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Abstract

We examine the implications of time inconsistency and time-varying partial naivete
for dynamic trading, asset prices, and portfolio choices. We show that the time-varying
degree of naivete causes time variation in discount rates, which creates uncertainty about
the future consumption of the time-consistent agents and a drop in their consumption level
when discount rates are high and market value is low. As a result, the presence of partially
naive time-inconsistent investors generates extra risk on the market and increases the risk
premium in the economy. In addition, we show that sophisticated agents who are aware of
their bias and their higher future consumption when upcoming market value is low, tend to
borrow more in order to invest in risky assets. In contrast, time-consistent and fully naive
agents, who believe they will become time-consistent, tend to sell risky assets and save
more. Finally, time-consistent and fully naive agents prefer to invest in value stocks that
are less sensitive to discount rate shocks, while sophisticated agents tend to invest more in
growth stocks.
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1. Introduction

A myriad of experimental and field studies in economics show evidence that people tend to
behave in a dynamically inconsistent way due to a preference for receiving immediate rewards
and avoiding immediate costs (Loewenstein and Thaler, 1989; Ainslie, 1992). Importantly, this
present bias is also prevalent when making financial decisions. For instance, despite their plan
to start saving aggressively from next period on, some people still overconsume and save too
little when next period comes. Economic theory has proposed to model such time-inconsistent
preferences using hyperbolic discounting, represented by higher levels of impatience in the short
run compared to the long run, that give rise to a disagreement between temporal selves (Phelps
and Pollak, 1968; Laibson, 1997; Harris and Laibson, 2001).

Even though empirical evidence shows that approximately 50% of people are time inconsistent
(Halevy, 2015), theoretical asset pricing models usually feature agents with time-consistent pref-
erences, using standard exponential discounting of the future streams of consumption. Prominent
exceptions are the studies by Khapko (2015) and Andries et al. (2018) who investigate the effect
of time-inconsistent discounting and risk aversion on asset prices. However, these models fea-
ture a single representative investor. Heterogeneous agents contract-theoretic models with time
inconsistency, on the other hand, typically have a (monopolistic) principal-agent setting, which
differs from the competitive financial markets where all agents are price takers. In addition, even
though these models show interesting interactions between time-consistent and time-inconsistent
agents, they do not investigate the implications for trading and asset prices. In this paper we fill
in this gap and capture the effect of time inconsistency on the trading, asset prices, and portfo-
lio choice in a general equilibrium model with competitive market economy and heterogeneous
agents.

Another main point of differentiation from previous asset pricing models is that we assume the
time-inconsistent agent to be partially aware of her bias as in O’Donoghue and Rabin (2001). In

particular, following Eliaz and Spiegler (2006), the partially naive agent mispredicts her changing



tastes and believes that with probability 1 — 6 she will become time consistent from next period
on and with probability # she will remain time inconsistent and more impatient. This can be
caused by not completely appreciating the set of circumstances in which her preferences and
beliefs change.

However, in contrast to Eliaz and Spiegler (2006) we allow the agents to have time-varying
naivete. Since the changes in degree of naivete cause variation in discount rates, this introduces
uncertainty to her future consumption level of the time-consistent agents and a drop in their
consumption when discount rates are high and market value is low. This generates a novel
source of risk on the market, even if there is no aggregate uncertainty. We show that even in a
simple setting with log utility, the time-consistent agent requires to be compensated for this risk
with a substantial extra risk premium. In addition, the premium is time-varying and increases
with the level of naivete of the time-inconsistent agents: from 0% with sophisticated agent to
about 4% with fully naive agents when the time-inconsistent agent holds a 60% share of the
market. In contrast, in a fully rational economy with time-consistent agents and log utility the
risk premium is 0.09% per year and does not vary over time.

In addition to this, the interaction between time-consistent and time-inconsistent agents with
time-varying naivete provides a novel perspective to understand their portfolio choices and risky
asset positions. Previous contract-theoretic models provide evidence that on the one hand, in a
monopolistic three-period setting partially naive agents can accept exploitative contracts due to
their changing tastes, while sophisticated agents prefer non-exploitative contracts that can serve
as a commitment device (Eliaz and Spiegler, 2006), implying that they may choose different
portfolio positions. On the other hand, Gottlieb and Zhang (2022) show that welfare inefficiency
due to time inconsistency naivete vanishes in the case of long-term contracting and is independent
of the agents’ naivete.

In this paper, however, we show that in the case of dynamic trading, even over long horizons,
(partially) naive and sophisticated agents make different portfolio choices. First, since sophisti-

cated agents realize that their future consumption level increases when discount rates are high



and market value is low (opposite of the consumption level of time-consistent agents), they tend
to borrow in order to finance risky asset purchases. In contrast, believing that they will become
time consistent from next period on, fully naive agents sell down risky assets and begin saving in
the risk-free asset. Second, we examine the positions of these agents in value and growth stocks
that are exposed differently to discount rate shocks. We find that time-consistent and fully naive
agents are averse to holding growth stocks that are very sensitive to discount rate shocks and
prefer holding value stocks, whereas sophisticated agents prefer holding growth stocks.

An interesting follow up analysis can show whether the degree of naivete of agents can explain
why investors tend to trade excessively, a puzzle first documented by Odean (1999) and Barber
and Odean (2000). Since partially naive agents tend to accept exploitative contracts, as shown by
Eliaz and Spiegler (2006), they may be inclined to also make portfolio decisions which decrease
their utility and wealth. A particularly interesting aspect to consider is that partially naive agents
hold perceived information advantage about the degree of their naivete and may be willing to
take gambles that look attractive from today’s point of view, but are exploitative ex post. These
two trading motives have been documented as the leading trading motives by Liu et al. (2022),
so in the next version of the paper we plan to investigate whether partial naivete about time
inconsistency can serve as a microfoundation of the excessive trading of investors compared to
their plan.

