeneity in =, i.e.
V(we) > 0, it follows from (A7) that dR(w;) — Ei[dR(wt)] < 0 if and only if dZ; 4 > 0
]

Based on Proposition A2, we can think of households as being divided endogenously into two
subclasses: (i) those for whom the benefits of positive aggregate shocks are amplified — the ‘winners’,
and those for whom the benefits of positive aggregate shocks are muted — the ‘left-behind’. We can

then define the proportion of agents consisting of the ‘left-behind’ as follows:

Definition A2

L) = | L i), (A11)

e )= i
X

The following proposition gives the dynamics of the ‘left-behind’ proportion of agents.

Proposition A3 The the proportion of agents consisting of the ‘left-behind’ changes as follows
dL(w) = f’(v)(—Et[dR(wt)] + R3(wt)V(wt)adZ17t). (A12)

We can see that a positive shock to aggregate consumption leads to an unexpected increase in
the proportion of ‘left-behind’ agents. The size of this unexpected increase is larger when aggregate

risk aversion and the variance of risk tolerance are high.
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Proof of Proposition A3

Applying Ito’s Lemma to (All) gives (A12). m

Proof of Proposition 2

Markets are effectively dynamically complete. Therefore, each individual agent’s stochastic discount

factor (SDF) is the same at each time and for each state, and so
A= f(y)euc(Che/Hoy )
= fe™C I H!
= fmetteg el (A13)
which reduces to
Ao = F(7)e P )1y 8)
Substituting in our expression for v (w;) from , we obtain

A = e i (e, )

and so
Ay = flpe o (m8)n )t gwnten
_ 6—6t—i(yt—wt)+77(wt) (A14)

Applying Ito’s Lemma, we see that

dA 1 1 1 1
T: =5 Edyt - (R(wt) — w) dwy + 5R(wt)%?dt — 5R’(wt)a?dt — R(w;)odZ,.

Using (A9) we see that

A
Ci\: =—0- ;dyt - (R(wt) - ;) dwy + %R(wt)QUth + %R‘g(wt)V(wt)szt — R(wy)odZ;
—5— ;dyt _ <R(wt) _ ;) dusy + %R(wt) (P(wr) — 1)) 0%dt — R(wi)odZs,

where we have used (A10) in the previous step. Therefore, we obtain the following dynamics for

the SDF

ax,
Ay

_ (5 + Rlwi)py — Aot <R(wt) - ;) - ;R(wt)P(wt)UZdt> ~ R(w)odZ,.
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Using the fact that

dA
-t = —Ttdt — @tdZt,
Ay

where r; is the date-t risk-free interest rate and ©; is the date-t price of risk, we see that

Tt =0 + R(w) py — Awy (R(wt) — ;) — %R(wt)P(wt)UQ, (A15)
O; = R(w)o.
We can rewrite (A15) as
S S (R(w)—1> M@ — wr) — 2 R(wy)(Plwy) — 1)
t= ¢Ny t " t 5 t t 0.

Proof of Proposition 3

We use the SDF given in (A14) to price a consumption strip, i.e.

Pr_y(wy)

= 008 fexp [ (1= 1) o =)+ eor — ) +nler) — )|

Now observe that

6(1_%) (yr—yt) _ 6(1—%) [y (T =)0 (Z7—Z1)]

<

_ 6(1_ 1) [{My"’% <1—%)02}(T—t)+o’(ZT—Zt)] e—% <1_i)20-2(T—t)+<1—i)0’(ZT—Zt)

e<1*i> (yr—yt) _ 6<1*i) [y (T —t)+0(Zr—Z4)]

(-2 {2 (=)o) M1 (1-2)0)
¥ ((1-3))

where

My(a) = e 2et502,

is an exponential martingale under the physical measure P. Using this exponential martingale, we

can define the new probability measure P*. Hence,
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We start with the time-t price of a bond which pay out a unit of consumption at time 7" > ¢,

i.e.