The rest of the paper is organized as follows. Section 2 outlines the model setup and prefer-
ences of the agents. Sections 3 shows the equilibrium conditions. Section 4 and 5 present the
numerical solution and main results in a two-risky assets economy with log utility. Section 6

concludes the paper.



2. Model setup

2.1 Investor preferences

We consider a discrete time general equilibrium model with a continuum of two types of agents,
each with unit mass: time-consistent (7'C') and time-inconsistent (7°7). Both types have CRRA
preferences with identical risk aversion parameters, 7, and time discount factors, 3. Let Wpr,
and Wprec, denote the wealth of the time-inconsistent and time-consistent agent, respectively.

Furthermore, the sum of the wealth of both agents represents aggregate wealth, W, = Wrr, +

Wrei. We denote the wealth share of the time-inconsistent agent as s; = WMT/f L such that:

WTIt = StWt (1)

WTC’t = (1—St)Wt. (2)

The time-consistent investor uses standard exponential discounting with a time discount factor
B for each period both in the short and the long run. In comparison, the time-inconsistent agent is
present-biased and has quasi-hyperbolic discounting: she is more impatient about the immediate
future (discounting it at a rate 36) than about the distant future '. The additional discount
factor in the short run ¢ € (0, 1) denotes the degree of the time inconsistency bias. To capture the
present bias, it is convenient to model the time-inconsistent investor as an agent with different
intertemporal selves.

As a main point of differentiation from previous literature focusing on the effects of dynamic

2 we assume that the time-inconsistent agent is partially naive and

inconsistency on asset prices
underestimates the extent of her bias, as defined by O’Donoghue and Rabin (2001). In particular,

following Eliaz and Spiegler (2006), the partially naive agent believes that with probability 1 — 6

n other words, the short-run discount rate (—In d3) of the time-inconsistent agent is larger than her long-run
discount rate (—In 8). This means that self ¢ gives larger relative weight to the immediate consumption Cn; at
time ¢ than she plans to give to immediate consumption Cy ¢+ ¢y1 at time ¢ 4 1.

2Khapko (2015) and Andries, et al. (2018) consider the cases when the time-inconsistent agent is either
sophisticated (fully aware of her bias) or naive (completely unaware of her bias))



her future self ¢ + 1 will become time consistent with utility Vrc ;41 and with probability 6 she
will remain time inconsistent and more impatient with utility V77 ,41. The reason is that she does
not fully appreciate the set of circumstances or investment opportunities in which her preferences
change. In contrast to Eliaz and Spiegler (2006), who assume that 6 is constant, we allow 6; to

be time-varying. Thus, the utility of the time-inconsistent agent at time ¢ is given by:

1—y

Crr
Virr(Wrre, s, 0,t) = . ma}px d fy + BOE |0 Vrr(Wrr, Sp41, 041, T + 1)
TI,6,9TI,t L —

+ (1 =0)VeeWrrisa, Sit, O, t + 1)], (3)

where Vo represents the value function of the time-consistent agent:

1—y
Vire(Wre, st,0i,t) = c én%?ch Tci + BE: [Vie Wre 41, St41, 0rs1, t + 1)) (4)
TC,t,eTC,t 1 —

Equation (3) shows that the perceived ¢ + 1 utility according to self ¢, Vrrs 141, is a weighted
average of the respective utility in case the agent becomes time consistent or remains time
inconsistent. The first subindex of the planned value function denotes the time at which the

agent makes the plan and the second subindex shows the time at which the value takes place.:

VTI,t,tJrl(WTI,tJrl; St41, Opy1,t + 1) = etVTI,t+1(WTI,t+17 St41, Opy1,t + 1)

+ (1 —=0)VrciriWrresa, Sivr, 01, t + 1). (5)

However, the rational time-consistent agent holds the true beliefs in the model and knows that
the partially naive agent will remain time inconsistent with probability 1. The time-consistent
agent observes the time-inconsistency parameter ¢, but only knows the distribution of the degree
of naivete #. Thus, they can infer 6 from prices. We refer to agents with § = 0 as fully naive and
agents with # = 1 as sophisticated.

Note that each (representative) naive agent believes that while she may become time consis-

3VT1¢,H_1 denotes the value function at time ¢ + 1 according to the plan of self ¢ at time ¢.



tent with probability 6; at ¢ 4+ 1, the rest of the agents of her type will remain time-inconsistent
with probability 1. This assumption is consistent with recent experimental evidence showing
that agents show little awareness of their own bias, but anticipate the bias of others (Fedyk,
2022). Since we consider a competitive market economy, where each individual agent is a
price-taker, the time-inconsistent investor believes that the wealth of the entire continuum of
investors of her type will not be affected in case she turns time consistent. This means that each
time-inconsistent agent understands the actual wealth she will have, Wry 11, even if her utility
becomes Vro i1 (Wrris1, See1, 041, + 1), As a result, the planned value function Vrre,ig is a
function of the actual wealth Wyr,4,. This also ensures that the actual consumption shares of
the two types of agents sum up to the aggregate consumption, even though each individual naive
agent mispredicts her own planned consumption level at time t 4+ 1 according to the plan of her

self t, Crrgi41-

2.2 The economy

Consider a simple model with N + 1 assets: a 1-period risk free asset in zero net supply and
N risky assets with one share each that pays dividends D, ; every period. We denote the ex-
dividend price of asset n as P, ;. The aggregate dividend and market capitalization in period ¢

can then be written as:

N
D, > D, (6)
n=1

N

pt Z Pn,t- (7)
n=1

Aggregate financial wealth at the beginning of time ¢ is therefore

Wy =Wrry +Weey = P, + D, (8)



and aggregate consumption is equal to the sum of the consumption of the two agents and to the

aggregate dividends as markets clear:
Cy=Crry+ Crey = D;. (9)

Note that we can write the return on the market as

= P14 Dy . Wi

R = = — 10
R L (10)
2.3 Dividend Processes
2.3.1 Aggregate dividends
Suppose aggregate dividend growth is given by
Adyyr = 10g(Dyyr) — log(Dy) = pu+ €441 (11)
where the shocks are distributed i.i.d. and can take values
€1
e=| (12)
€L

with probabilities II. ;. The attractiveness of specification (11) is that it ensures aggregate divi-
dend, and therefore aggregate consumption, is always positive. Furthermore, it makes aggregate
expected growth rate and risk time-invariant. Thus, any time variation in risk premia and risk

free rate must come from our heterogeneous agent set-up.



2.3.2 Individual dividends

Assume that individual assets’ dividends are given by

D
Dy = Wtu + anzy) (13)

s.t. 25:1 a, = 0. The stochastic variable z; represents time variation in expected dividend
growth for individual assets. If the autocorrelation in x; is high, it represents a form of “long-
run” risk for individual assets. The idea is to capture that some assets are “growth” assets,

whereas others are “cash cows” and they will be differently exposed to variation in discount

rates. Note that this condition ensure that
N
ZDn,t - Dt, Vi (14)
n=1

The multiplication of % in front of x; ensures that x; does not vanish as a source of uncertainty

as aggregate dividends grow.

D1 Dypr 1+ apwip

= 15
Dn,t Dt 1+ Ap Tt ( )
We assume that z; follows a Markow process that can take the values
T
e (16)
Ty
with transition probabilities
Hx,m,j = P(xt+l = ZIAZ'] Ty = .fi'm) (17)



Note that with this specification, assets with high current dividends will have low expected

dividend growth and vice-versa.

2.4 Time-varying time inconsistency

In addition to the uncertainty in the aggregate dividend process, the time-varying subjective
probability (belief) of the partially naive agent’s changing tastes, 6, represents another source of
randomness in the model. The parameter 6 captures the level of naivete of the time-inconsistent

agent with which she mispredicts her changing tastes.

~

We assume that 6; follow independent discrete Markov processes, which can take values 6,

where

Assume that the transition probabilities are time-invariant and given by

Mors = POy = 0,60, = 6)) (19)

(20)

Note that Zfil ITpx; = 1 and the probability of moving from state ék to state él is Il k.

10



3. Equilibrium

3.1 Consumption-savings problem

The optimization problem that the time-consistent and time-inconsistent agents solve is to max-

imize their utility, subject to their budget constraints:

Crl
Ver(Wrre, s, 0i,t) = max (LEANE BOE: |0:Vrr(Wrr, Seq1, O, t + 1)

Crreerie 1 — y

+ (1 =0)VreWrrit1, Si41, 041, 6+ 1) (21)
Crey

Vie(Wreyg, 56, 0:,1) = max =+ BE, [Vre Wres1, sep1, 01, t+ 1)) (22)
Crepres L — 7y

s.t. WTI,t+1 = (WTI,t - CTI,t)(Rf,t + (p;I,t te+1) (23)

Wrca = Wrey — Creg)(Rpe + 010, Rit1), (24)

where prr; and ¢rc, are the time-inconsistent and time-consistent agents’ risky asset shares

and the return on wealth of each type of agents is:

Rrizv1 = Ry + o, (25)

Rrcuip1 = Rypy+ pro R, (26)

In addition, in equilibtium markets must clear, such that aggregate consumption equals aggregate
dividends and the two agents together hold the market. We consider perception-perfect equilibria
as in O’Donoghue and Rabin (1999, 2001), based on which the naive agent chooses her optimal
consumption plan according to the predictions of her current self ¢, while the behavior of her
future selves must be consistent with the extent of their naivete.

The challenge in finding the equilibrium is that, even though the time-inconsistent agent re-
alizes her actual future wealth Wpy 11, she mispredicts her planned value function Vpy4,4q and

therefore believes her planned consumption, Cry¢4y1, Will be lower than her actual consump-

11



tion Crrei1.2 Therefore, we solve the optimization problem using backwards recursion. It is

convenient to denote the wealth-consumption ratios of the two agents by:

Wrrs
_ 7 27
brrs Crr (27)
147
bres = —Omt. (28)
TC,t

The first-order conditions for consumption are therefore

Wrrs — Crre\? ”

( T”Ttm) _ g(sEt[(e@;ml+<1—9t>¢}at+l)Rmﬂ] (29)
Wrey — Creg\” -

(#) = PE; [Qﬁ%C,t—&-lR;C?t—&-l} : (30)

The following proposition shows that we can express the value functions of both agents at
any period ¢ independent of the unknown planned value function of the time-inconsistent agent

and we provide a general recursive form of the wealth-consumption ratios:

Proposition 1. The mazimized value functions of the time-consistent and time-inconsistent

agents at any period t are given by:

Wrid
Ver(Wrrg, $6,00,t) = b1, 1= 7 (31)

1—y
WTC’,t

1 -y

Vre(Wreyu, s,06,t) = dpey

and the wealth-consumption rations take the following form:

2|~
—
w
w
N—

driy = 1+ (BO)TE, [(Okdgy iy + (1= 0)dFc 1) X Ryt

1 _
oroy = 1+ pE, [¢%C,t+1R;C7t+J

In Appendix A, we prove the proposition by recursion.