Br_(w) = E; {AT] .

Ay
Now we observe that

& _ 675(“*15)67df%'(yuiyt)ei(wu_wt)“‘n(wu)—??(wt)
Ay

_ o3u—t) = (= 30 =)0 (Zu=20)] L (@umwo) () —n(wr)

_ o8(u—t) o~ = (=3 @] umw) () —n(n) -~ Lo(Z0-2)

= e_f“(“_t)e_% [(%)202} (u_t)e_iU(Z“_Zt)ei(w“_wt)—m(wu)_n(wt) )

where

We define the following exponential martingale under the physical measure P:

Mi(a) = e_%GQHﬂZt.
Using the exponential martingale, we can define the new probability measure P¢. Therefore,

Br_, (wt) = e_TA(T_t) E;

1

M=500T & e bn(en)—nen)

M(—iU)t

where M (—%O‘) is the martingale M (a) with a = —%O’. By changing the probability measure
1

from P to P~ %7, we obtain

~ *%o‘ 1 O —w o) —(w
Br_i(w) = e—r(T—t)EF Pi [ewi( wmwr)+n(wu)—n(w)]

We define the real bond yield yr_¢(wy) via
BT—t(wt) — e~ yr—t(we)(T—t)
Therefore

yT_t(wt) = — In BT_t(wt).

Tt
Hence

lim y,(w) = 7.
T—00
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_1
From Girsanov’s Theorem it follows that under ]P’< ’”i)g, we have

(2)7
dwy =\ | @+~ dt+adZt( )

)

(-&)o . R (-&)e
where Z\ %/  is a standard Brownian motion under P\ #i/",

We want to evaluate

ArD
pD,Tft(Wt) =L [ d T} .

AeDy
We do so by a change of probability measure.

Observe that by applying Ito’s Lemma to A;D; and integrating the resulting stochastic differ-

ential equation, we can show that

ArDr _ - 7 kwayau DT
A Dy Mp

where
k(w) = r(we) + R(wi)o(poa + ao) — pp,

and Mp is an exponential martingale under P, defined by

dMp
Mp

=[a — R(wt))|odZ; + oadZ 4 4.

The new probability measure Pp is defined by Mp. Therefore,

T
por—t(wr) = By ° [e_ff k(w“)du} : (A16)

We now derive the short-term dividend yield yp o(w¢) = lim; o0 yp - (wy). It follows from (A16)

that
PpAt(we) = e klw)At 4 o(At).
Therefore,
k(wi) At + o( At
yD,At(wt) = ( t) AL ( )
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Letting At — 0, we obtain

ypo(wt) = k(we).

Using the Feynman-Kac Theorem, it follows from (A16) that

1 dw
502802.1pD,7’(w) + EJSP)D |:dtt:| awpD,T(w) - k(w)prT(w) - 6TPD,T(W) = Oa (A17)

where

ppo(w) = 1.

To determine EF b [%], we apply Girsanov’s Theorem:

dMp

ElPD [dwt] = Et [dwt] + Et |:dwt:| .
Mp ¢

Therefore

o [dwe] [y + {la— R(w))]o® + poac}
E; [dt] _)\< © —w).

Therefore (A17) reduces to
1
igzaf;pD,T(w) + A(ED - w)awpD,T(w) - k(w)pD,T(W) - 8TPD,T<¢U) =0,

where

[a — R(w))]o? + poac
A

Wwp =W +
is the long-run mean of w under Pp.

We also want to evalulate the price-dividend ratio for the aggregate stock market. This is just
the date-t price-dividend ratio on a claim which pays out the dividend flow D, for u > ¢, i.e.