4In other words, the time-inconsistent agent is not aware that she will overconsume in the next period.

12



The market clearing condition is that aggregate consumption equals aggregate dividends,

which gives us a condition for aggregate wealth:

_ s 1—s
Dy = Crr4+ Cros = (¢ L+ v ) W (35)
Tt TC,t

Another useful result, shown in Appendix A, follows from the backwards recursion:

Proposition 2. In a competitive market with time-consistent and partially naive time-inconsistent

agents, it takes at least four periods in order to capture the effect of time-varying naivete.

Intuitively, at the final period T', both types will consume their entire wealth, which implies

: : : . Wi
that the time 7" value functions are just the utility of wealth V,, = 11’2 . As a consequence,

both agents face the exact same first-order conditions for optimal portfolios at time 7" — 1, thus
giving rise to both agents simply holding the market portfolio R.

In every period ¢t where ¢t < T — 3, the agent faces an additional uncertainty due to future
f being random. Therefore, the agents face a non-trivial portfolio decision about how much
of their savings to allocate to the risky asset versus the risk-free asset. Thus, the next period
wealth-consumption ratios are functions of s;, #;, and x;, and the portfolio returns are functions

of 4, 04, T4, Opgr, Tygr, Moy, and 4.

3.2 Portfolio choice

To find the optimal allocation between the risky and risk-free assets in the portfolio, we find the

first order conditions w.r.t. ¢pr, and prcy:

0 = IE:t [(9t¢%l,t+1 + (1 - 9t)¢%0,t+1)R;}y,t+lR§+1:| (36)

0 = Et[¢%c,t+1R:;ztt+1 f+1} (37)
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Combining (29), (30), (36), and (37) gives us conditions for the risk-free rate:

W - C v .
(%) = POE: [(9@%]7“1 +(1- 9t)¢%0,t+1>RT?,t+1} Ry (38)
WTC, - CVTC7 v B
(#) - B]Et |:¢¥“C7t+1 Tg,t+1:| Rf,t~ (39)

Substituting the wealth-consumption ratios and returns on wealth of each agent and consid-

ering that Ry, = ] we can find the pricing kernels (SDF’s) of the time-consistent and

1
E¢[Mrrtt41

the partially naive time-inconsistent agents.

Proposition 3. The pricing kernels of the time-consistent and partially naive time-inconsistent

agents are given by:

C - W Y O -
Mrriiyr = 080 (M) +(1—9t)55< Tc’tﬂ) ( TC’Hl) (40)

Wrrit Crry

. Crop)
Mrogi = B|——— . (41)

Note that at time ¢ the naive agent mispredicts her planned value function, Vpr, .11 but not
her actual future wealth, Wry 1. Thus, even though it is different from the actual consumption
Crri+1, the planned consumption Cpryq1 is the one that maximizes Vprsyq. In that sense
the envelope theorem w.r.t. wealth holds. However, since the partially naive agent is partially
aware that she may remain time-inconsistent, her SDF captures an adjustment regarding the
disagreement between selves ¢t and t + 1, similar to the case of a fully sophisticated agent, as in
Khapko (2015) and Andries, et al. (2018).

The market-clearing condition for the financial assets is that the agents in aggregate hold the

market portfolio, i.e.

P, _ Wrre — Crrg n Wrer — Creg
W, — Dt W, — D YTt —Wt — D wYrcot
= Sorre + (1 — 8)proy, (42)

14



Wrr,e=Cri

where §;, = Ty

is the fraction of total reinvested wealth that belongs to the time-

inconsistent agent.

3.3 Special case: Log utility

It is useful to consider the special case of log-utility, i.e. v = 1 that follow directly from Proposi-
tion 1. In this case, the dependence on portfolio returns drop out, and the wealth-consumption
ratio of the time-inconsistent agent will be a function of § and time only, whereas for the time-
consistent agent the wealth-consumption ratios are constant. Due to the simplified functional

forms, we explicitly highlight the dependence on 6 below. Thus, if 6, = ék, we have:

Corollary 1. In the case of a finite horizon model time-consistent and time-inconsistent agents

with log utility the wealth-consumption ratio expressions are given as follows:

K
or14(0k) = 1+ (1—00)B0¢rcar + 0680 g pidrr s (61) (43)
1 _l:BlTJrlft
bror = 1+5+52+"'+5T_tzw (44)

Note that ¢7;, is a function only of §, and ¢, whereas ¢r¢ is a function of ¢ only. In particular,
the wealth share s; does not enter either function. This is unique to the log-utility case, as the
return on the agents’ optimal portfolios drop out of the expressions. However, the wealth share
will still affect aggregate wealth and expected return through the market clearing condition (35)
and individual asset prices through the market clearing condition for portfolio choice (42). In this
special case, we see that the time-consistent agent will consume a deterministic fraction of her
wealth every period, whereas the time-inconsistent agent will consume a stochastic fraction of her
wealth. Thus, whenever the time-inconsistent agent wants to consume more, aggregate wealth
must fall in order to induce the time-consistent agent to consume less. How much aggregate
wealth has to drop, will depend on wealth share s through (35).