< A,D,
du| .
¢ MDDy ]

pp(wi) = Ey [

Changing the probability measure from P to Pp gives
o0 u
pp(we) = EFD [/ e~ )i k(ws)dsdu] _
t

Using the Feynman-Kac Theorem, we obtain

L2 o) 42 (uy +{la — R(w)]o® + poac}

57 Pp \ wt) pp(wt) — k(we)pp(we) +1=0.
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To find the long-term dividend yield, we perform a different change of measure. We observe

that

AyDy,

AtDt

_ efa(uft)efﬁi(yufyt)efi(wrwt)Jrn(wu)*n(w)e(pD—%a%)(u—t)+aD(ZD,u—ZD,t)

_ 6—5(u—t)e—ﬁi[(u—%oQ)(u—tHcr(Zu—Zt)]6(,@—éa%)(u—t)+aD(ZD,u—ZD,z)eﬁi(wu—wt)+n(wu)—n(wt)

_ 6_5(u_t)e—w%_[(u—%aQ)(u—t)]e(yD_%g%)(u_t)ew%_(wu—wt)—i-n(wu)—n(wt)e—w%o(Zu—Zt)—s-aD(ZD,u—ZD,t)

2

_ eik(uft)e_% {(ﬁ) 02_2%2‘,0000134-0%} (“—t)e*w%_ﬂ(zufzt)+UD(ZD,u*ZD,t)efi(wu*‘dt)JrTi(wu)*n(wt),

where

= — = —— — ) o* 4+ —ppoop — up.
1/%“ 21 ;i ?/)ipD D= HhD

The exponential martingale we use to define the probability measure L is

dM 1
Lt = *fO'dZt +O'DdZD,t.
My, 4 i

Therefore, we can write

AyD, _ e_fg(u_t) ML,u
ANy Dy My,

Using the new probability measure L, we obtain

PD T(wt) = e*lAcTE)]tL |:61L%‘(Wt+f*wt)+7](wt+‘r)*77(wt)i| .
From the definition yp ,(w;) = _% Inpp s (o), it follows that
~ 1 L((JJ =W )+77(w 7_)_77(“)75)
) =k—=1 EL[wi tr—wr) (Wt }
YD, (wt) - nE; e

The long-term dividend yield is thus given by
1 11 1 1
=0+ —p—-— (1—1—) 2+ —o(poa+aoc) — up.
‘ (05 P
We also observe that from Girsanov’s Theorem, we obtain
d
El]‘,L |: Wt:| :wL — W,

dt
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where

fhy — ia2 + poao + ac?

A

wr, =

Proposition A4 Aggregate dividend dynamics are given by

dD
— = updt + opdZp,
Dy

where

1 2
UD = fA+a u+§(a—1)a + poo 4

op = \/03_1 + 2apo A0 + a?o?

dZp, = %dZA,t n %dzt

A ao
Et[dZDytdZt] = p— + —.
0D oD

Proof of Proposition A4

Aggregate dividends are defined by (7). Using Ito’s Lemma gives
dD, _ dA, | d(YS) dA, d(Y®)

D, A (YY) A (YY)

1
= padt +oadZa;+a [,u + 5(@ — 1)02] dt + acdZy 4+ paco adt
1 2
=qpuatalp+ §(a —1)o*| + pacoy pdt + oadZay + aocdZy

1
= {,u,A +a |:/JJ+ 5(0, — 1)02 +pUJA:| } dt +oadZ sy + aocdZ;

= pupdt +oadZ sy + acdZ;

= ,uDdt + O'DdZDJ

where up, op, and dZp; are given in the statement of the proposition.
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Proof of Proposition 4

From

it follows that

and so

We have
R(w) = exp(by — hiw),
where by > 0 and b; > 0. Therefore,

/‘zu@dx:1u1_e—hw—w»,

wo

where
ebo—blwo
A= .
b >0
Hence,
m (A(l — e_bl(w_wo))> =w.
Now define

2= A(1l — e w0l

which implies

Hence,



Therefore, we obtain the moment generating function
O
M(z) = exp(m(z)) = e*° (1 - Z) "