To get even neater expressions, consider the limit as T" — o0, i.e. the infinite horizon problem.

15



In this case, the dependence on time drops out, and the expressions take the simplified form,

which can be solved out completely.

Corollary 2. In the case of an infinite horizon model with log utility the wealth-consumption

ratio expressions are given as follows:

36
1-p

bre = 15 (16)

orr(0y) = 14 (1—0)

K
+ 01,8 Z 171 (6)) (45)
=1

—_

We can see that for a fully naive agent, i.e. 6), = 0, the function takes the intuitive form

B 1-B4+p5 1 (1-9)B
1-8 1-8 1-5 1= (47)

orr(0) =1+

In other words, the wealth-consumption ratio of the fully naive agent is lower than that of the

rational agent. How much lower, depends on how large the J-discounting is.

4. Numerical solution: Two risky assets

We solve the model recursively assuming a terminal date 7" for the economy. In order to solve
the model, we define a grid with N points between 0 and 1 for the wealth-share of the time

inconsistent agent.

16



4.1 Time T —1

At time 7" — 1 we solve the following problem for the wealth-consumption ratios ¢r;r_1, and

¢TC,T—1,nI

Sn 1—s, )-1

¢TI,T—1,n ¢TC,T—1 n
L
eHtel 1—y %
(1) ] (49)
=1 T—1,n

L

1 ehTe 1—vq L

drer—1m =1+ 7 [Z I1., <ﬁ) ] ’ (50)
=1 T—1,n

o110 = (

Q\'—‘

drrr-10m =14 (50)

for each wealth-share s,, on the grid. Note that in the case of log-utility the expressions for the
individual wealth-consumption ratios do not depend on the wealth-share s,,, but the aggregate
wealth-consumption ratio still depends on s,,.

This gives us the following market share for asset 1 in state xr_; = x,, and risk-free rate

M L
€M+l 1+2
Wr—1,1,m,n = § §:me1 elQTln br ( _f) (52>
m=1 =1 B

-1

Ryr1 = (iHE,ZQT,l,n> ; (53)
=1

where

e.u‘+5l

ehten ) —y 5

Qrin = Bo(Prrran—1)" ( )*’Y = B(¢rcr-1n — 1)_7<

Gr_1n — Or—1n— 1

4.2 Timet<T -1

At a general time ¢, we solve the following problems for a given wealth-share s,

17



5. Results: A two-asset economy with log utility

In this section we report numerical results for a 7' = 100 period model where the agents have log
utility. We assume that 8 = 0.99, § = 0.8, the expected log-growth rate u is 2% per year, and
that the aggregate shock ¢; can take the values -3% or 3% with equal probabilities. Furthermore,
0; can take the values 0, 0.5, or 1, with the the transition probabilities being symmetric with
diagonal elements 0.95 and off-diagonal elements of 0.025. Finally, we assume that there are
two risky assets in the economy - the first asset pays dividends D;(1 + ;) and the second pays
dividends D;(1 — x;), where z; € {—0.3,0.3}, with the transition probabilities being symmetric
with diagonal elements 0.96 and off-diagonal elements 0.04. We refer to the asset with a high
(low) current dividend as a “value” (“growth”) asset respectively. With the given parameters, the

expected dividend growth of the value and growth asset is 0.2% and 5.6% per year respectively.

5.1 Conditional market risk premium

From Table 1 Panel A (in Appendix B), we see that the conditional market risk premium in
year 0 in percent per year varies quite a bit with the level of naivete of the agents. In the case
where the wealth share of the time-inconsistent agent is 60%, the market premium is close to 4%
per year when the time-inconsistent agents are fully naive, and close to 0% when they are fully
sophisticated. These are large variations in conditional market risk premia considering that the
agents have log utility. For comparison, in the case of a fully rational market, the risk premium
is 0.09% per year and does not vary over time. This means that the uncertainty about the
time-varying naivete of the time-inconsistent agents, introduces variation in discount rates and
extra risk on the market, compensated by a higher risk premium.

To make sense of these results, we note that as the time-inconsistent agents become more
sophisticated (higher @), they become more aware that they will likely consume a larger fraction
of their wealth next year. To equalize marginal utilities between today and next period, they

therefore wish to increase their consumption already today. However, the time-consistent agents

18



want to consume a fraction ¢TLC = 1_1[;—7?“ of their wealth. Since the only way the time-inconsistent
agents can consume more as a group is that time-consistent agents consume less as a group,
wealth must fall today through higher discount rates. This makes the market particularly risky
for a time-consistent agent as the discount rate will be high, and therefore the market value low,
whenever the consumption share of the time-consistent agent is low. When the time-inconsistent
agents are fully sophisticated, they realize that their consumption share is positively correlated
with discount rates, i.e. their consumption share is high whenever the market value is low. As
a consequence, they are very willing to buy risky assets thereby driving the risk-premium down.
However, when the time-inconsistent agents are fully naive, they believe that they will consume

as a rational agent in the future, and therefore they are unwilling to hold risky assets unless

compensated for discount rate risk.

5.2 Portfolio choice
5.2.1 Risky vs. risk-free assets

This intuition also shows up in the portfolio decisions of the agents. Recall that agent ¢ €
{T'C,T1I}, chooses their optimal portfolio R; ;11 = Ry + gpiTthe 1, where R ;| denotes the vector
of excess returns. Define the leverage factor x;; = 2521 ©Yingt 1f Kiy > 1 the agents of type @
borrow to finance risky asset purchases, if x;; = 1, they neither borrow nor save in the riskless
asset, and if k;; < 1, they save in the riskless asset. From Table 2 (Appendix B) we see that the
leverage factor is 1 for all agents when time-inconsistent agents are fully naive. However, as the
time-inconsistent agents become more sophisticated, they begin to borrow to finance risky asset
purchases, whereas the time-consistent agents sell down in risky assets and begin saving in the

risk-free asset.