Recall that

which implies that

ju) =u 2 [f@™H]", we [1/73,9)].
Observe that j(u) is not a probability density function, because it does not integrate to one. It

follows that

M(—n(wt)) = e,

where

M) = [ stwein

which is a Laplace transform. Inverting the Laplace transform gives

Au)?®
() = wpe— v LA
ul’ [bi
1
Hence,
1
1 u
f(u—l) — u2w06—Au (AU) b1
ul’ [%}

Therefore f(z) is given by

_(thz g A 1\ 7%
flx)y=a o Abe™0 7T — ,
b1
where
ebofble

b1

> 0.
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Equation (12) follows.
Substituting (12) and (11) into (6) and simplifying gives (13).

As a check, observe that

Proof of Proposition 5

From (A13), we see that

Therefore

Taking logs, we obtain

0 1 1 1
ln(AtC«/’t) = —;t + ; (’}/ - 1/}) T + (1 - f}/) h’lAt.

We now apply Ito’s Lemma and use the result (9) to obtain

dIn(ACy) = — {i [5 + <~y — ;}) wt] + (1 — }y) (rt + ;Rfoi)} - <1 — ’1y> RiodZ;.

Therefore,

d(ACyt)

— 1 2
AtC%t = dh’l(AtC%t) + 9 (dh’l(AtC%t))

el (2] (2) ()

We now define the following exponential martingale under P:

dM, 1
— P =—1-- Zy.
M%t < 7) R(wt)crd ¢
Therefore, we can write
d(A M
dACr) _ 1y 4dt + My
MCy ’ M,
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where

1 1 1 1
= — — 1— = T P22 )
l%t 5 |:5+ (7 ¢>Wt:| +( ’Y) (Tt+2f}/RtU)

0 ACy
h~(w) = F, / %du] ,
7( t) t[ t AtC%t

From

we obtain
h'}/(wt) — E']tP)'Y |:e_ ftul(wu)dsdu] ’
where P7 is the probability measure defined by the exponential martingale P7.

Under the measure P?, we have

iy + ( — %) R(w;)o?
A

dwt = — Wt dt + O'dZt,

It follows from the Feynman-Kac Theorem that

jy + (1 - %) R(w)o?
)\

1
0= 702hz(w) +A

5 —w| W (w) = ly(W)hy(w) + 1.

Using h.(w), we can obtain

Wit = Wai(ys, wi) = e vn (wi) by (wr).

Note that

An individual agent faces the following stochastic optimal control problem.

[e¢) 01;7 ’Y—l
Jyt = sup Et/ 6_5(“_1&)177’)(” ¥ du,
(Cy,t)te(0,00) (D7t te[0,00) t -7

subject to

dW%t == W%t[rtdt + QZS%t (th - ’I"tdt)] - C’y,tdta

50



where dR; is the return on the claim to aggregate consumption over the interval [t,t + dt) and ¢-

is the fraction of wealth W, ; invested in this claim at time ¢. We know that

dl’t = wtdt,

where

dwt = A(w — wt)dt + O'dZt7

so we can see that the exogenous state variables for this problem are x and w.

The Hamilton-Jacobi-Bellman equation for an individual agent’s problem is

1—y
0 = sup ¢ X0 — 6 + Jw Ey[dW] + J, E[dw] + Jpdx

co 1—7

1 1
- §JWWEt[(dW)2] + Jwo Br[dWdw] + 5JWEt[(dw)Q],

where we omit the index  for ease of notation. We use the Ansatz

J=V(W,w)X ¥

to reduce the Hamilton-Jacobi-Bellman equation to

1=y
0 = sup
co L —7

1
+ dw <7 - w) V = 6V + Viy E[dW)] + V, Ey[dw]+

1 1
§VWWEt[(dW)2] + Vivw By [dW dw] + QwaEt[(dw)Q].