19



5.2.2 Risky portfolio weights: Value vs. growth stocks

Given our discussion so far, it is clear that time-consistent agents view risky assets as particularly
risky due to the negative co-movement between their consumption and discount rates. However,
not all risky assets are equally exposed to discount rate shocks. In particular, assets with a
high expected dividend growth, will be more exposed to discount rate news than assets with a
low expected dividend growth. As a result, we would expect the time-consistent agent to be
particularly averse to holding “growth” assets, and more willing to hold “value” assets, whereas

the opposite would be the case for sophisticated time-inconsistent agents.

We define the risky portfolio of agent i as ‘i’g Tables 3 and 4 (Appendix B) report the risky
portfolio weights in the growth and value assets, respectively. We see that when time-inconsistent
agents are fully naive, everyone simply holds the market portfolio. The reason is that the fully
naive agents incorrectly believe that they will become time consistent from next period on and
therefore will make the same portfolio decisions as them. However, as time-inconsistent agents
become more sophisticated (6 increases), they begin to slightly overweight growth assets and
underweight value assets. The active risky portfolio choice of the time-consistent agent is even

more striking - they heavily overweight value assets and heavily underweight (even short) growth

assets, consistent with our prediction.

6. Conclusion

This paper examines the role of dynamic trading with time inconsistency and time-varying
partial naivete for the asset prices, dynamic trading, and portfolio choices of investors. We show
that the time-varying naivete causes time variation in discount rates, which creates uncertainty
about the future consumption of the time-consistent agents. Since the time-inconsistent agents
overconsume compared to their plan, the time-consistent agents realize that they will experience
a drop in their future consumption level when discount rates are high and market value is low.

This generates extra risk on the market and increases the risk premium in the economy. In
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addition, we show that since sophisticated agents who are aware of their bias and their higher
future consumption when upcoming market value is low, they tend to increase their leverage
ratios in order to invest in risky assets. Time-consistent and fully naive agents, who believe they
will become time-consistent, on the other hand, tend to sell risky assets and save more. Finally,
we show that the degree of naivete affects the risky asset allocation of investors. While time-
consistent and fully naive agents are averse to investing in growth stocks that are more sensitive
to discount rate shocks and prefer to buy value stocks, sophisticated agents tend to invest more

in growth stocks.
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A Proofs of main results

1.1 Proofs of Propositions 1 and 2

1.2 Time T

At the last period T, both agents optimally consume their entire wealth as there is no tomorrow.

Therefore, the maximized value functions become:

W,
L—v

Ver(W, s, 00, T) = Ve (W, sp, 07, T) = (55)

and aggregate wealth is W = D which is deterministic.

1.3 Time T —1

Substituting the return definition (eq. (10)) and the value function at time 7" (eq. (55)) into the

value function at time 7" — 1, the agent solves:

1—y
CTI,Tfl

Ver(Werr—1, s7—1,0r-1,T — 1) = max
Crir—1 -

+ (1 = O0r—1)Voe Wrr o, s, 9T7T)]

(Wrrr—1 — CTI,T—l)l_A”Ei%F_7

+ o [QT—IVT](WTI,Ta st,0r,T)

1—y
TI,T-1
= max ——— + 36

56
Crrr-1 - 1—7 ( )
Cl
v _ TCT-1
rcWrer-1,sr-1,00-1, T — 1) = Jmax [ + BVee(Wrer, sr, 01, T)
TC,T—1 —
Cro Wrcr1 — Cror1) TR
_ oy JTOT-L +5( TCT—1 TC,T-1) T (57)
Creor-1 1 —7 1—7

Since the ex-dividend price of the market in period T is 0, the return on the market Ry is
risk-free. Thus both agents must earn the same return (i.e. the riskless rate) on their portfolios.
Therefore, the problem at time 7" — 1 becomes one of how much to consume or save, whereas the

portfolio choice is trivial.
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Finding and rearranging the first order conditions w.r.t. Crrr—1 and Cre -1, we can express

the wealth-consumption ratio as follows:

L[/ rr7—1 — C/l T— i
( I, Cll 117 1) _—A?éRTl K (EE)
[’L — C _ v A

Rearranging, we can express the wealth-consumption ratio as follows:

Werrr_ 1 =

orir-1 = C;j’;ill—l"‘(ﬂd)”RTW (60)
W , 1=y

brora = Gt =1+ (50) Ry (61)

Note that these functions can only be a function of sy since the problems (56) and (57) are
invariant to 67_;. Furthermore, ¢7; and ¢rc can only depend on sp_; through Rp. But since
next period wealth is known, Ry can only depend on sp_; through current aggregate wealth
Wr_1(sr—1). We find aggregate wealth through the market clearing condition that aggregate

consumption equals aggregate dividend:

A
D = (¢T[ + ¢Tc )WT—1<ST—1)- (62)

Observe that since variation in 6, is the only source of uncertainty, the fact that wealth in 7" — 1

does not depend on fr_; implies that it is known (deterministic) already at 7" — 2.
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Using (60) and (61) in (56) and (57)

yields an expression for the maximized value functions:

i 1— v pl— 1-
VTI(WTI,T—MST—MQT—I,T — ]_) = ( ) ! + ﬂ6(¢TI’T_1 1t 1)1 ’YRT 7 WTI,’IY“fl
I ¢TI -1 brir_1 1=~
= |1+ B(¢rrr1 — 1) "Ry
y ( 1 ) Wri oy
¢rir—1 L=~
1—y
_ g, LT 63
TIT-1T] (63)
1\
VeeWrer-1, $7—1,07-1,T — 1) = ( )
drer—1
n B(¢TC,T—1 — )Ry | Wareh,
1—
brer1 L=~
Wrelr—y
L Y (64
Ter-1T )
where the last equalities uses the definitions (60) and (60) which gives us
. 1y 0=
1+86(¢rrr— — 1) "Ry " =14 (B83)(80) * Ry * Ry
=
=14 (80)" Ry = ¢r1r1 (65)
_ I
1+8(¢prer— — 1) "Ry T =14+8x 67 Ry " Ry
; 1=y
= 1 —|— B’Y RT’Y = ¢TC,T71- (66)

1.3.1 Time T —2

Note that since the market clearing condition at 1" — 1 implies that aggregate wealth is known

at T'— 2, the market return must be equal to the risk-free rate between T'— 2 and T — 1 as well.

Thus, the time 7' — 2 problem again sim

plifies to a simple consumption/savings problem, with a
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trivial portfolio choice:

1—y

Cryh
VTI(WTI,T—Q, Sp_9,0r_o, T —2) = max TIT-2 + o [QT—QVTI(WTI,T—h sr—1,0r_1,T — 1)

Crir—2 -

+ (1= 0 1)VoeWrrr—1, S7—1,0r-1,T — 1)}

. Cil";}‘fQ ¥ Y
= max + 50 <0T—2¢T]7T_1 +(1— HT—2)¢TC,T—1>

Crrr—2 1-— Yy

(Wrrr—e — CTI,T—Q)li'yR;“__’Yl

— (67)
Crar—s
Vee(Wrer—2, S7—2,07-2,T —2) = max — + BVreWrer-1, 571,071, T — 1)
Cror—2 1 — vy
le‘E"YT72 (Wrer—2 — Cre :F—Q)l_”%lT_7
= T | : - 68
C?lc?; 1—~ Borer_a 1—~ (68)
The first order conditions are
Wrrr—1 — Crir—1\" _
( TLTO;I T_ITLT 1) =B (GT—2¢%I,T—1 +(1— QT—2)¢;{“C,T—1> R;—’; (69)
Wrer—1 — Crer—1\7 _
(T ) = oo B (70)
The wealth-consumption ratios can be expressed as follows:
1 T 1=y
brrr—2 =1+ (80)7 x <9T—2¢%1,T—1 +(1 - QT—2)¢%C,T—1> R4 (71)
1 1—y
¢rer—2 =1+ B7¢rer—1 Ryl (72)

Since both ¢rrr_1 and ¢rcr—1 depend only on sp_y, they are known at time 7" — 2. However,
note that ¢ 7o depends directly on 07_o, which will cause the aggregate wealth at time 7" — 2
to depend on both sy_s and 67_,. Thus, Rr_; will depend on both sy_o and 0r_5 as well.

From the market clearing condition that aggregate consumption equals aggregate dividend
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gives us an implied function for aggregate wealth at time T — 2:

ST_ 1—s7_
0= ( 2 + T 2) Wr_o(sr—2,0r_2) — D (73)
OriT—2  OTCT—2

Similar algebra as in the previous section gives us the following expressions for the maximized

value functions at time T — 2

1—v

Werr_

Vri(Wrrr-2, 872,019, T — 2) = ¢%1,T721T+T72 (74)
Wrclrs

Vre(Wror—2, 872,012, T — 2) = %C7T—2T’7_ (75)

1.4 Timet<T -3

In every period t where t < T — 3, the agent faces uncertainty due to future 6 being random.
Thus, the return on the market portfolio will be random, and in particular not equal the risk-free
rate. The agents therefore face a non-trivial portfolio decision about how much of their savings
to allocate to the risky asset versus the riskless asset. We will begin by assuming that next

period’s value functions can be written on the form

1—y
Ver(Wrr s Sea1, O, t+ 1) = Opp 44 1Ti7t;1 (76)
Wrchsr
VieWreist, Se41, 01, t + 1) = ¢%C,t+1ﬁ7 (77)

which we already know to be the case for t = T"— 3. Then, we will show that this implies that
the value functions in period ¢ can be written on the same form, thus proving by induction our

assumption.
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The agents’ problems in period t are

1

— K
TI

~ t 5y
VT](WTI,ta St 0/4:7 t) - max + 56 Hk‘,l [ngbTI,t-i—l
Crreerie L — 7y =

(Wrre — Crr)t™

+ (1 - ek)@y“c,tﬂ] RE}H

1=
1—vy K 1—
. _ Wrry — Crrg)' ™7
Ve (Wros, 8,05, t) =  max  —<t 4 Il rioy (W SZA
Tc Wrey, St, O, t) I 5; k1PTC 1 Rrc T
where

Rrrzv1 = Ry +orRi,
Rrcup1 = Rypy+ pro Ry

1.4.1 Time t <T — 3: Proof of initial assumption about the value functions

(78)

(79)

(80)

(81)

To prove the initial assumption about the form of the value functions (76) and (77), we use:

Wrr

Orr1
Wrey

¢TC’,t

WTI,t - C'T.I,t = (CbTI,t - 1)