We now use the standard Ansatz

1=y
Wy

1—7

V=g(w)

to further reduce the Hamilton-Jacobi-Bellman equation to

1—v

0=
sup1

w C w
+(1-y)V [r +¢ <MR + vaaRg> - ] + M@ — w)vg—V—
co L= g w g

troon (%]

1 1
FOROV(L =NV + So%V

where

dR
1R = Ey [dt]

o1



on = E, [(dth)Q]

The FOC for consumption is

C7=01=7)=

which implies that

E

7t —
C'y,t 9~ (Wt),

where we have reintroduced the v index for clarity. The above equation implies that

gy (@r) = hy(w).

The optimal portfolio choice problem reduces to

g 1
sup ¢ (MR + WUR”) — ~oRo™,
¢ 9 2

which has the unique solution

/

~

by LR 100R(w) £ — 1)
K v oR(w)?
Therefore
h! (w
o) = 115 +900m() 55 — (@)
K ¥ or(w)?
From

PC,t = pC,tY;ta

and using Ito’s Lemma, we obtain

dY;  pe(wr) Lpf(we) o 1
dR; = — + dws + = odt + dt.
TV pew) T 2 po(w) pc(w)

Therefore,

oue) = (14262 ) o

po(w)
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From the basic asset pricing equation

Et [th — T’tdt] = —Et [Ci\/}tht]
t

(o)

and so

Therefore, we obtain (15).

The amount of wealth held in risky assets by agents with relative risk aversion v is given by

W, t¢~ . Their amount of wealth held in the risk-free bond is W, (1 — ¢,+). The fraction of

aggregate wealth held by agents with relative risk aversion «y in risky assets is ¢ ;(;.

Define v*(w) via

(;37* (w) (w) =1.

Households with v < 7*(w) have levered positions in the risky asset, i.e. ¢, > 1 and are borrowers

in the bond market. Households with v > ~*(w) have ¢, < 1 and are lenders in the bond market.

Open interest in the bond market is given by

7 (w)
—-jﬁ W,o(1— 60,

which is equal to fvof(w) W, +(1 — ¢+ )dv by virtue of bond market clearing, because the bond is in

zero net-supply. Open-interest in the bond market relative to aggregate wealth is given by

7 (wt)
0@»-—4 Cu(l =6 1)

Define 7 (w) via

Households with v < 4(w) have short positions in the risky asset. The total value of these short

positions is

[ W, od.
A

(@)
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The value of short positions in the risky asset relative to aggregate wealth is given by

S(u) = [ ¢ e ady.
Y

(wt)

Observe that

In ¢, (wi) = Invy(we) + Inhy(wi) — Inpe(wy),

and so
dIn(y(wy) = dInvy(wy) + dInhy(w) — dInpe(wy).
Hence,
B dhy(wi) 1 (dhy(w)\®  dpo(w) 1 (dpol(w:))?
i) = s ) + G -5 (T ) - e S (Te))

Observe that
1
dpc(wt) = po(we)dw; + 5?’6(%)(65%)2
1
= pp(wp)dwy + 5]0602(#

— R(w))o?
A

= po(wi)dwy — A <My + (1 - wt> pe(w)dt + k(w)pe(w)dt — dt

— R(w))o?
A

= pe(w) [N (AN — wy) dt + 0dZy]) — A <,uy +{ - wt> pe(wi)dt + k(w)po(w)dt — dt
= [(R(w) — 1)o*pp(wy) + k(w)po(w) — 1]dt + pp(wi)odZ;

where

E(w) = r(w) + R(w)o?® — uy.
Similarly, we have

dhy(w) = [<1 - 1) R(w)02h/7(wt) + Iy (W)hy (W) — 1| dt 4 b (wi)odZy,

~
where
E(w) =7(w) + R(w)o? — py.
Also,
dlnv, (w) = <1 _ iR(wt)) E, [‘Z‘f] _ %(P(wt) - R(wt))R(;ut)azdt _ <1 - iR(wQ) odZ,



dIn ¢y (we)

o2dt

R(wt)

(wi))
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