Wrer — Crey = (dree — 1)
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We can therefore write the maximized value functions as follows

~ 1—v K “
Vrr(Wrr g, ¢, 0k, t) = |1+ <¢T1,t - 1) ﬁézﬂk,l |:9’€¢%I,t+1

=1
A L (Wrp\1
(1= 0)6F o | 7= ()
( k)¢TC,t+1] 1—~ ¢T“
War 7
— gy _TLt 4
Gt (84)
A 1=y K 1—
Ve Wrey, 5,0, t) = |1+ (¢TC’,t - 1) B Z Wi197c 1 Rrclia
=1
1 | 4% 1-
y ( TC,t> v
L=\ orcy
Wrch
= ¢%C,t 1 — :}/ <85)
(86)
where we used
1=y - Aoy N\ AY 1—y
1+ <¢T1,t - 1> 552 I, [9k¢T1,t+1 +(1- 9k)¢TC,t+1] Ryrin
=1
1— K A A~ i
=1+ (55)7{ Z 1y |:9k¢%l,t+l + (1 - ‘914)¢%C,t+1} R;“;Z%l} ’
=1
K A ~
X (55){ Z Iy |:0k¢’1y“l,t+1 +(1— 91@)¢%C,t+1i| R%F;,Z—H}
=1
1 K A N 1
=1+ (55);{ Z I [Hk(b?rf,tﬂ +(1— 976)@5;’0,1&-&-1} R’E}ﬂ}v
=1
= ¢T1,t (87)
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and

1 W, 1—y B Wiy
OrI ( T ;) = ¢t X QZ%I; x —
1_7 fTI(SIHHICat)’Y 1_7
Wrrl
= Ohe s (53)

The same is easy to show for the time-consistent case. We have therefore shown that the as-

sumption about the form of the value function was correct.
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B Tables and figures

Table 1: Conditional market risk premium and risk-free rate

This table reports conditional market risk premium (Panel A) and risk-free rate (Panel B) in percent
per year. 6 represents the different level of naivete of the time-inconsistent (TI) agent.

Panel A: Conditional Market Risk-Premium
=0 6=05 06=1

s=0.0 0.09 0.09 0.09
s=0.2 1.01 0.45 0.03
s=04 244 1.16 0.05
s=06 3.8 1.84 0.07
s=08 5.18 2.50 0.09

Panel B: Risk-free Rate
=0 6=05 0=1

s=0.0 3.00 3.00 3.00
s=02 089 1.97 16.53
s=04 -0.95 1.18 22.27
s=0.6 -2.58 0.50 25.41
s=08 -4.04 -0.08 27.39
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Table 2: Portfolio choice: Leverage factors

This table reports the leverage factor for the time-consistent TC agent (Panel A) and time-inconsistent
TI agent with different level of naivete § (Panel B).

Panel A: Leverage factor TC agent

6=0 60=05 60=1

s=20.0 1.00 1.00 1.00
s=0.2 1.00 0.89 0.03
s=04 1.00 0.87 0.01
s =0.6 1.00 0.86 0.01
s =10.8 1.00 0.85 0.00

Panel B: Leverage factor TT agent

=0 0=05 6=1

s=0.0 - - -

s=0.2 1.00 1.43 5.21
s=04 1.00 1.19 2.60
s=10.6 1.00 1.09 1.72
s=0.8 1.00 1.04 1.27
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Table 3: Risky portfolio weights: Growth asset

This table reports risky portfolio weights for the growth asset for the time-consistent (TC) agent (Panel
A), time-inconsistent (TI) agent with different level of naivete 6 (Panel B), and the market weights
(Panel C) respectively.

Panel A: TC agent risky portfolio weight in growth asset

=0 6=05 0=1

s=0.0 048 0.48 0.48
s=0.2 047 0.47 0.02
s=04 047 0.47 -0.70
s=06 047 0.47 -1.47
s=0.8 047 0.46 -2.02

Panel B: TI agent risky portfolio weight in growth asset

0=0 60=05 60=1

s=0.0 - - -

s=0.2 0.47 0.48 0.48
s=0.4 0.47 0.47 0.47
s=10.6 0.47 0.47 0.46
s=0.8 0.47 0.47 0.46

Panel C: Market weight in growth asset

=0 60=05 6=1

s=0.0 048 0.48 0.48
s=0.2 047 0.47 0.47
s=04 047 0.47 0.46
s=06 047 0.47 0.46
s=08 047 0.47 0.45
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Table 4: Risky portfolio weights: Value asset

This table reports risky portfolio weights for the value asset for the time-consistent (TC) agent (Panel
A), time-inconsistent (TI) agent with different level of naivete 6 (Panel B), and the market weights
(Panel C) respectively.

Panel A: TC agent risky portfolio weight in value asset

=0 6=05 0=1

s=0.0 0.52 0.52 0.52
s=0.2 0.53 0.53 0.98
s=04 0.53 0.53 1.70
s=06  0.533 0.53 247
s=08 0.53 0.54 3.02

Panel B: TI agent risky portfolio weight in value asset

0=0 60=05 60=1

s=0.0 - - -

s=0.2 0.53 0.52 0.52
s=0.4 0.53 0.53 0.53
s=10.6 0.53 0.53 0.54
s=0.8 0.53 0.53 0.54

Panel C: Market weight in value asset

=0 60=05 6=1

s=0.0 0.52 0.52 0.52
s=02 0.53 0.53 0.53
s=04  0.533 0.53 0.54
s=06  0.53 0.53 0.54
s=08 0.53 0.53 0.55
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